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This is' one of a series that, is ■ a< collection of 
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yeaics oa research in, the' psychology- sfcf mathematics instruction* It^ 
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influenced by the psvckolocrical research." Selected pagers and oooks .• 
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been" trll|fcl&ted froa the "Pu'ssian and* appear in this Series for -the* 
first tifc£ in English. The aim of this-*series is to acquaint u A- 
nlath'aaaties educators /and teachers with directions, ideas, and * \* , 
accomplishments' in the psychology of nja^hematical-'instructionr la thfys 
Soviet Oai'on. This series should ^saist -in . opening -up aventfes of.' 
investigation to those who- are intera ste'ain broadening the, , 4 
foundations of .their profession; This volume contains four* articles: . 
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Activity as a Necessary- Condition for Improving the duality*. of ' 
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•PREFACE 



The series Soviet Studies Lia the .Psycho logy of Learning &nd Teaching 

Ma thematics is a collection of translations from the e*teqsive Soviet 

literl^re of the past twenty- five years on re^eatfch'in the psychology 9 

of mathematical instruction. It also includes works on' methods of 

^-teaphihg mathematics directly influenced by th$ psychological research. 

The series is the result of a joint effort by Che School Mathematics 

Study Group Stanford University, the Department of Mathematics * 

Education at the University of Georgia, and the Survey of Recent East * 

European Mathematical Literature at the University of Chicago. Selected 

papers and books considered to be of value to. the American mathematics 

educator have been translated from the^Russian and appear in this 

series for the first time in English, * 0 - • 1 

* 

Research achievements in psychol6gj» in the United States are, 
^.outstanding iriaeed. Educational psychology, however, occupies only a 
small fraction o/ the field, and until recently 'little att^atian has 
been given tcr»/research in th,e psychology of learning and teaching 
particular school subjects. 

The situation has been quite different in thfe Soviet Ut^.on. In 
vie^of the reigning social and political doctrine^, several branches 
of psychology Eh^t are highly developed in the U.S. have scarcely been 
investigated in the Soviet Unidii, On the other hand, because of the 
Soviet empliasis on education >nd its function in the^State, research -1^ 
educational psychology has been given considerable moral and fina'ndial 
support,. Consequently ,< it has attracted many creative and talented 
scholars whose contributions have been remarkable. / ** 

Even pripr to World? War II f the Russians had made gre^-fe^s trides itf. 

•edupational psychology. The, creation in 1943 of the Academy of Peda~~. / 

gogical. Sciences helped to intensify the research efforts and programs 

, in this field. Since then the Academy has be'come the chief educational 
/ • v 

*eeearch and development center for the Soviet Un^on. One o& the main 

'aims of "the^XcadeWP is to conduct research and to train research scholars' 

— \ 

A study indicates that 37.5% of all material* in Soviet psychology i 
published in one- year was devoted to education and child psychology. See 
Con tempora ry Soviei Psychology by Josef Brozek (Chapter 7 of Present-Day 

Russian Psychology, Pergamon Press, 1966). $ 

iii 



in general and specialized education, in educational psychology, and* 
in methods of- teaming various school subjects^ . 

The Academy of Pedagogical Sciences of the USSR comprises ten 
research institutes in Moscow and Leningrad. M/my of the studies ^ 
reported in this series were conducted at the Academy f s r Iy^Jtute of 
General and ^olytechnical Education, Institute of Psychology, ^nd 
Institute of Defectology, th£ ia^t of which is concerned with the * 
L special) psychology and^educaticfrial techniques/f or handicapped children. 
The Acadeiay of Pedagogical Sciences* ha^f 31 members and 64 
associate members, chosen from . among, distinguished Soviet scholars, 
scientists, and educators. 'Its permanent staff includes more than ', * 

650 research associates, -who receive advice and cooperation from an 
additional 1,000 scholars and teachers. ^The research institutes ^of * 
the Academy 1 have available 100 "base" or" laboratpry schools and many 
other schools in which experiments are conducted/ Developments in » 
foreign countries are closely followed* by the Bureau for the Study o£ 
Foreign Educational Experience and Information. V 
The Academy has. 'its own publishing house, which issues hundreds of 

** i 

books each year and publishes the collections Izvestiya - Akademii * | 

_ ^agogicheskikh Nauk RSFSR [Proceedings^ of the Academy of ledagogical 

^Sciences of the RSFSR] /the monthly Sovetskaya Pedap,ogika [sWiet y 

Pedagogy] and the bimonthly Voprc^y ^sikhoJoftii [Questions of Psychology!. 

Since 1963 t , the Academy has "been^ssui^g collections entitled N ovye 

Issledovaniya v Peda ^oft icKesklkh Naukakh . [New* Research in the Pedagogical 

Sciences] in order to ^isseminate information on current research. 

A major difference' between the Soviet and American -conception of * 

* * . 

educational* research is that Russian psychologists often use qualitative ' 

rather tjian quantitative methods of research in instructional psychology 
in accordance with the prevailing. European tradition* American readers 
may thus. find that some of the earlier Russian papers -do not comply 
exactly to U.S. standards of design, analysis, and reporting. By using 
qualitative methods and by working with small groups, however, Jthe $<?viets 
have been able to penetratS iHto«the child's thoughts and to analyze his 
mental processes, this end they have also designed classroom tasks 

and settings* for research 1 and have emphasized long-term, genetic studies 
of learning. r / • ' 

r / - - 



* si 



Q \ ■ * ' iv° 



ERje 



Russian psychologist^ have- concerned themselves with the dynamics 

of mental activity and' with the aid q£ arriving at the principles o\ the 

learning process itself. They have investigated such, areas as: the 

development of iuentaL operations; the nature and development of thought; 

the formation of mathematical concepts and the related questions of % 

generalization, abstraction, and concretization; the mental operations 

of analysis and synthesis,; the development of spatial perception;, the 

relation between memory and thought; the development of logical Reasoning:; 

the\nature of mathematical skills; and* the structure and special .features 

of mathematical abilities. '* 

.In new approaches, to educational research, some Russian psychologists 

have developed cybernetic and statistical models and techniques, and have 
♦ » 

made u^e of algorithms, mathematical logic and information Sciences • 
Much attention has also ijeen given to programmed instruction and' to an + 
examination of its psychological problems and its application for 
greater individualization in learning. *r 

* - The interrelationship between instruction and child dev^oopmtej^t is 
a source ^Qf sharp disagreement between the Geneva School of psychologists, 
led by Piaget, and the Soyie^ psychologists * The Swiss psychologists^ 
a&cribe limited significance to the^ role of instruction in'tha develop- 
ment of a, child. According to them, instruction is subordinate to the 
specific stages in the development of the child 's . thinking — stages 
manifested at certain age levels and* relatively i^ndepen^erit of the 

* conditions of instructipn. 

As representatives of the Tiiaterialistic-evolutionis t IjK&ry of 
mind, Soviet psychologists ascribe a leading role to, instruction. The} 
assert that instruction broadens . the potential o\ development, may 
.'accelerate it, and may exercise influence not only upon the sequence of 
the stages &£ development of the child r s thought but even upon the very 
character of the stages. The Russians study development in the changing . 
conditions of instruction, ^nd by varying these cbnditi6r\s, they demonstrate 

> how the nature of/ the child's development changes in the process* Asa 

result, thqy are also investigating tests of gif ted^es^ "and sjre using \ 

elaborate dynamic, rather than static, indices. \ » t 

s s * * \ " ' 

*See The P roble m of Instruct ion and Developp^jnt at the 18 th In ternationa^ 
Congress of Psychology by M. A, Menchinskaya afhi G . Saburova, Sovetsk aya 
PedagogikaT T96^,~~Nc> » i. (English translation in Sovie t Education , July 
1967, V©1. 9, Nb, 9.) ^ - 




Psychological research has had a considerable effect on the 
recent Sovi et literature, on method^ of teaching mathematics • Experi- 
ments have shown the 'student f s mathematical potential to be gr^eajter 
than had* oeen previously assumed* Consequently, Russian psychologists 
have advocated the necessity of various changes in the content and 
toethod^ of, mathematical instruction and have participated in designing 
the newaSoviet -mathematics curriculum which has been introduced during f 
the 1967-68 academic Vfear. v < 

- The aim of this series is to acquaint mathematics educators and 

» * 

teachers with direction?, ideas, and accomplishments in the psychology 
of mathematical instruction in £he Soviet tlnlon. This series should* 
assist in opening up avenues of investigation tq, those who are interested 
in broaden^ig the foundations of. their ptofession, for it is generally 1 
recognized. that experiment and research are* indispensable for improving^ \- 
content $nd methods of school mathematics. ' - 
{ We hope that the volumes An this series will be used for study, 

discussion, and critical analysis in courses in seminars in teacher- *' ***** 
. training programs or in institutes for in-service teachers at* various 
levftls. 1 • * ■ * . ' 

0 

, At present, materials have been prepared for fifteen volumes* Each 

T 

book contains one^ or more articles under a general heading such as The 
Learning of Mathematical Concepts, The Structure of Mathematical Abilities 
and, Problem Solving^ in Geometry. The introduction to each volume is 
-intended to provide some background and guidance to its content. 

Volumes *L to VI -were prepared joitftly by *the School Mathematics 
Study Group and- the Sj^ey of Recent Best European 'Mathematical Literature, 
f both cor>ducted^ under grants from the National Science Foundation. When 
the. activities of tli$ School Mathematics Study Group 'ended in August 1972 , 
y^e Department of Mathematics Education at the University of Georgia 
undertook to assist in the editLng of tjne remaining volumes. We express 
our appreciation to the Foundation and to the many people and Orgapizations 
who contributed to the establishment and continuation of the series. ^ ^ 

< * 

Jeremy Kilpatrick 
' Izaak Wirszup 
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Edwafd Begle 
James W. Wilson 



% -EDITQRIAL NOTES' , • % 

\ * * % ; 

1. Bracketed numerals in the te^t fcefer to the numbered 

- references at the end'of>each paper. Where there are two. figures, 

eig. [5:123], ^h^/second i^ a page reference. All references are - 

to Russian editions, although titles have been translated and 

* authors 1 dames transliterated/ * 

f ' 2. The trajislite ration scheme used is that of the Library 
of 6ongr¥srs, with diacritical marks oifritted, except 'that KD *an£ ft 
are rendered as n yu ,f and % "jja 11 instead of tf lu M and* M ia/ f 

3/ ^umbered footnotes are those in the original paper, 

Starred footnotes are useji for editors' or translator !s comments. 

• -1 * - * 
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* INTRODUCTION \ 
» . \ . 

Leslie P. Steffe . , 

. I •' ; 'j»t 

G^bsh', in the paper "Principles, Forms, and Methods of Mathematics- 
Iftstruction," ' begin%' with a statement describing goals of Soviet mathematics 



tictl materialism and Communist party directives, bthers are uniyersa*. <f 



teaching in 1958. While some- of the goals reflect rhe influence of dialec- 

Of particular intetest are the. goals emphasising the social utility of matheK 

' 'v. ' * 

matical knowledge, .the .ability to solve theoretical and practical problems, 

logical thinking, functional relationships, and spatial representation/ These 

qniversal goals are of particular significance for school,. mathematics in the 

United States today <and represent forces that historically have influenced 



school mathematics in this Country, Social utility theory was a strong force 
iu school mathematics^ circa 1920-40 and Is taking on new significance' during 
the 1970' s in the face* of a resurgence of emphasis on school mathematics 
programs for '"evteryman." ? "Jttia ability to solve theoretical and practical 
problems continues te be of 'cental concern for school mathematics programs 
and jjeing highlighted during uhe 1970 f s because of for£«te contributing 
to the creation of interdisciplinary programs for school children. The value 

of mathematical studies to logical thinking was emphasized* during the most 

r 

influential era of faculty psychology -and* is currently receiving attention ^ 
(albeit different) with a r^eraphasis on child-centered school mathematics 
programs and accompanying psychological bases for- mathematical learning and 
reasoning^ The go>al concerning functional Relationships and spatSijSl imagi- 
nation is also timely in the United Stabes /kecauge of the emphasis on trans- 
formational geometry an& functions in sc'hool Ijiathematlcs and the utilization 



J 



of functions in ^the descriptions of children's thought.^ 

; • • < xi ? J 




The remainder of Gibsh f s paper 'deals with principles, forms, and methods 
of mathematics inftr^tiqn/^ten ^Lnciples of jpathematiciu instruction are 

* * 4 Ti«?^ v ' „ ■ 4 • . * 

stated. 4 The first sconces papil .aajiivdty in the classroodv Gibsh charac- 
tei^Lzes active mental wox£ as^Ii^kdihg independently the method .of solving 
a problem and substantiating ttie/way to qplye if (p. 5?. ff Thus, Gibsh^ 
characterizes knowledge 'acquired through active, ment3l work so tfhat it 
becomes synonymous with^tdidvledge' $c^uired through discovery or invention — t 
the solution of a problem is pecessary, accord4<n^ tq» Gibsh, fofc -pupils to . 
become active. 

Gibsh r s next three principles of m^hematics instruction are interrelated. 

* / * 

•First, the basic criterion of success |for a pupil f s activity in mathematics 
is the degree of consciousness the pupil shows -in mastering the theory. Next* 

^mathematxcal theory ^£an §e r presented only in a strict logical sequence. Th^rd, 
the teacher should imagine .p^cisely what the affa of a lesson isn-what* new 
concepts it contain^ and what new abilities and skills the pupils should 
obtain from t^e lesson. Gibsh presents 'excellent examples, in mathematical 
contexts, of . the meaning of conscious^ thorough mastery of study material. ^ 

Indeed,, in mathematics education, the student is generally expected to 
become conscious of the mathematics h£ is learning. This expectation, however, 
should be 'duly tempered in its application,; especially during the ^amentary 

* school years. In th* elementary school, hardly ever should it be expected, 

for example, that a child would acquire the distributivity . principle * as a 

form. Rather, such 'principles should be viewed^as laws which the child's 
f / * 

'reasoning obeys in much the same way as transitivity is viewed in cogpirt 
^development theory. The principle should be held as inseparab^e-ffom the 
content being studied and should not be learned as an lAstr^et form. The 



spirit Of the. instruction would be quite different depending on whielfc go$l 



'one haa* in mi&&~-^xsxs£±Q\is jnastery o$: the material or not. ' > 

Even at ^^^eonHary ' school ^^e]J strict adherence' to the principle, , 

of conscious mastery .of material can lead* to unnecessary ' complications,^ 

j- * * * ► •»■ , * ' . *. 

Jt is generally* assumed that ma t^emat Jural concapfcs go through different 
"learning stages" In ttfe sense % of stage, theory in cognitive development 

fl]^ . As not: all jthes'e ''learning stages" involve ^on^cious mastery of the - 

m " ' • * J 

material 4 , modific&tiofr sholild *be 'mdda of the principle to accommodate th^fi 
y ' • . ■ • , . • - ' ■ ' *' ' 

- - v ■ § y - - ■ • * ■ : * 

newer information. . /•-,. - 

The problem 'of -sequence* in mathematical • curriculum is yet. to -be satis^ 

facttorilyf resolved* Gibsh takes the ; poirlt^>f view that H mat hematics as a* 

subject of study cannfit be presented without retaining ... complete 

lcJgical sequence (p," 11} . n His argiSment is predicated on- the basis that 

mathematics a*- a science i§ a well-constructed systenf of scientific facts 

"«!.'" ,4 ' 

and any departure from a strict logical organization in its presentation 

<■ * , 

would entail a, deeply rooted distortion of the subject, ' The issu£ of 

* 

sequencing mathematical topics can be dichotomized using the product^process 
distinction. Gibsh f s point of view is most consistent with those who empha- 
size the products of knowing at the expense of the^>rocess of knowing — the 
"Gagn6 position. " But it is a su'btle^matter to combine logical sequence of 
a subject with student performance [3]*. One cannot t refute Gibsh f s position 
with empirical' data only, however, because it entails an epistemology quite 
different than LhaL held by educators who emphasize the processes -of knowing 
rather than the prodt^ts of knowing. 

Gibsh' s fourth principle is consistent witfi two positive contributions 
made by the behavioral objectives movement in mathematics education in the 
United States. These two contributions are that (1) teachers have been 

. ' xiii ■ 



compelled to distinguish clearly bejtweeh .performimce' objectives and instrfcc- «■ * 
tional -objectives for their students, &nd (2) -teachers* ire re4uir*d^to analyze 
their daily lessons carefully, 4 *\ 

• • ; * • / ■ • • * . * 

- The remaining five principles of mathematics instruction stated by 

.Gibsh concern obseryance qf the scientific principle, ^accessibility of 

i ^* ' * 

materia^, use ,of visual aids, connection between thedry-and practices and 
character development, Gibsh believes - that* the level of teaching mathematics 
should correspond td the mathematics as -a S'cieApe^-def initibns, * axioms*, and 
theorems should be given with impeccable; precision, and proofs should be 
conducted as rigorously. as^ possible/ In the bbserV^ce of the scientific & 

. • - ; : - , • ; 

pninciple, 4 Gibsh states that "a proof that 1^ not ^igo.rbus, insufficiently 



substantiated, gives the pupils' only surface knowledge . Tacts that 



v. 4 



cannot yet be proved J* . should b^ accepted without proof <p* 19) Such 
a rigorous adherence to the scientific principle precludes justification 



(or "proofs") not based on an axiomatic method. Certainly, one need not 

insist on axiomatic method in school mathematics to create convincing 

\ , ^ 4 * t 

arguments for pupils [4J. s '*jjpfr ^% * * 

Gibsh takes tfie position that mathematics can be made more accessible- 
through the use of visual aids in instruction* Instruction is visual "if it 
is based on the pupils 1 direct perception of objects ♦ by. their sense organs 
(p. 29).' . As an example of visual, instruction, Gibsh believes that a "child ^ 
finally grasps the concept of the number "five" only after repeated observa- 
tions of groups 6f homogeneous objects appearing as concrete representatives 
of this number "five.'," images accessible to direct perception (p, 29). " For- 
mation of a stopk'of static £mages of homogeneous groups of five certainly ' 

aids a child in "knowing" five, but does not account for the mental operations 

* ' .. . / 
xiv 



V A 



/ ; ' V ■* ' A. 

v .. : A «... 

performed on those 'images — operations which enable tpe child to think of 
five -simultaneously as five and ( for example, one and £our. It is well 



. , \ ' . * . 4 

known that children are able to recognize collections objects up to 
(and often) including five but, yet, display an inability td Solve the , *V 
class inclusion problem — a logical requirement for a conception of whole 
piimbef . 1 

Gibsh s insistence on a connection "between theory and practice is 
consistent with the interdisciplinary approach to school mathematics and 
science programs and the creation of school^ mathematics programs for- , 

"everyman." Those .mathematics. educators Interested Jxi thesi isaues will 

.■ - I - * 

J certainly f ipd reinforcement in this principle. • ' < 

Three forms of mathematics instruction and three metfyodfe of mathematics 

m y ■ ' . \- . > . ' - 

instruction are also discussed. The fiorms are %he heuristic form, the labora- 
tory form, and the lecture form. The heuristic form of 'instruction "consists 
of a "sequential System of expediently composed' and distributed questions to 
fchich pupils given answers within their capacity . . .«(p. • 40) This de^crip- 

tion is reminiscent bf^a^^uid^d discayery technique of instruction as poihted 

• ■ *'■.-** 

out by Gagne'[2] in the learning of principles. Whether one would encounter 

« - 
the heuristic form of instruction in its pure .form in actual practice* is not 

certain because it requires the pupils to answer" 1 successfully the questions 

' * 

posed — a highly unlikely event. It is, however, an ideal form of instruction 
toward which a teacher can strive, give*! knowledge of it. 

The laboratory form of instruction, as outlined by Gibsh includes the 
t solution of examples and problems during class, execution of graphic exer- 

cises, execution of measuring .tasks, And the execution of model-making tasks. 
The laboratory form is based on the use of visual aids. While no mention is 

i ' • . . • . • 

made of, psychological theory usually taken as a base for the laboratory form 
of instruction, the points made in its use are cogeht — especially the use 
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of model-m^Jcihg tasks. K Theae tasks are reminiscent of D^enes r [1] stage of* 
representation ifn mathematical learning. '» » ^ 

The methods of mathematics instruction are distinguished froin the 

* T ' * . / / * •'■ ' 

forms, of mathematics instruction in that the former adheres to methods of 

Si:ie^:ific investigation. The methods describe are the Analytic-Synthetic, 

• - " - • a * • ' v '■• • ? • \: v 

the Inductive, and the Deductive. ; The Analytic-Synthetic method resembles v 

Eolya's heuristics and cah < ^ife^»t s i J.ized profitably, es^eci^lly in mathematical * 

, ' * / ' • i' * . ■ * 

instruction in' the secondary school. The inductive method is Separated into % 

• • * 

two parts', incomplete induction and complete induction. The difference * 

resided in the- number of observations made. "The deductive method consists 

* * i * ' * 

in applying deductive reasoning to establish the truth of propositions, \ 

I ~ < . 

Maslova and Semushin, in the paper "The Relation Between Mathematics Instruction 

and Life," concentrate on ohe of the ten principles of mathematics instruction 

V ' " * > 

for "everyman." WhijLe., this paper falls short in specification of tfhe content « 

and methods necessary in School ihatheijiatics to enable an educated citizen to ^ 

t : * 

use mathematics in his everyday life,, useful suggestions are made. Through- 
out mathematics instruction, the teacher must show how mathematics reflects 
the real world; develop pupils' abilities and skills essential in everyday ^ 
life and in socially useful , productive work; establish a close connection 



7 ' • 

between methods used ih problem solving in school and *f hose in industry; and 

* I 

develop pupils* ability to give mathematical form to practical problems. 

Gibsh, in the paper " The Pupil's Activity as a Necessary Cdndition for Improving 
the Quality of Instruct ion t ft elaborates on topics" presented in his previous 
paper in this volume. Of particular interest is his assertion that, whenever 
possible,^, each topic of the school mathematics course should begin with a 
statement of the fundamental question to be answered therein. This fetat^ment 
of * the fundamental question is reminiscent of Aiisubel's advance organizers, 

f 

even though it does not have all of rthe same characteristics. Als such, it is 

6 
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an interesting classroom procedure whose utility could be ascertained through 

experimentation. Other topics receiving elaboration are: the heuristic 

» * ■ 

method* of instruction, the teach^r f s role ;Ln developing the pupil f s ability 

to^ fiad methods of solving problems independently,, independent execution or 

#♦*•■.*"/ . „ . . * * 

exercises by the pupils, and laboratory work for the pupils. 

Moro, in his paper "Independent Work for Pupils in Arithmetic Lessons; 

* ■ . » 

in the "Elementary Grades, " offers, a classification of .pugils vt independent * 



work based on cl&ssroom observations and a juxtaposition of variQjis theoretical 
points of view. The first slafes of independent- work ideritified is bas^d otf * 
the criterion of the pedagogical aim oi the independent tasks • /Here* two , 
basic groups of tasks were identified — instructive tasks and checking tasks* 
The second class of independent work identified i^>ased oat^ie criterion of 

V 1 

the nature of the activity .demanded of the pupils: Imitative activities, 
independent -application of knowledge and skills acquired earlier with 
teacher guidance but where the object of applicatipn is distinct from that 
worked on in th$ acquisition of the knowledge and skills to be applied, and 
creative tasks where the children must pose the question and geek ways of 
solution* £he third class of independent work is based on the criterion of 
the curriculum material on which work is done— *e. g.', concept formation .tasks/ 
problem-so lying tasks, or practical work. 

Moro, then, views independent work more broadly than does Gibsh. In 
fact, Gibsh' a conception of independent -work can be categorized under the 
second class of independent work identified by Moro, Moro's distinction^ 
between work that is or is not independent is based inainly on whether* the 
work is done without teacher guidance or with teacher guidance, respectively. 

V xvii 



\^ Teachers of elementary schpol mathematics as Well as methodologistS 
will find Moro's manuscript particu£arjj$ valuable because of the niched 
detailed examples of ways of donducjring pupils, 1 * independent work* Long 
f expo a± 1 ^ ns / with many examples^ajc^^iven concerning teaching new material 

through independent work. m Topics covered include assignments for indepen- * 

-» - & - 

dent work including instructing children in problem solving, independent 

f I ' ' - * . * - 

tasks of a practical assure, a system for conducting children ! s independent; 

/ V / • " • 

/Work, and independent work for th£ first tw^ /grades hy topic. While -the 

material is? somevrtt&t daJsjsd, it is still* relevant to* the critical problem^ 



.of ^h<pviduaii^i.ng instruction faced f>y. ttye elementary schools* - Too 6ft en f ^ 
computer izeOTBianagferial systems of individualizing instruction $q tiot Show 
vopei;atio^l evidence of ^thoughtful analysis of children 1 s independent 
work atifi of a balance between activities directed or not .directed by the 
^teaoHer. For the large share of schools not operating on a computer \ . 
ravaged system of instruction* the analysis of independent work. 1 given by 

orb is timely. 'Certainly, it oughtT^^timulate teachers and supervisors 
of mathematics to conduct a careful analysis of their daily teaching activi- 

ties, creating an appropriate bal/nce between independent ax*d ponindepeiwL^nt^. 

• * * 

work — and between the various types of independent wogfe — expected of students. 
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PRINCIPLES, FORMS, AND METHODS OF MATHEMATICS INSTRUCTION* 0 



I. A; Gibsh 



The Subject and . Methodological Problems of Teaching Mathematics 
T"7" ♦ „ ♦ * « 

The Party directives concerning the school, which* determine the 

content t and directions of all Soviet edt||ation A have formed the basis • 

for the teaching of the i^ividuaJL disciplines ^including mathematics. 



At^t^es^nt, mathematics teathihgjLn the Soviet general educjat ion. -school 

has twe following tasks: t ; t x \ ' ^ * 

1>.^ To communicate, to -the pupils the knowledges abilities aAd skills 

u that 'constitute* the bases of mathematical science arift ha^ve the most, . • 

„ * • * « . 

educational artd practical value*! ' v \ " 

i ,' - * - * n 

2*. * To develop J iri the pupils a dialectical materialist world-view 

during the instruction process, f * % J 

3. To develop each- pupUL* s ability t<J present - mathematically a « \y 
problem concerning the quantitative and spatial relationships of the 
real worid and to apply thd acquired knowledge and skills for an inde- 
pendent solution of the problem. 

* 4. To -clarify, as thoroughly %s possible, the content /bf\ the ^ 
school mathen^tica course, primarily the idea of functional relationship, 
and to develop the pupils 1 spatial conceptions and, a lively spatial 
imagination, whiStfi they must have for sfudy of geometry' and «of the 
many £ elated subjects, as well as for the de^Lopment of ttfeiVrpradt ical 
activity. A - 

/ 5. To make the pyp£ls* acquired mathematical knowledge ^tnd skills 
an instrument for solving the problems of practical* living. 

6. To establish skills in logical thinking and properly (logi- 
cally and grammatically) constructed speech. 

7. To inculcate, in' every way possible, in mathematics lessons:' ^ 
(a) Soviet patriotism and national pride; (b) enthusiasm for science; 
(c) the .ability to persevere in overcoming difficulties; (d) operating 

^systematically, the habit of self-checking, attention, and accuracy in 
doing -any kind of assignments. « ' 



x *From Proc eedings [izvestiya] of the Academy of Pedagogical Sciences 
of the RSFSR, 4 1958, Vol. 92 , pp. 95-148. 'Translated by David A* Henderson 
*and\joan W, ' Teller. 
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Let us examine each of these. ^* 
1. Above all, SftvietV^Jd^atloa, as distinct from pre-revolutionary 
education, has isolated three aims which should^ be pursued by scftpol 
iff pfttttt qtion — ■ the pupil should acquire not only knowledge in the subject* 
but abilities ^and habits as well* That is, his theoretical knowledge' shqjld 
be inseparable from practice, supplementing and reinforcing it. This 
basip requirement is dictated^ by methodological and educational consider- 
anions and corresponds directly to* trie esserffce of polytechnic instruction. «, 
% ^- 2. The only tri^science is that which realistically describes and, . 
ill uncinates our envirgnme^; a science does this only if it is based on 
a materialist world-vie\?, • A proper explanatj!b*x of , natural phenomena 
Cafindt help being abased *on k materialistic perception of thacj; therefore, 
the proper teaching of *the natural sciences, among which is mathematics, 
1 is organically qpnfiected^Vith the^proc^ss of 'develtaing a purely scientif- ; 
ic, materialist world-view, which* is the bas^p for all training that 
the^pupils acquire in school and which will guide them in their further' 
theoretical and practicable tivity . 

V^3. Arithmetic, algebra, and trigonometry provide a powerful means 
for solving and investigating a great number of theoretical and especially 
practical problems. Mai^y theoretical and practical problems may be solved 
and investigated by composing and solving equations and inequalities and 
systems of equations and inequalities, which ^xpress analytically the 
contortions of the corresponding problem* Mastery of the method of equations 
*as we may call this t means of resolving and investigating mathematical 
problems, if one of the most important indices of the level and depth of 
^ the* pupil's mathematical knowledge and, to an even greater degree, of his 
jpbility to apply this knowledge in practice, which constitutes the most 
^fcssantial element of polytechnic education. 
^ geometry also affords the pupil activ^t means of solving a great 

numben of. problems connected with fnan f s practical activity* We must 
ac^owh^fl^ that an /even higher mathematical aevelopment, an ability to 
use initiative, and a capacity for elementary creativity are required in * 
^ this field. / . \ 

4. The Soviet methodology of teaching mathematics requires that this 
instruction be profoundly interes ting , that it .i;eveal fully and comprehen- 
sively each concept in the mathematics course. Only such instruction can 

\ • - • 
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fulfly effect a conscious ancf thorough mastery of the material, end 

this is one of the most important criteria o^ the pupil's mathematical , 

enlightenment , in our Soviet interpretation' o e vqpd. ' • 

I Of the ba§ic ideas *of T the school mathematics coursfe, first place - 
should be given to presenting the idea of functional • relationship , \$hich , 
is the best feipression of the essence g£ mathematics as* a science' 
concerned with the dialectic aspect cff ,ttife -quantitative, and ^patial 
^relationships of the 'real world, , ' 

Usi^g the method of equations and the idea of functional relation- 
ship makes it possible to study w the quantitative relationships of reality 
in their static and dynamic states • -And, in these forms, the spatial/-** 
relationships of reality should be studied," as the teacher works, on 
developing proper spatial conceptions and a lively, spatial imagination # - 
in the pupils. Mastery of spatial conceptions and .the presence of a 
Spatial imagination are another criterion of the pupils mathematical 
eitetighterynent . 

5. It has' already been shown, ix* examining the first' requirement 
above, that the mathematics education of the middle-school graduate 
should consist bfi/the knowledge, abilities and skills he has acquired. 
This requirement must be considered in, all of its •implications* % 

Confronting the methodology of teaching mathematics is tha problem* 
bf finding *ways to conduct practical mathematical activities which would 
most closely approach life, the real environment that awaits the school 
graduate. In particular, this work can be more successful if the pupil, 

m 

after having found a theoretical solution to a problem, is able; as they 
say, to reduce it to a number, to, present it finally in numerical form 
with the proper degree of accuracy, and, if needed, in a visual form, 
using diagrams or graphs. <Fox acquiring this knowledge, the pupil must 
have skill in using computing instruments (the arithmometer, the slide 
rule) and various tables, as well as in obtaining appropriate information 
f^om approximate calculation* It goes without saying that a person who 
is solving practical problems should have a f Ira knowledge of mathe- 
matics, at a sufficient level of development;. 

6. \ The distinguishing and determining feature of the Soviet school 
is that its guiding principle is the training* of people who have the best 
traitiSfrof Soviet man — the builder of a communist society. This man shduld 

i : } V 
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. * be t distinguished by his initiative, his f ability for^a creative solution 

of problems, and habits af logica^thinkiiij^. Properly and delib- ^ 

erately -organized matheiaatics^Sst ruction gives the teacher the greatest . 

opportunities for training persons .of this type, and although teachers* in, # 

all disciplines are working toward this goal*, 'the besk/most advantageous , 

position is ^ held by the teacher of mathematics -^a subject in which* 

initiative and creative abilities anpi the application of logical thinking r 

are often crucial. 1 * r . 

• r ■ • • * , f 

7* The same exception- of each member of .our Soviet society a^Jk 

man who participates actively in all. the diverse and multifaceted operations 

* • * 

' cff a 'nation obliges the schofil to train in his progeny these* moKal quali- ' / 

ties that are needed in life, listed above. * . 

This survey pf problems*, *which«f ace niathematics teaching. In the 

* -Soviet school, gives a certain notion oi the* scope ani nature of the 

problems constituting the subject-matter anjT content of the methodology 

, of teaching mathemStics * 

The methodology of teaching mathematics, stemming from the general 

-^/"theory established by the Soviet school, establishes what principles 

should underlie mathematics Instruction in the Soviet school, what forms 

this instruction should take, and by what methods it should be realized. 

^ # -7 ' 

• The essence and content of the methodology of teaching mathematics 
t as a science is wholly determined by the essence aind content of the 
' problems facing the school in mathematics instruction. 

Using the definition established by Sdviet education, one ma^ * 
characterise the Soviet methodology of mathematics teaching having, these 
points as its subject of study: (1) a communistic upbringing of .thte 
pupils during their instruction in tl*e school course in mathematics; 
(2) instruction "in the school mathematics course, i.e. , the ^ommunica'tion^ 
of knowledge, abilities, and skills in mathematics to the * pupils i . 
training of the pupils in the field of mathematics > i.e., attaining, 
with the aid of instruction, that' level of development of the pupils in 
'mathematics which would afford the niiddl e-school graduate an opportunity 
to be successful in. his chosen vocation. • 
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* *. * ^ . Principles qfr Mathematics^ Instruction * { • 

* Pupil Activity 'in Class * - .. . / u ^ ^ 

One of the most essential requirements for' facilitating the i^aprovd 1 - 
ment of th% quality /of instruction is th* awakening of the^pupils^ ^ *' . 

Interes t and activity . The. ^st ate oi* activity , as contrasted with passiy- % 

• . \ * *■ 

ity , occurs when the pupils exert "a certain mental tension, a certain | 

; , * ■( 

effort of thought, directed at solving a problem assigned to thenu. The j * 

pupil's will, which forces, him to think over* the* proposed question, ' 

takes part in this operation. The more interesting the problem, the 

more satisfaction the pupils who perform such thinking have, and the more 

successfully they move along in solving it. It is obvious that knowledge 

acquired by" active mental work (finding independently the method of 

\ solving a problem and substantiating the way to solve it) is the 

# 

soundest. Facts thus established can always be reproduced, and the 
methods of argument and , the conclusion arrived at by tha pupil in 
solving one problem can be .applied in solving other problems . 

The^teaeher has several means of making the' class participate frhe ^ 
major ones of which are discussed below. . 

1. The exposition *of each chapter and, where possible, each topic,* 
of the mathematics course should begin with a statement of the question* 
* This statement serves as a short introduction, a preamble to the chanter * % 
It establishes a connection with previous material and explains the basic* 
aim^jfr the topic or problem to be solved; This introcjuctlon gives a * 
perspective to the listeners, k it awakens an interest in solving the 
problem and often outlines general ways of solving it* ,Here are some 
examples : k 

a. The introduction of fractional ahd negative numbers makes it 
\ necessary to increase the stock of numbers, since the M old M numbers are 
insufficient for expressing t\\e result of measuring quantities not con- 
taining the unit of measurement an integral number of times and the 
result of measuring directed quantities* This^f&nre idea must guide the 
establishment of the concept of ^irrational and imaginary numbers * 

b* The concept of direct and inverse proportion can be established 
by isolating the essential properties ("it is increased or decreased 
by so many times ") that distinguish this type of functional relationship 
from other t>^>es. * ■ * 



n - 



9 

ERLC 



•t . 



I % " v • H . 

' N ' £fc • ~ . . ■ * • - > ^ A 

e* TbeJL^Kttgle can be distinguished from other t polygons by 

> 7»RF * * ~ - l* ^ — ■ * " / 

itfik rigidity ; Tffie geo$£trIc exprfcS£LLon>o^ this.. property is the facti 
. that frofc the 4jtorresjg|mdin^ equalixy of tne^side^of two ttiangles^ ^ 
► one can derive the corirespodjiing equal ity f of< the angles* The question 
of • the possibility 4 of the qonverse*leatls to the idea of similarity . * 
d> The pupils c*an be familiarized with fc:lje ideafi of symmetry. 
* proportion, and similarity by beginning with the ^examination of oblepts 
in nature (lepveo^f trees,, flower petals , etc.) and of the most* ^nearly 
. perfect productions % of ^architecture* patx\t^p& at*! scufpjtfyre* ' i 

e» Properties of the circle may be^ Ablated by -comparing It with * 
a straight line, whicfr has bcyth similar ai& s^tply dis'tinfeuishingr * ; 
characteristics* Even familiarizing J^lke pupils s^perficially)wlth opfeft 
plane curves (the ellipse, .parabola, hyperbola, sine curve, spiral} < 
and, perhaps, spatial ones (for instance, *tehe helix) produpes' animation 
and variety. % . "»■■.,•' 

f . In approaching the cctacept of* the second-degree equation (and' 
equations of higher degrees }.n general), one may direct the pupils 1 , 
/attention t0 the fact that ^ie simplest equaSLpn, whose'roots may be T 

= 0, ±.J. ' 



indicated by the number a and $, has the form (x -<rt)(x - -3) 
the form x - (tt -I- B)^x 4- &g ~ G. The ques^tipri arises whether^ it 
is possible to maintain that, conversely, every equation of the type * 
ai 2 + bx + c « 0 has two yrtn fg„ ' ■ • 4 • 

g* The unit ^'Metric Relations in the Triangle H contains the N 
•presentation and solution of the-problem of analytically (as distinct 

I * A . 

from graphically) finding somgf elements of a triangle, given its o*t^er 
elements. A number of facts which manifest theVexistence of ja functional* 
* relationship among elements of a triangle (features of the congruence of 
triangles) may be replaced by facts expressing this' relationship/ 

s 

analytically ♦ 

* p 

]}\ General properties of the exponential function should be a 
, generalization of the properties of the exponent with a positive base 
and exponents which are positive integers already established in arith- 
metic: "In raising a proper or an improper fraction to a power with v an 
exponent which is a positive integer, it remains respectively proper or 
improper"; "If the base is a fraction that is proper (impr^er, distinct 
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0 from one) , with an increase of the exponent the fraction is decreased 
(increased)." \ # 

^ • ' i. The unit .on the circumference ^nd the area of a circle (in the 
ninth grade) may be begun with* some brief information on Archimedes and 
his work in wll4ch he uses the "method of exhaustion-." * 



r 



j. The introduction ofr the complex numbers in the form of a- pair 
of real number^ can be given J^urally tojthe pupils in passing £vpm the 
number axis, each point of which is in correspondence with a definite. 
rea£ number, to the plane/ on which a given system of rectangular • 
coordinate axes has a definite w pair of real numbers corresponding to 
each of its points. i ' 

k. , The transition %he geometric arc and the geometric angle ? . 

to the directed arc and the directed angle in the trigonometry course 4 
may be made analogously with the transition from the geometric segment 
to the vector placed on the axis. 

JU The unit on "Similarity of Figures" can be begun by more 
accurately defining similar figures having identical shape but different 
dimensions, which were originally described in the sixth and seventn 
gr^fes. Later, with the aid of construction (by hand), the pupils become 
convinced that the corresponding equality q£ the angles of two polygons 
generally (where n > 3) does not involve the proportionality of the sides. 
Finally, they can examine figures that are exceptional in this respect — 
triangles — and establish conditions, of their similarity, from which two 
theorems, formulated as direct, and inverse theorems, express the vabove 
relationship between the equality of corresponding angles and the pro- 
portionality of the sides of triangles. 

2* The greatest success in animating the class may be obtained by 
conducting the instruction according to the analytic-synthetic method, 
which demands thorough preliminary wbrjc and- craftsmanship of the teacher. 
The detailed outline of the individual topics of the course, assuming 
it is# done 'according to the analytic-synth^Jlc method, is a difficult but 
quite interesting problem which must be solved by *the teacher in his 
daily creative work,. Each such outline should contain a whole system of 
problems which the teacher has to ask the pupils; the solution of, each 
problem should be complete and comprehensive,- and should involve the class v 
to the utmost- Examples of outlines ' such as these are given, in the section 
on the analytic-synthetic method, pages 54-67 ♦ 



' '•' 3. A state of necessary activity facilitates the pupils' inde- 
pendent completion of the mathematics assignments in class and at home. 
The teacher should therefore see that the pupil is forced to seek out, 
as often as possible, the solution of theoretical and practical questions 
(examples,. problems) independently , applying all his efforts and doing 
determined mental Work! without leaning on the "urgings" of the teacher, 
who mistakenly considers them a useful "help" for the pupil. This 
does not mein, finally, that the pupil should be deprived of the teacher's 
'general guidance in his independent solution of the problems assigned to 
him. * 
The Pupil's Conscious and Firm Mastery of the Study Material 

The basic criterion for the success of the pupil's activities in 
mathematics is the degree of consciousness he shows in mastering theory 
r and in doing exercises. What is meant by a conscious, thorough mastery 
of the stud$r material? Let us examine some examples. 

• Example 1. The unit on parallelograms is begun with a^jfcinition ~ 
of .the term "parallelogram, »M.e. , the term "parallelogram" replaces, 
\ .according to agreement , the words "a convex quadrangle whose opposing 

sides are mutually parallel (property a)." This property is established . 
in the presence of a convex quadrangle by agreement. It is then 
. established that if the quadrangle has property a, it also has other 
properties &, 7 , and, 6, relating to its sides, angles, and diagonals. 
A question then arises: "Is the converse applicable— do each of the 
nyoperties B, T <$ entail property a?" It turns out that they do. 
/Each of the properties , 5, therefore, can\e taken as equivalent 

to o'as the p'roperty defining the parallelogram. The properties .«■ 
3, Y t 5 are then conditions by which one may conclucle^ whether a convex 
quadrangle is a parallelogram. The precise understanding i of this role 
of properties 6, y, & and their relation to property a -would wholly 
"determine conscious mastery of the topic. These ideas relate not only 
to'the unit on parallelograms^,, of course, but to many others. 

* Example 2. Having thoroughly- studied the unit on measurement of 
segments (magnitudes), the pupil should answer the following questions 
k completely and with substantiation: (a) Do segments A - 4.7 cm. and 
. B - 8.3 cm. ha/e a common measure? What is it? (b) Segment A Is equal to 
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of segment B. Find the greatest common measure of these segments , 

15 * 

(c) Segment A is equal *to — g of segment B. What number will be used 
ta express the result of a decimal measurement of segment A by segment 
B? (d) The same question .in relation t» segments* A and B, linked by 
the equation A - or A m ^ Urlder what' circumstandes will the 
result of measuring a segment be expressed by a rational number? By aa 
, irrational, number? Why? 

Each topic that the class undertakes should be thoroughly thought 
out by the teacher, and analyzed by h^im with regard to various aspects — 
what it£? aims and bafcic content are; what the connection between* this 
topic 4md the previous material is; how the ideas of previous material 
can be used to present the current topic as a tfiatural ^development of 
ideas that are already familiar to the pupils^rffw. to isolate from the 
topic being studied all its essential elements which wholly define its 

content. • «r 

Example '3. When beginning the exposition of the unit on second- 
degree equations, the teacher should review with the pupils all information 
concerning me basic concepts of first-degree equations and, using them 
skillfully, should make the pupils understand new concepts and f^acts 
concerning the unit on second-degree equations. The teacher should 
explain that the concept of the equation and its root and the plan for 
solving an equation remain unchanged, but that the second-degree equation 
differs from the first-degree equation by the number of roots and the 
means of solution. If the teacher begins the exposition of this topic 
%y asking the pupils to write an eqjj^tion which would have the numbers 
3 and 5 as its roots, and then leads them to the idea that this require- 

ment would be satisfied by the equation (x - 3) (x - 5) » 0, which 'could * 

2 

be transformed to x s 8x + 15 = 0, then it would be natural to ask' 

2 

whether any equation of ttie type x + px + q ~ 0 has two roots, and how * 
they can be found. It should seem completely reasonable to the pupils 
that this question is equivalent to the question whether any trinomial 
of the type x + px f q can be represented as the product of two factors 
that are linearly related to the unknown x. Further arguments establish 



that such factoring can be done only if - 5q > 0. . Tl^i^method of 
presenting the topic completely develops the basic idea that the roots of 
an integral rational second-degree function can be found if this function 
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rs* * 
If the pupil grasps tRis Waste idea ful2^Jie has v mastered the topic 
with sufficient awarenesfe and will be able, with that awareness , to go on 
to solvje analogous question^ln his future solution of equations of ^ 
higher degrees. * ^ * 

Example 4, . From geometry we know that a triangle is defined by 
three of its independent elements, gpf which at least ^one is lineat * 
Therefore, beginning the unit "Metric R#lrftions in the Triangle" 
(mentioned in example g in the section "Pupil Activity in Class") , 
the teacher can bring to the pupils* attention the fact that to determine 
the length of any side of a right triangle, it is enough to know the 
length of its ether two sides, with which the length of the unknown side 
can be connected in one equation. This lesson and the next are in the 
chapter which takes up the problem of finding this equation, this relation* 
The relation expressing the Pythagorean theorem is this kind of equation. 
In the scalene triangle, if we proceed from geometric considerations, it 
is not enough to know two sides, and, as can be seen from the vexy method • 
of finding the square of the third side, another element must bfe given — 
the projection of one of the given sides onto the other* This projection 
is subsequently replaced by the product of the s%de by the cosine of 



the angje enclosed by the two sides. 

Thttrf'* the ability to obtain some metric relation and even a whole 
system of these gelations cannot be considered as sufficient conscious 
mastery of a topic. It is necessary that the pupil recognize the whole 
problem — that he begin from some substantiated foresight and think 
purposefully, Even before inferring the Pythagorean theorem he should 
be aware that knowing the lengths of two -legs* of a right triangle makes 
it entirely possible to find the length *of . the hypotenuse. In exactly 
the same way, before concluding the formula for the square of a side of 
a triangle, £e should realize .that laiowing the lengths of two sides of 
a triangle is not enough, that another element is needed * 

It goes without saying that the teacher can demand of the pupil a- 
completely conscious mastery of the study material only if the lessons^ 
develop, with enough thoroughness and depth, all the factual and 
conceptual content of this material ~ * 

10 
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If, however, the teacher knows bow* to present a mathematical fact/" 
not by itself, but as a past of a fchain of organically interrelated 
facts, he has the right to Assume that the pupil tod will gradually 
learn and subsequently will be in a position to approach the study and 
analysis of mathematical theory* 

Soviet teachers have long known that if a topic is to be thoroughly 
revealed, one must pose a system of questions on the topic to the pupjils 
that elucidate the essence of the concepts and facts contained in the\ 
topic. .They also know that it is especially important .that these questions 
train the pupils to^ draw independent conclusions from the theory thay 
have learned and to apply it on their own as they solve simple theoret- 
ical and practical questions. ♦ „ ' 

The Systematic Nature of Presenting and Mastering the Material 

1* Mathematics as science is a well -constructed system of 

scientific facts whose theory may be presented only in a strict logical 

sequence. Mathematics as a subj^&t of study likewise cannot be presented 

without retaining the basic requirement — the observance of complete 

logical sequence. Disturbing this requirement would . entail not only di- 

gressing from the scientific principle btit* also such a deeply rooted 

distortion of the subject that it would simply cease to be a subject of 

study. The school mathematics course should be a strictly contained 

, system of information frJm the field of mathematics. It would be un think- 
fc 

able to study or to teach a school mathematics course in which, for 
instance, terms would be used before being defined, gt in which one had 
to make references' to still unproved propositions tq prove a hypothesis, 
and so foifth. A carefully thought-out curriculum ana a suitable textbook 
save the systematic nature of the teacher's presentation of the mathe- 
matics cour.se from this type of distortion. The defects that might appear 
in the curriculum and the -textbook would, of course, be noted and elimi- 
nated in due^course* 

2* The teacher, who attempts to be systematic in^tehe construction of 
t a method of teaching a section or unit of the course finds himself in a 
different position. To. achieve his aim he has to think -out and prepare 
(a) a system of the distribution of all the material relative to the 
section or unit; (b) a system of questions that he will have tq ask when 
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presenting the new material and w^&ti reviewing' and expanding it; (c) 
a system of exercises for the pupils to do in class and at home. The 
result of the teacher's work will be systematic if he finds a proper * 
order anfi logical sequence of ideas such that each new idea is prepared 
taaturally and follows from the preceding one, and if the questions and 
exercises are arranged in a definite Sequence * The teacher, as he 
elaborates the topic methodically on his own, will have to work hard at 
first, but later he will have only to make ^some corrections and improve- • 
ments on the basis of his experience » If his selection of a system of 
exercises is helped by good workbooks with problems and examples, he 
achieves a systematic teaching -of theory based primarily on his own 
knowledge and experience. But the element |tf creativity in this work 
will give him great satisfaction and inner joy* 

3. A ipost carefully planned systematic presentation of the material 
is utterly necessary foi? the pupils to master new material consciously 
and thoroughly. Only gradually, in a definite sy s tern effecting strati- 

4 

fication, by adding new knowledge to previous logically and organically 
related knowledge, can a sufficient mastery of k subject be ensured. 
The pupil shoqld use what is acquired, recognized, and known as ^j>asis 
for understanding new material. In understanding newly mastered material, 
his thought seeks analogies^ examples for generalizations, sources of the 
appearance of new facts, and methods of substantiating them. 

Analysis of the reasons for the pupils 1 lack of comprehension of 
some concepts or facts in a theory often leads to the^miclusion that in 
learning these facts, the pupils did not observe that system^ that se- 
quence which is the only on^ permitted and regula'r in a given case, and 
whose destruction could not help bringing the pupils to si misunderstand- 
ing of theory and to vagueness in their minds. ^ 

The systematic structure of the material to be presented should also 
take into consideration all the psychological and logical elements of the 
process of the pupils' mastery of new material. Here are some examples. 
' Eyample 1. For the unit on "Similar Triangles/ 1 the teacher can 

prepare the following plan. 

a. Similarity: Observed in nature (leaves of trees, petals of 
flowers, the wings of butterflies of one species); observed in archi- 
tecture (the plan of the facade of a building and the facade itself); 
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observed in surveying lanjt (the map of a locality and the locality 
itself); obtained through photography, etc 

b. Establishing the first definition: "Two rectilinear figures 
are called similar if they have an identical form but different dimen- 
sions." . 

c. taking this definition more precise: For identity of form 
both figures must have the same number of sides and angles and corres- 
pondingly equal angles; the fulfillment of this condition alone is 

not enough, however — ccyplete identity of form exists only if the sides 
of one polygon are proportional ^to the sides of the other, 

d. Establishing the method of constructing the conditions to prove 

that the. corresponding equality of the ailgles of two quadrangles, penta- 

gons, and in general, figures of n sides where n > 3, does not entail the 

proportionality of the sides. It suffices to* draw an arbitrary pentagon 

ABCDE, draw from some point A r in the plane the segment A f B f parallel to 

side AB and equal to, say, \ of side AB, then from point B* the segment 

2 

B f C f parallel to side BC and equal ,to, say, J °f side BC, and finally, 

from point C* the segment C f D f parallel to side CD and equal" to, say 
3 

~£ of side CD. If, we then draw half -lines D'E 1 and A t E t from points D* 
and A f so they are parallel to sides DE and AE respectively, until they 
intersect each other at point E f , a pentagon A'B'C'D'E* is obtained whose 
angles are correspondingly equal to the angles of pentagon ABCDE, but 
whose sides are not proportional to the sides of this pentagon, since 

"A 



k'B* I , B f S' 2 t C'D* N3 
AB * 2 ; Bp 3 CD * 4 ' 



The pupils should notice that whenever the given polygon has five 

sides, the corresponding lengths of only three sides of polygon A'B'C'D'E 1 

* i 

may be made to order, since the lengths of the last two sides **ill already 
^be determined by their direction. 

A similar* situation may be observed in constructing a quadrangle • 
i'C'D 1 whose angles are correspondingly equal to the angles of a given 
quadrangle ABCD, but whose sides are not proportional to the ^sides of v 
thia quadrangle; again it .appears that we cannot specify the lengths of 
the J3&st two sides. 

A different conclusion must be drawn when using the same method 
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to construct triangle A i B f C f whose angles are correspondingly equal to 
the angles of a given triangle^ABC. InUhis;case, after having specified 
the length of side A f B f , we have to limit* ourselves to this, since the^ 
lengths of sides B t C t .and A f C' are already^fetertoined by their direction, 
and the point C ? will appear as the point of intersection of the half- 
lines B f C f and A'C 1 . \ < 

f. The question arises whether the lengths^ x the sides of triangles 
ABC and A'B'C stand in some mutual relationship. r$he N theorei& is given 
and proved. . ' ' i ;> 

Theorem 1, If the angles of .one triangle are correspondingly 
equal to the angles of another triangle, then the sides [of these 

triangles are proportional, , * 

*■ • * 

* g. Having written theorem 1, in the form % \^ - 



v 



/a* - ^A> ^B T - ^B 

A'B 1 m m AVC ( ? 

AB " BC " AC , ■ 

the teacher directs the pupil's attention to the fact that the condition 

of this theorem consist of two independent relations 'and that from this 

system of relat^ns there fellow's each of the two independent relations 

included by the theorem, so that the theorem has essentially two con- 

. elusions. Under the teacher's guidance, the pupils should compose a. 

formula and prove the two inverse theorems.. 

/. % A'B* A'C 
. Theorem 2. ^ A' * ^ A ; M " AC - 



Z B* - ZB ? 



t 



Theorem 3. A'B' B'C A'C 
AB BC AC 



ZA' - ^A; ZB» - £ B? 
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h. Theorems 1-3 are formulated as three indications of the simi- 
larity of triangles. j 

■*M. Application of the established theor^to the solution of practi- 
cal problems.. 

Example 2. For the unit on '[Properties of the Exponential Function," 
the following plan may be composed. 
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a. Re-establish in the pupils* minds the following fact (which they 

♦ 

know<£rom arithmetic) from the unit on Multiplying Fractions/ 1 In 
multiplying a number by a proper frac£ion->we obtain in the product a 
number smaller than the multiplicand; in multiplying a number by an 
improper fraction, hot equal to l f we obtain in the product a number 
greater than the multiplicand, 

t b. This proposition underlies two propositions concerning positive 
integral exponents: When a positive fraction is raised to a positive 
integral power, its character (i.e., of being a proper or an improper 
fractibn) is not changed; and for a positive base greater than 1, the 
larger the exponent, the larger the power and for a positive base less 
than 1 the larger the exponent, the smaller the power. 

The two propositions in (b) are first examined usin§ examples , 
then proved generally, using the arithmetical fac^t indicated above. 

c. The two propositions in (b) are expanded to cover the cases of 
the p5^itive fraction, and. the negative (integral and fractional) 
exponent, for which examples are first examined, then proved generally, 
utilizing the properties of numerical inequalities. 

d. Construct, by points^ graphs of the functions * 

y - 2V y « (y> x » y-3 x , y -.10% * 

and use the established properties of exponential functions to make the 
course of these graphs more precise* ^ 

e. Using the graph of the exponential function as an example, 
establish the concepts of the monotonic change of a function, the asymptot- 
ic approximation pf *a curve to some axis, and the imlimitcM growth of a 

x 2 
function. Compare the graph the function 2 to one p£ the function x . 

f . Using the notation of the conditions of the tVo general theorems 
established: If a > 0 and a'> 1, but a > 0, then correspondingly 

a a > 1; if a > 0 and a > 1, but a < 0, then correspondingly a a * 1; 
lfa>0, a>,l, ex > 8, then correspondingly, a ~> a . Ask the pupils 
to compose formulas and prove (by t]xe indirect method) a^l possible 
converse theorems. 




3i 



g # Ask the pupils the following system of questions.: 
1 . * Are *the powers 



A) 2/5 ■- ® " 7/10 



* numbers greater or less than 1? 
.2. What conclusion may be drawn ^ 



a. About the exponent a if. 

" 6 ' 



b. About the positive base a if ^ 

• (a) 3/8 -^ (a)- 0 " 4 ' - 2.7 ? ., V f 



3. Which of the two powers is greater: 

(!) or (fj ' ; (!) ° r '(8J 

4. What conclusion may be drawn 
a* About exponents a and g if 

b. About the 'positive base a 



3* 



a 



3 ' 8 < a 9/8 ; a^ 5 > a 6/ -? 



h. While the pupils are studying the unit on the exponential 
function, give tttem exercises related to it, including construction of a 
graph of an exponential function, and solution of exponential equations 
analytically and graphically. 

Example 3, For the unit on regular polygons, the following plan 
may be proposed. - 

a. The concept of the regularity of the polygon. Is the equality 
of the sides of a polygon the result of the equality of its angles, at 9 
conversely, is. the equality of the angles a result of the equality of 
its sides? An exception: the triangle. 

b. The relation: Regularity is identical (equivaleptly » adequately) 
to a system of two facts — to the equality of angles and the equality of 
sides » which; for all polygons except triangles are mutually independent. 

35 w - - ■ 



c. The construction of regular polygons, using a circle divided' 
into equal parts. Convex and concave (stay-like) polygons. 

d. The existence of a point simultaneously equidistant from all 
vertices and all sides of a regular polygon. Using equality of the 
angles and sides in proof. * , 

- e. In the case of the convex 1 quadrangle (any onfcO, the equality 
6t its angles entails the existence of the center of a Circumscribed 
circle, and the equality of its sides entails the existence of the 
center of an inscribed circle. Where Soth relations exist, the centers 
coincide. 

f . The similarity of regular polygons of the same type. The co- 
efficient of similarity. Proportionality of like linear elements (radii, 
apothems, diagorkls, perimeters).* - * 

g. The division ofV circle into equal parts using a compass and 
ruler. Gauss f theorem (without proof). 

h. The calculation of the sides of regular polygons (convex and * 

star like . J 



i. The approximate division of a circle into equal parts. 

^. Historical information. 

k. Questions on the topic: 

l*j» Under what conditions does\there exist a 
point' equidistant from tf'poWs in the 
plane; is this a necessary condition? 

2. Does an irregular polygon have a center? 

3. How many ways are there tp find the center ^ 
of a regular polygon? Can this be done using 

the construction of diagonals? 

4. How many elements determine a regular polygon? 

5. How many regular polygons (convex and star-like) 
* may be obtained by dividing the circle into 

5, ,8, 10, 12, 15 equal parts? 

6. .How can one construct the side of \ a dodecagon, an 

icosagdn? 

7. Can one construct, using a compjss and straightedge, 
a regular figure with 64 sides; with 9 sides? 

The Purpose and Ideological Intent of the Lesson 

1. In thinking over a lesson to be presented, the teacher should 
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imagine precisely what the aim or the designation of the lesspn is, 

i 

what new concepts or ideas it reveals to the pupils*, what new knowledge , 
abilities , and- skills they ^ shall obtain* The conceptual content, the 
interest, of teaching must be juxtaposed against a dry, formal inter- 
nally unenlightened communication of information* 

Underlying the school mathematics cour'se are ideas such as the prin- 
ciples of calculation (one of ,the greatest triumphs of human culture), 
algebraic symbolism (at a higher level, , a useful apparatus for performing 
and noting mathematical research, as well as a language understood by 
any educated man), the method *of equations (one of thk major sections 
of the school algebra course, which determines the significance of the 
course as a subject that develops methods of solving and investigating 
many problems by utilizing functional relationships among quantities), 
the concept of a variable ( including general properties of real varia-» 
,bles observable in phenomena of the material world — the quantitative 

0 

character of the mutual connections of changes occurring in it), the 
concept of a limit and the method of limits (information of the essence, 
of mathematical analysis), the concept of size and its measurement 
(commensurable and incommensurable quantities, relations between rational 
dnd irrational numbers), the idea of axiomatic construction and the 
deductive exposition of science (the system of geometry). ^ - 

This short list, of tHfe fundamental ideas of the school mathematics 
course illustrates the rich idea content of his course; each teacher 

should strive to develop this content as fully as possible and to see 

that the pupils master it thoroughly. 

2. The teachingSbf mathematics in tfre Soviet school should use 
any means at its disposal to develop a dialectical materialist world- 
view in the pupils, who'are the future builders of communism. This can 
be done both in cpnnectidn with the establishment of individual facts 
(introduction of the field of numbers reflecting the relationships among 
objects of the material world; -establishment of concepts of geometric 
forms as a result of abstraction from the representations of physical * 
bodies; familiarization with axioms as statements formulating real 
properties of objects in the material world), and especially ■ in lessons 
devoted to certain general conclusions (development of\he concept of 
number; axiomatics of arrehmetic and geometry; ideas of non-Euclidean 
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geometry, which refute the idealistic teaching of the a priori nature of 
spatial conceptions). But it goes without saying that the teacher f s * 
activity in developing the «pupils 1 world-view should not*be limited to 
individual lessons or even to a series of Wessons. Illuminating a 
problem in its historical development, revealing the rol£ of mathematics 
as a means of investigating the laws of change in the Material world,' 
choosing appropriate problems illustrating* this role of science i& the 
investigation of nature and the search for means of furthering it — all 
of these serve the. purpose, too. 

Obsetvance of the Scientific Principle 

Individual branches of the school mathematics' course (arithmetic, 
algebra, geometry, trigonometry) as subjects of study do not, of course, 
reproduce the corresponding sciences, but the level of teaching each 
topic should correspond to the state and treatment of it in sciences > 
teaching conducted on this level leads £he pupil info the field of the 
corresponding science, into the realm of scientific concepts, ideas, and 
methods, creating a firm foundation for his knowledge, widening his 
mental horizon, and substantiating his world-view. 

To implement the scientific principle during the teaching process, 

the teaching must be conducted at a sufficiently high theoretical * 

» 

level. Definitions of concepts and formulations of axioms and theorems 
should be given with impeccable, precision, with a proper revelation of 
their essence; proofs of statements should be conducted as rigorously 
as is possible at the given level of school instruction. 

The possibility and necessity of observing_Jitie scientific principle 
are based, first, on the fact that scientific proof and faultless logi- 
cal argument further the initial understanding of the question; however, v 
an unscientific proof, i.e., a proof that is not rigorous, insufficiently 
substantiate^!, * gives the' pupils only surface knowledge — to relate uncriti- 
cally to argumentation, to accept as proved what waS not substantiated^ 
to agree easily, to master the material formally, externally * Facts - 
that cannot yet be proved at a given stage should be accepted without 
proof. 

In particular, among mathematics teachers there is a widespread 
mistaken notion that arithmetical facts can be rigorously proved only 
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with the use of letter notation: in fact, any argument using numerical 
examples, as long as there is reliance on the individual progerties 
of the numbers used, has the full force of a proof # Thus, in fifth 
grade, it is no trouble to prove the two statements that are tlfe basis 
^ for the conclusion of the criteria of divisibility ^ and even a further 
series of statements from later sections of arithmetic as presented in 
the fifth p and sixth grades. * . 

Here are some examples of the violation of the scientific principle. 

a. In the definition of the concept of the prime number, in the 
phrase "is divisible only by 1 and by itself 11 the most important word — 
"only "--is omitted. 

b, In the definition of the concept of proportional quantities, 

in the phrase "is increased or decreased so many times" the most essential 
words — "so many times" — are^omitted. / - 

. - c. In checking a proportion by establishing equality between the 
. product of the means and the product of the extremes, reference is made 
to the direct theorem: "If a proportion is correct, ■ the- product of its . 
extremes equals the product of its means," but one must refer to the 
converse theorem, "If four numbers' are such that the prodilcfc* of two of 
them equals the product of the other two, a proportion can be made of 
these numbers, taking the first two numbers as the extremes or the means 
of the proportipn and the other two numbers as its means or extremes. n 

d. In composing" a quadratic equation, given its roots, calculation 

is based on the pro^rty of ^tha- roots of a quadratic equation, this 

property being expressed by the theorem: "If a and 8 are the roots of a 

2 

quadratic equation x + px + q - 0, then a + g « -p, and aS ■ q^ ft -but 
one must use the theorem: "If the numbers a and S satisfy the equations 
a + 3 - -p and f*B= q, then*j?hese numbers are the roots of the quadratic 
equation. 

e. The definition, "An equation is an equality that is true for 
certain values of the unknown*" is inadmissible since it does not include 
equations having* no roots. ""This remark also refers to the definition of 
the concept of a sys-trfera^of equations. * 

f. If ii^the proof of the 'identity of an inequality one starts' 
from the proposi tion that the inequality being considered Is true for 
all allowable values of the letters it contains, then, approaching an 
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obvious inequality i one 'must prove by the converse method that the origi- 
nal inequality is the .result of this obvious (deliberately true) inequali- 
ty; this conclusion will be valid whenever all operations performed in ^ 
the direct transition are reversible, 

g. The definition of an irrational number- as a root of the ntij 
debtee from an incomplete nth degree of some number does not correspond 
to the scientific interpretation of an irrational number. 

h. A shining example of a quite unsubstantiated argument is the 
explanatioo^^g^en in several texts (Kiselev f s, among others), of # the 
solution of a 'System of linear equations; this explanation comes down 

to an indication of rules by tthich the solution of a system can be found 
and contains not even the most elementary theory .of the problem* 

i. In defining the concept of the locus of points, there is no 
indication that the locus of points that has property a should contain all 
points having this property/ and only these points , pr the words ff an<d 

only these points" are omiqted. 

j. In formulating the axiom of parallel lines, it is not stressed 
that it is not establishing the existence of a line b passing 1 through a 
given point A and parallel to- a given line a, but* the uniquene ss of 
this line b. » * * 

In presenting mathematics scientifically, logical elements of 
arguments, whie?rt are of great educational valtfe, acquire special signifi- 
cance.. The^e elements are: (a) the ability to. establish and formulate 
accurately all conditions and the conclusion of the statement being 
proved, and then to form a course of proof in the form of a short but 
expressive and visual notation which ^ beginning in the upper grades, 
becomes increasingly symbolic ;* (b) the ability to compose the inverse 
or contrary theorem for a given theorem; (c) the ability to make a correct 
logical division of a class into subclasses, to pick out types from a 
class and distinguish type features from class features ^ to distinguish * 
a feature from a definition, to establish whether a condition is necessary 
or sufficient. x <M 

Training in logic, although givdh in all school disciplines, may be 
done with the most success in mathematics lessons due to the specific 
character of mathematics. For in studying mathematics, the logical 

structure of an argument can be revealed mo£t vividly. ■ The mathematics 

j 
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teacher shocld carefully think throug^t each proof presented to the pupils 

and shouJ^T^present it irreproachably; In the proof, there should be no 

omission^ that would destroy its rigor, even though the pupils might 

not notice the omissions. The pupils 1 reasoning might (and should) involve 

mutual ^criticism of the chosen paths and methods of proof, as well as of 

logical gaps and flaws^that occur. / 

* * * 

These requirements should be applied not only to ne^ proofs but also 

*to the pupils T oral and written answers , which should be evaluated in 

relation to both their content and especially their fomulation, which 

very often allows one "to judge the pupils 1 flaws in thinking. 

Training in logical thinking, however J should be done gradually, 
becoming more* intensive as the upper grades are approached, in which the 
level of development, phe^ interests-, and the need for proper arguments 
,are conducive to it. 

Teachers fall Short of fulfilling these requirements (requirements' 
which must be satisfied in the metnodology of mathematics teaching for 
this methodology to promote logical thinking) in the following ways: 

,1. By Hot considering it £heir duty to isolate all points in the 
statement and conclusions of theorems precisely and to make a notation 
of the course of tfhe argument, as well as to demand it of the pupils in 0 
their classwork or hom&work. 

2. % By permitting a number of logical defects in their explanations 
(insufficient rigor of arguments, incompleteness or insufficiency of 
argumentation, lack of » substantiation for generalizations and analogies, 
•incorrectness of classification, etc.) and, more often, by*not explain- 
ing or eliminating these defects ih the pupils 1 written ai^d oral answers. 

3. By reducing their demands on the^pupils in solving geometry 
problems and the construction of geometric figures when substantiation 
is required. 

4. By reducing especially their standards for substantiation of 
algebraic and trigonometric theory, and by making almost no demands for 
justifying the rules of arithmetic^ 

5^ By permitting errors in the notation of ^he pupils* work, both 
% in class and at home bec^u^e of a lack of systematic checking; disorderly 
' (aijd consequently illogical) notation is observed in many notebbojcs; 
strict, sequential (both written,and oral) expositions of arguments have 
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not been required of^pupils; they are not dissatisfied with their dis- 

ordered or insufficiently ordered thoughts* ) 

In view of the cardinal importance of noting the^xonditions of 

theorems and the course of their proof, we shall present some examples 

^ *pf this notation as used in the sixth, seventh, and* tenth grades . 

Example 1« Theorem: "The external angle of a triangle is 

greater than either nonadjacent 
j internal angle." 




/BCD Is the external angle of AABC 
/BCD > /B? 

Complete notation of the proof 

Cons tr uc t ion : BE 




1. ACEF - AAEB 



2. Therefore, ZBCF 

3. Z.BCD >ZBCF) 
£BCF 4 - IB 



EC ; EF « AE ; we coifnect points C and F 

LAEB - 4CEF (vertical angles), 
AE = EF (by construction) 
BE « EC (tjy construction) 

< 

- /B. 



/BCD > I B . 



\. ACEF = AAEB; 
2. /BCD > ZBCF^ 
/BCF - / bJ 



Short notation of. frhe proof 

. * . /BCF = /B. 

/BCD > ZB 
' 1 



As can be clearly seen from these notations, the short notation 
"differs from the aomplete one in that it omits justifications that are 
includad in the complete form. In the sixth grade (even in beginning 
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the study of geometry) the short form is more convenient if the^usti- 

fixations are givgn orally by the pupils; moreover, the justifications 

should have content, i.e. > they should be verbal references to the 

points in the conditions that ere utilized, as well as the points of 

the proof and the statements used. 

Example 2. . Theorem : "The largest angle in any triangle is the 

one opposite the largest side," # ^ 

* ■ ■ :• 




Figure 2 , 

In A ABC 

BC > AB 
Ik > LZ ? 



Shc^t notation of p^rqof 
Constructioiy BD - AB ; join points 
A an& D. ZA > ZBAD; /BAD - ZBDA; 
/BDA >VC, ** A > ZC. 

Example _3. Theorem : "In any parallelogram\he diagonals 

bisect each other at their point of 
intersection." 




Figure 3 ! 

1. ABCD is a parallelogram; 

2. AC and BD are its diagonals; » 

3. AC intersects BD at point 0. 
AO - 0C> BO - OD? 
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•Complete notation of the proof 

1. aaod * {S:l5;/2. a. v 

2. • AO - OC; BO « OD. 



Example 4_. The theorem on the criteria for parallelism of 
line and a plane* 



1. a -jzf a 

2. b c a 

3. a || b 




0 


' * r j 




b J 




^ / V, 



Figure 4 

Complete notation of the ^roof 

1. Let a be not j I to a. 

2. Then a x a at some point K (condition 1) 
(Point K is not shown) . ^ 

3. Plane (a,b^ x a along line b (conditions 3, 2, 1) ♦ 

4. K d a, a £^ plane (a, # b) ; W K enplane (a,b) ; 

K <C ct, K d plane (£,b)*\ • \ K d b r . which contra- ' 
diets condition 3. Thus a | [ a. 

In this notation (suggested for ninth grade), mathematical symbolism 
is already being used (C is the symbol of inclusion in a class or the ' 
symbol of belonging, x is the symbol for intersection, | j is the symbol 
for parallelism) . References to points in the conditions are in 
parentheses at the end of steps 2 and 3 of the proof, which indicates 
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how proved statements are substantiated ♦ These points should, of course, 
ISe stated in detail verbally by the pupils. 

From the above notation one can imagine the \degree of rigor required 
in mathematical argumentation in fcke upper (ninth and tenth) grades. 
.By doing proofs with such rigor, the pupils, can be brought to a full 
understanding of the substantiated deductive argument. They also will 
acquire skill in constructing such arguments and in giving the required 
justification for each step without skipping from one statement to the 
next or drawing unwarranted conclusions. At this stag^the teacher 
should obtain from the pupil an adequate explanation of each assertion, 
accompanied by a precise and verbally formulated reference to a point in 
the conditions or the proof of a statement proved earlier. It was 
impossible, for example, in the proof given above, to assert that planes 
£a,b) and a intersected along line b^only o£ the basis that b is their % 
common straight line; it was necessary to prove that these planes do not 
coincide, due to condition 1. 

It is especially important that the pupils notice how clearly all 
three ''points of .the conditions used were indicated "in the last notation 
(in the proof of the theorem of the parallelism of a line and a plane), 
and how no condition was included that did not' belong in the- data. 
Failure to use a^y one of the given conditions would mean that it was 
superfluous, i.e.^'hat it was mistakenly included among the conditions 
of the Weorem, whose inference (conclusion)^ would thus not depend on 
* this condition. Drawing on a new condition, however, would show that the 
inference (conclusion) 'of 4 the theorem did not ptoceed from^the given 
conditions, was not a result of them, and therefore the theorem in its 
present formulation woiild be incorrect* 

Accessibility of the Material 

Hie methodology of teaching mathematics, as it exists in theory 
and is effected in practice/ is constructed basically on the principle 
of accessibility. This is true because all devices of teaching individ- 
ual topics recommended in this methodology presuppose- a definite store 
and level pf'knowledge,, and take account of the development appropriate 
to thi^-pupil's age and of his ability at this age to perceive abstract 
knowledge.. However, the prqbj^em of creating a methodology of ma the - 
\^jj^matics teaching 'that would bring the material in this discipline fully 
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within the pupil's grasp has not yet been resolved. 

This situation is significantly aggravated because ttte study 
material in the present curriculum has jsti^l not been arranged so as 
to correspond in every possible way %o the material's comprehensibility 
to the pupils. Thus many years of expedience have brought teachers 
to the unanimous conclusion that the arithmetic course (especially in 
parts containing instruction in fractions) is not completely accessible 
to fifth-grade pupils, and the geometry course, as it has been taught 
up to now in the sixth grade, is inaccessible to these students The 
geometry course is abstract, divorced from reality, and corresponds 
neither to the pupils' level of development nor to their interests and 
requirements. These materials deprive the teacher of the possibility 
♦ s€ drawing on concrete facts that are familiar to the pupils and on 
the natural curiosity and inquisitiveness characteristic ^of children 
at this age. 

• Other topics can be cited which entail significant difficulties 
in teaching, due to their inaccessibility to the pupils. The theory of 
equivalence of equations in the seventy grade, th^ktheory of measure- 
ment of quantities (using* the Euclidean algoritJB^H|nd the chapter on 



ir ratio r^l^tiumbers in the eighth grade, the study oriimits and it§ 

application in the ninth and tenth grades, and the chapter on complex 

numbers (in its present expos it lorj) in the tenth grade are a few examples 

j But what can . be recommended to the teacher who is struggling to 

make his material clear to the pupils^ Above all, should bring into 

operation general didactic hints relating to this topic* and usually 

expressed in formulas: "From the near to the far," "From the known to 

the unknown," and "From easier to harder" — the best, choice and 

combination of which will be suggested to him byhis experience. For 

mathematics teaching, these general hints may be supplemented by the 
* 

following ones: 

1. "From the particular to the general," The teacher might 
preface a theory with a group of well chosen examples and problems. Sue 
a method of helping the pupils to understand theory is practiced at all 
levels of instruction and is highly effective. At times the teacher 
finds it» possible and even expedient to limit himself to the "establish- 
ment" of a fact, using examples (criteria for divisibility in the fifth 
grade, division of a:: polynomial by, a polynomial in the sixth grade, 



properties of equations la t^' wvarA. Jta8ft t ''.findlag square roots in 
seventh grade, etc.)* so as to lay the groundwork .for some of these 
topics in the uppej grades. We repeat trfat strict reasoning done with 
an example, but/not using individual properties of this exampl^ has 
the. full strength of proof. # 5 

For example, in examining three cases- which may appear in solving 
systems of linear equations, one might begiif with solving the systems 
of linear equations using numerical coefficients and establish by 
examples that these systems can be defined, undefined, and inconsistent t 
and then find criteria for a system's inclusion in each of the possible 
forms. ^ 

The conclusion of the formula for solving a quadratic equation by 
isolating a perfect square tin the left-hand side of the equation is first 
^made using a series of examples of equations with numerical" coefficients; 
these equations gradually increase in complexity. After this the con- % 
elusion of a general formula will no longer present any difficulty X^^'.L. 
'the pupils. ^ y , 

2. * "The more accessible the study material becomes to the pupils t ,. 
the more they participate in class." It" isH^rd to overestimate the role 
of making pupils participate in order for them to attain complete under- 
standing of the material being communicated* It is well known to the 
experienced teachers^ who become accustomed to using activization of the 
pupils as a powerful lever in conquering all the "difficult" places in 
the course. A planned system of questions, directed at revealing the ' 
essence of a^pic, its nucleus, is an effective way of leading the 
pupils to a tw|^|^i understanding of the material . * 

For cla^ff^ing thi possible results of decimal measurement of seg- 
ments, the*follbwing system is suggested: 

What number expresses the result of decimal measurement of segment 
A, by segment E if A - 2.7E; A - 3gE; A = 5^E; segment A is incommensura- 
ble with segment E? » 

3. "The material becomes accessible to the pupils, if the teaching 
is accompanied by the use of visual devices)" ^ 

s When the teach^ foresees or observes ifrvoractice that the material 
as presented is not simple enough, he tries to find methods that might 
help him to present it visually. / f 
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Visual Aids in Mathematics Instruction \ . 

Instruction is called visual, if it is based on the pupils' direct 
perception of objects and phenomena by their sense organs. This study 
of concrete objects and phenomena is neceaaary to croas "from lively 
contemplation to abstract thought Only by having entrenched in his 
consciousness a sufficient number of viVi^ impressions of objects 
appearing as concrete (accessible, to direct perception) images of a 
concept that is studied will the pupil be in a position to construct 
the concept, with the help of the act of abstracting, in his mind,. and 
make it something he has mastered, an element of the knowledge gradually 
accruing inside his head. As an example, the child finally grasps the 4 
concept of the number "five 11 only after repeated observation of groups 
of homogeneous objects appearing as concrete representatives of this 
number "five," images accessible to direct perception. , 

The teacher develops the concept ''three-eights 11 in the pupil's mig&d*^ 

marking off before hjis eyes three one-eighth portions of a circle, each 

portion being one of eight equal sectors of the circle. And the teacher 

"explains that | of a circle is of the circle by dividing the 

circle into four equal sectors and then subdividing each of these sectors 

into three new, equal sectors, of which there are 3 x 4, i.e., 12, in the 

whole circle. The ^ame operation, repeated in application to a- segment, 

makes concrete the proposition that -j of ^ is ~. Frequent repetition^. 

of the same device for various pairs of fractions leads by generalization 

to the conclusion that"- of — of any quantity is equal to ~ of thi-s ' 

n m ' mn - 

quantity; here one abstracts oneself from the kind of quantity of which 
the operation of division into equal parts is performed; it is necessary 
only that tjiis Quantity permit such division (that it be additive) . <( 

All elementary geometric concepts (solid, surface, line, point) are 
established by ex&nining concrete (physical) solids, surfaces, lines, and 
points and finding the essential properties that determine them- Although 
abstract concepts are thus created in each pupil's mind, when the pupil, 
in all his subsequent reasoning, speaks of the straight line, for example, 
he will visualize one of those concrete images of the straight line, whose 
abstraction from individual properties has led him to the concept of the 
straight line. Where possible, our thinking replaces the abstracted 
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concepts with their concrete representations; this fact is very 
important for substantiating visual device^ that 'teach one to see, in 
every concrete image of S concept, its essential properties, i.e., these 
devices replace abstract thinking with concrete thinking. * 
The examples we have given of the application of visual instruction 

■i 

that aims *to create 'an abstract image do not exhaust the cases in Which ■ 
visual aid acquires a special sipnif icance. A very essential ro'le is 
played by visual aids in the examinationj of facts and phenomena which 
permit so-called geometric int er pr e ta tion , a representation of numbers 
and relations between numbers, using geometric images-^points, segments, 
lines. It^ would be harder to^become aware of the^orld of numbers and 
relations among them if numbers could not be replaced by^their geometric 
representations — segments and points oxt the axis and in the plane, and 
relationships between numbers as given in assignments^ — graphs of these 
equations. The teacher uses this idea widely in solving arithmetic 
problems, in composing equations from problem conditions, for geom^p^tc 
interpretation of the solutions of equations and systems- of equations, 
in studying the*properties of fuhctions, for illustrating sequences, for 
representing real and complex numbers, in the study of trigonometry , 
and in many other cases. .■>"" 

In studying solid geometry, models are inspected, leading to concepts 
of points, lines, and planes in space, of ^polygons and round bodies* Here 
the same process of abstraction occurs as in establishing concepts of 
points, linejft and surfaces in the beginning of the study of geometry. 

But moreover — in studying the mutual positions that lines and planes 
in space may occupy relative to each other, as well as various properties 
of these objects forfljtti^ted in axioriis and theorems — visual aids ca<S' be 
sti&ks, knitting needles, records, i.e., concrete representatives of 
previously formed concepts. Again, abstract thinking is helped by 
conceptions arising as a result of observing real objects, having — at 
the ol>serv^r f s command — a certain relative position in space. It* crossing 

from these tangible tfiapal aids to drawings, the pupils bring their 

' ' , "• . ■ . • «• 

'imagination into pla^and 4 gradually acquire the, ability to understand the 

' I *■ ■ . "? 

4jh|wing, to create a true mental picture corresponding precisely to the 

draj^in^, and then to reproduce a conception of the Required image, without 

• / • . . 



using a drawing. Man needs this capacity fox spatial Imagination, for 
mental reproduction of spatial conceptions/ It should be inculcated in 
every way possible as one of the most important, aims that ev^ry pupil 
must achieve during his general education. 
^ These, in general, are the fields ifa which visual instruction in 

the broad sense of the wprd, are ^pplied. The teacher, however, would 
be making a mistake if he limited himself to these fields. The visual 
aidfe should not be drawn upon sporadically,' from case to case, from 
topic to topic, but systematically, and should be made an organic part * 
of the teaching of a subject, underlying a concretely individual method 
of instruction, beautiful models of which were given by K» F. Lebedintsev, 
a famous Russian methodologist, in his texts r and problem-bQoks. The 
concrete-inductive method supposes a broader interpretation of visual 
aids than we have disclosed above. In this broad interpretation, visual 
aids are generalized to concreteness, which could consist not only in 
the possibility of directly observing an object or phenomenon, but in 
construction of general conclusions only after (and on the basis of) 
examining a series of selected objects the abstraction &f whose peculiari- 
ties should lead to necessary general conclusions* Thus here, too, 
visual aids fot teaching consist in the accumulation (for the instruction 
process), of abstract concepts in the imagination, which are derived from 
the study of concrete material. * * 

TlW Connection Between Theory and Practice ? Exercises in Mathematics 
# 1. The question of the connection between' theory, and- practice, 

the consideration of which constitutes one of the most essential require- 
ments of pedagogy, has become at present — in the transition to universal 
polytechnic education — a problem of first importance, which is being 
studied Ind developed by the science of education* 

Previously the link between tt&qry and practice was understdod to 
mean that tl^ study of theory should be' accompanied by the execution o£ 
a system of exercises that would promote conscious and thorough mastery 
of the theory and the acquisition of the necessary abilities and skills. 
Now a requirement has been added to these basic concepts, which are- still 
valid — to direct mathematics instruction and its applications so that 

4* 

each middle-school graduate would be able to manage his acquired know- 
ledge any- time he needs, to in* practice, in solving a ptoblem, to present 
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the problem In a mathematical form, do the required operations (calcu- 
lation, construction, investigation) skillfully and rationally, and 
find a meaningful answer. Such an approach to mathematics -instruction, 
constantly directed toward exposing all means that mathematics may 
provide for- solving practical problems, should enable the pupils to 
^ master the methods gradually, more fully and diversely, and to become- 
convinced practically of their wide applipability and force, until . 
finally the pupils will be using them as a matter of course in solving 
and investigating quantitative questions* Among such mathematical means 
are devices' for direct calculations (precise and approximate) 'and cal- 
culations using tables; methods for doing rational identity transfer- 
, mations, methods for composing and solving equations f and systems of 

equations; methods for investigating solutions of equations and problems 
with nui^jjrical and parametric data; devices for investigating th§ change 
of functions and construction of their graphs; methods for -sol^ttg ^ 
construction problems; geometric and analytic methods f or 'solving triangles 
means of representing spatial figures on a plane; means of* graphic 
solutipn of equations ahd systems of equations; prices for computations 
using the slide rule. / / 

-w The pupils * utilisation of all of these means should be organi- 

cally ^connected with the study of theory; it shoul^ be not only an 
illustration of the application of theory to practice, or a proof of the 
effectiveness of this theory; it should have independent value as a method 
for the pupil's to acquire a system of very important abilities and skills, 
wholly necessary for their future activity. 

The teacher shduld never relax his attention to this aspect of- mathe- 
matics teaching, but should strive constantly 'to fill it with valuable 
content by reinforcing the connection between theory anfi^practice. 
Selection of exercises $nd problems in the text should be a special 
concern of the teacher • He should always be on the watch for questions 
for whose solutions he should skillfully — after several preliminary * ^ 
quests, arguments, and considerations involving a certain amount of mental 
effort — apply certain methods offered by mathematics* 

2<> Exercises in mathematics should be combined with theory into a 
single organic whole. They will not only illustrate theory but will 
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almost always delve deeper into it and supplemej*t it. The teacher should 
bear this in mind when selecting 'exercises * At the firs^Tstages his aim 
Is to inculcate firm abilities and skills in the content of the chapter 
being studied. But at later stages, while still attending^^Cb this main 
purpose, he constantly and to a greater measure should strive to impart 
to the .pupils the ability to d$ exercises unassisted. In this connection* 
the following Requirements should be applied to the methodology of 
conducting exercises: - 1 \ 

a* Practical tasks should be done by the whols- class with maximum 
participation. In other words, the* pupils should b|e active not only in 
studying theory, but in doing exercises as well. It would seem that 
teachers are not aware enough of ^^^^obvious requirement or do not put 
it into practice. Often only a few pupils will do .the homework assign- 
ments or examples and problems the teacher proposes in class, while the 
rest sit in silent agreement* There IsVo ^lively discussion, which 
would not* only uncover any mistakes but woWld also criticize the methods 
of solution, show the most logical ones, andSfc &tablish — with the teacher's 
aid — useful general conclusions that should lay the foundation lot further 
practice.^ 

In addition, the teacher, drawing on the pupils 1 activity, should 
re-examine the various aspects of the theory being studied by using* 
examples and^ where possible, should deepen and even expand the examples. 
For instance, in the unit on algebraic fractions as the teacher establishes 
the most rational means of making transformations and performing operations 
on fractions, he also should explain the set of *aiowable letter-values 



and the identical character of these transformations and operations. 

In solving systems of numerical linear equations, the existence of 
three groups of these equations — defined, undefined, and inconsistent — 
has been established. -In, solving problems using what has been established 
and seeking new loci of points, the teacher may .go beyond the framework 
of the topic. He may be impelled to do so by' the pupils 1 natural enthusi- 
asm for interesting problems and their desire to find and apply new 
examples of loci; thfe. pupils' activity in this case should be encouraged. 

In solving second-degree equations by using examples, one may estab-^ 
lish all properties of the integral rational second-degree function with 
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real coefficients J the criteria for its introduction into the field 
of real numbers; the concept of its roots; the relationship between its 
roots and coefficients and the check of its roots based on this; its 
increase ^nd decrease; the attainment of its largest and smallest values. 

We gave these examples only to explain our ideas . ^ However , almost 
any topic can be made more profound and concrete through the execution 
of exercises relating to it, * 

b. Written exercises should definitely be alternated or Combined 
with oral and semiwrjtten exercises* 

As is well known, the principle of applying oral countlag in calcu- * 
lations is highly regarded in the teaching of, arithmetic. Unfortunately, 
this very valuable principle has found, too small a place in algebra. and 
especially geometry. Nevertheless some. of the calculations done in ^ . 
solving algebraic examples can and should b& given orally, at least in 
part (semiwritten exercises). A teacher* s requirement that all stages 
of calculation lie written out in detail should be recognized as ill- 
advised^and even harmful. Oral calculations save time and enable the 
pupils to find the short^eet and most correct, ways to solve examples, 
as well* as to check their work, < 

Oral calculation can be especially widely uged in working on 
identity transformations of rational and irrational expressions. But 
it also is useful in several other sections. 

The product (a 3 - 2a 2 + 5a + 1) * (4a 2 - 6a + 3) of two 'polynomials 
s$t up in decreasing powers of the same letter can be found by the method 
of "grouping the elements containing the same power of the principal 
letter": 4a 5 + (-6 - 8)a 4 + (3 + 12 + 20)a 3 + (-6 - 30 + 4)a 2 + 
(15 - 6)a + 3 -Jla 5 - 14a 4 + 35a 3 - 32a 2 + 9a 4-3, where the coefficients 

are found and calculated orally so 'that the result is written immediately. 

% 2 2 2 

For proving the identity a(b + c) 4- b(c + a) 4- c(a + b) - 

4 abc ~ (b + c) (c + a) (a + b), the pupil must orally establish the 

coincidence of the coefficients, of identical powers' of some letter taken 

2 ' 
as the main one. For example, the coefficient of a on both the left 

and right sides will be the expression b + c; of a, the le|t expression 

will be (b + c) 2 4- 2bc + ?bc 4bc, and the right expression will be 

(b + c),(b + *c) , identical with that on the left; the free element on the 
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left will be the expression be + b c, and on the right, (b + c)bc, 
'* which is identical to it. 

For a, great many ejCampfes ^n algebra and a number of problems in 
# geometry, -one establish orally only the plan of soiLuti^rn, the most 
expedient course , which is a good basis for sounding out the pupils 1 
knowledge and their quick-wittedness and for instilling this ability in 
them* This type of oral exercise, indicating only the path of solution/ 
without fulfilling it completely or bringing it to an end, permits the 
pupils to survey, in the shortest length of time, all those examples and 
problems that are either analogous to models already examined or are 
insignificant variants of thenw % In other cases the general^course Qf " 
solving an example or problem might be examined orally before^t^is 



assigned for homework, with a view to facilitating and accelerating, 

completion of the assignment. Here the teacher should maka every effort 

to seTe that this preparation for soliing an example or problem be done 

with the efforts of the whole class , not individual star pupils. Star 

pupils should 'supply aid only whea^tha plan of solution does no/occur 

to the average pupil or when this plai^ can, be, perfected . 

c. When the puMls. solve examples -and problems, one must b/very 

- attentive to any expsrejfcion of their independence, initiative, artd 

/elements of creativit!^ and must awaken in them, as far as possible, the 

/ urge to find the most rational ways of solving a problem * 

Inculcating th&se qualities in the Soviet ^upil should be .the object 

of the teacher r s constant care and should constitute a definite part of 

his work in preparing for a lesson* The teacher may select appropriate' 

material which opens the field for the pupil 1 s independent thought, 

for his activity in searching .for the best, most expedient ways tp solve 

% — 
a problem. This material can include not only practical problems but 

also — on the- order of exercises — theoretical ones. This 'type of work 

by the teacher enables the pupils to solve theoretical and practical 

problems by themselves and is the best way of attaining the w fundamental 

aims o£ mathematics teaching. j 

Let lis now cite several examples for whose solution devices more ^ * 

rational than those usually used by pupils may ^>e applicable. 
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To simplify ttte fraction 

4 3 .3 ' 
2 ~3 

5 2 * • 

Its numerator and denominator are multiplied by^the common denominator, 

60. of all fractions present in the numerator and the denominator of the 

, 75 - 180 - 80. 

given complex fraction; At thereby becomes _240 + 24 - 90*^' 

*• 2 2 2 

• To factor . the expression a(b + c) + b(c + a) 4- c(a + b) - 4abc, 

it suffices to remove the parentheses and arrange the terms of the 

polynomial obtained by ' decreasing powers of £ome letter, say a: 

<b + c)a 2 + .(b + c) 2 a + be 2 + bVand then group these terms in" the order 

in- which they are written: (b + c) (a + ab + ac) + bc(b + c) - 

(b 4- c) (c*+ a} (a + b) . 

To simplify the fraction 



j 1 



-5 - 2 ' - x + 1 



x 4 - x 3 - 3x 2 + 5x - 2 



the pupil rewrites the numerator as (x -l? 2 (x +1) and. must find the 
'.common factor of ' the numerator" and denominator by dividing the. denominator 
by_oae of the factors of the numerator (x - 1 or x + 1 j . • % * 



To calculate the suqr 

} { ' 2 
a 




a-1 a + 1 a-1 a + 1 ' 

it is -expedient first to, combine the fractional terms having the same 
denominator and to perform operations on the terms. of each group separately 



> 3 "-l a 2 -l 



* a - 1 a + 1 



then the fractions obtained may be reduced and calculation may be done: 



(a 2 + <a + 1) - (a - 1) = a +2. 



In- precisely the same way, to solve the equation 

x + l x-l x + 2 x-2 > 
it is advisable first to replace the first two terms in the left part by 
their sum,. then replace the 'second two terms. by their sum, bringing the 

,,equat±on to the 'form - * 

2x . 2x _ n. 



then, factoring the left part of the equation, 

, 1 "\ 



2x 



\ X - 1 



x - 4> 



find the roots: x^ ■ 0, 
To solve the equation 



^ k x x - 6 



x«- 5 . x - 2 



it is advisable .. fir st tQ 
part : 

1 



1 + 



x - 2 



+• 1 + 



x - 2 x - 7 x - 6 * - 3 *■ 

exclude, from each f r actio ^^ele^nt its whol< 

i _ i .. , . _i 

x^rj » 



x - 7 



1 + 



writing the equation in th^e form 
*- ' 1.1 



x - 6 



+ 1 + 



x - 2 x - 7 x-6 x - 3 ' 
then, guided by the. denominators, to group the terms thus: 

I x - 7 x-6 x-3 x ~ 2 ' 
after which the given equation comes down to the equation 

(x - 3)(x - 2) - (x - 7)(x - 6), 

9 * * ' 

' having the root — . f »■ * 

The sum of the first threg,-*c5fms of an arithmetic progression 
is equal to 60 * If we add 2? 4, and 7 to these numbers, 
respectively, three sequential elements of a geometric progression 
are obtained* "~ 

To solve this problem it is best to designate^ the three unknown terms. 
, of 'the arithmetic progression as x - d, x, X J^^ # * 

t First we find^that 3x « 60, x ■ 20, ^nd then compose the equation 
(20 - d +*2.2) (20 + d + 7) = (20 + 4) 2 , that is, the equation (22.2 - d) 



(27 + d) « 24 . Its roots are d. 



-7^" and d 0 ■ 3. This method of 



designating the terms of an arithmetic progression simplifies calculation 
appreciably. 

d. In homework assignments one should include, as far as possible, 
a part demanding independent work of the- pupils* To complete this part, 
ha cannot limit himself to using knowledge that has been communicated to 
him. 
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On the contrary, the assignment will evoke th^mpil's interest and 
he will strive to do it without, fail and ■ in the best mafrtiws if it contains 
questions whose answers are not implied or sel&-suggestlng, but which he 



must think about if only a little, and consjlder 

e. The content of problems given for practical activities in ipsthe- 
matics should illustrate the value of mathematics as a discipline that . 
gives man the abilities to solve many problems he faces in his practical 
activity. In this area mathematics should come into contact with ad j acent 
disciplines — mechanics, physics, chemistry, astronomy, geodesy, technology. 

Instruction »ag a. Means of Character Development 

Most important of the principles which underlie^ Soviet didactics and 
methods of teaching in all disciplines is the principle of developmental in- 
struction, the essence of which Is developed in the Soviet theory of 
.education. In its application to the teaching of mathematics, this prin- 
ciple is realized by fulfilling the following requirements: 

1. Lik$ other school disciplines, mathematics instruction should 
have as one of its basic aims the development in pupils of a dialectical- 
materialistic world-vid^ assuring only a correct, scientific understand- 
ing of all surrounding r guilty, ^11 phenomena occurring in naturfeV and in 
society* This * world-view WbuTd be formed in the pupils 1 feonscifi^ispess 
OvS a result of a gradual, systematic illumination of the laws of dialectics 
in mathematical examples, organically combined with instruction and 
naturally explained by these laws X^art 4 of this section). Kr 

■ 2, Mathematics instruction should be conducted on a level and by 
methods so that the*pupils can develop mentally, can acquire an interest 
in and a loye for the work"ofc-£he mind,\ca^i understand the significance 
of science and value It as a triumph &f ftfie human mind — as the result of 
the combined Vorces of people who have freed mankind from delusions and 
falsehoods and who have directed it to a better future • Such* instruction , 
slowly but purely transforms the ■ jjpt^olchildren , who are obliged only to 
the teacher's explanations and to do assignments, into effective pupils , 
who are always in an active, creative frame of mind, interested in all 
or most^of the disciplines they study , ^mastering material,' often going 
far beyond the curriculum's framework, taking a most active part in 
clubwork-^in general, it transforms fcfcem into Soviet pupils who bear, this 
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famed name with honor &nd dignity. 

It is in this field of the teacher f s activity that the instruction 
he gives is inseparably linked with character -building , so that one ;Ls 
organically connected' with the other, one is imperceptibly transformed 
into* the other. This type of developmental instruction provides the 
teacher with a vast range for his own creativity and improvement* His 
personal example, his dedication to science, the inspiration he shows 
during lessons and in his activity generally — ^y^of these influence the 
pupil inexpressibly and are an effective force in training the pupil in 
the way noted above* 

3, Mathematics instruction sifculd h^lp the pupils to form good 
habits* of logical thinking and to master strucfc*Tred speech properly— 
logically and grammatically. 1 -' > . ^ 

'*4p Geometry instruction has its own developmental task, especially 
related to the content of this subject: to develop in the pupils correct 
spatial representations and a lively s^^tial imagination, which are 
neces \tt*yj£ o r both the study of geometry and related subjects and for 
t^e^t further practical activity. The teacher should work especially 
carefully to develop this aptitude in the pupils'—highly valuable for 
every educated* .person— constantly perfecting it and diversifying its 
devices and applications. The pupil who does not develop the proper 
aptitude for spatial imagination cannot be regarded as making normal 
progress in mathematics. ' 

5. A very important means of character-building in mathematics 
instruction is in the teacher's hands — the proper selection of problems 
that will be instructive in establishing the connection between mathe- 
matics and related disciplines, , ' . 

6. * The stuSy of mathematics in the Soviet school, i.e., unds 
thV^Cnriet methodology of teaching and the demands of the pupilsHlnvolved 
in this methodologjK is beneficial in "developing the most valuable quali- 
ties of the Soviet man. Their will-power is trained, al<?ng with perse- 
verance in attaining a goal fixed with determination, assiduity and 
persistence in overcoming obstacles; constantly — over the whole period 

of mathematics study — the pupils are acquiring elementary creative" habits, 
the ability to ask, investigate, and resolve *a question on their own. 
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Forms and Methods of Mathematics Instruction 

Forms of Mathematics Instruction 

In every, school discipline , instruction takes place both inside and 
outside the classroom. We shall examine the forms taken by mathematics 
instruction 1^ the classroom situation. There are three fundamental ones: 
the heuristic form, the laboratory form, and the lecture form. We shall 
begin by developing the essence and content of each of these forps 
separately. One must not forget, however, that in his teaching the 
instructor may alternate among these forms, combining them to conform 
^ith the general tasks or individual goals he has set for himself . 

The Heuristic Form of Instruction . To make the pupils participate 
actively, for teaching them how to trace a means to solve a given problem 
altogether consciously, to u£e this means confidently until the goal has 
&een reached, the heuristic form of instruction is, the most expedient * 
fhe heuristic method consists of a sequential system of expediently 
composed and distributed questions to which pupils give answers within 
their capacity, gradually revealing the essence, of the concepts intro- 
duced and the facts thus ccyromunicated. It goes without saying that the 
efficacy of this method depends primarily on how" logically and methodi- 
cally the system of questions is composed and how adeptly the teacher 
guides the entire course of the heuri&tically conducted lesson. 

In the section on Principles of Mathematics. Instruction we indi- 
cated that to create the necessary psychological situation in the class- 
room, ^ e *> a cental tension^ whose discharge would result in the pupils* 
active participation, one must begin the communication of new material 
witl1 a statement of the question . This anticipatory element of a lesson 
devoted to describing new material is an organic part of it and is 
inseparable from it. The system- of questions on ^the topic should include 
this part. 

Example 1. Topic: . "The theorem of the external angle of a- triangle. 
£ The teacher familiarizes the pupils with the concept of the external 

angle of a triangle and then, directing their attention to Figures 5 and 
6, conducts the lesson with the following system of questions. 

/ 
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Figure 5 



Figure 6 



*1, Compare the* size of the external angle BCD in 
figure 5 with the internal angles B and A, which are not 
adjacent to it. 

* V 

Angle BCD as an obtuse angle is greater than either of. the 
acute angles B and A. • ' 

2. In Figure 6? It seems that here too external angle 
BCD is greater than either of the angles B and Ar 

3. Is it possible to have a case in which both the 
external angle and one of the internal angles are < obtuse? 




Figure. 7 




4. What conclusion can be drawn about the sizes of 
the external angles iri Figures 7 an£ 8? 

It ^seems that here too the external^angle is 
greater than either of the internal angles. 

5. Is it possible to have a case in which the external 
angle is acute and A , the internal angles obtuse? 

/ + ' 

No. Lines AE and CB and lines Bf and AC do not 
intersect (Figure 9). s 



Measuring with a protractor is permitted. 
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Figure 9 

6. What conclusion may we draw from* observation? 

In a triangle the external .angle is greater than 
either of the nofiadjacent internal angles* 

ii ' - ' 

7. But is this really so? Can we be sure that each 
external angle of any triangle has this property? How can 
we vferify this? 

o ■ / . • 

This must be established by argument, that is, 
proved. ^ ' 

8. How will we prove this property we have discovered r 

about the external angle of a triangle? Evidently we shall 

have to ^compare it somelidw with each of the internal angles. 

Let us begin, for example, ^with angle ' Thus, we want to 

prove that ^BCD > ^B. But what does it meian when we say 

one angle is "greater" than anothet? 
** * 

That means that angle BCD can be divided into two 
angles, one of which is equal to angle B, so that angles 
BCD will be the sum of two/angles — an angle equal to angle 
B and some other angle wfiifch is the difference of the angles 
BCD and B. , 

9. True, but how can we do t^iis division (partition) of an 
angle into the two angles we needr The Greek geometer, Euclid, 
whom we have already mentioned, has answered this question* In 
his Elements he dtew segment AM through apex A of the triangle 
and through the pld-point M of^ the opposite^ side BC, and on its 
extension through the -side of point M he marked off segment ME 
equal to segment AM. He then joined points E and C 'and then 
proved that half-line CE is just the half-line we are looking 
for, i.e., the half-line that 'divides angle BCD just as we need 
it divided. Now let us try to prove that Euclid was correct. 




. Figure 10 
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What do you think? Which of the two angles BCD and ECD 
is equal to afigle B? Evidently, angle BCE is equal to 
angle B. * > 

* 10. t True,, but how can ke prove it? 

Then the teacher ends the discussion in the usual manner, i.e 
examining triangles containing comparable angles, proving the angl 
equal, concluding with the equality of the angles B£E and B, which 
proves the original premise. 

Example/^ » Topic: 11 In any* triangle the angle with greatest 
measure lie£ opposite the side with greatest length/ 1 . ' 





Figure 11 Figure 12 

1. Let us recall the theorem of the isosceles triangle, 
In an isosceles triangle (Figure 11) the base angles 
are equa^t* 

2. Correct. But the angles at the base are angled lying 
opposite equal sides of the triangle. Thus the formula 
must be stated differently: H In any triangle, equal 
angles lie oppo|ite equal sides/ 1 * * N 

* ,■ 

3. Now let us see what can be said about the angles lying 
opposite unequal sides of a triangle. Let us take 
triangle ABC, whose side AB is greater than side BC 
(Figure 12) . So that we can use the theorem on the f 

' triangle with equal sides, let us try to apply this 
case to the case of a triangle with iequal sides. How 
can we do this? 

On the greater side^BA we mark off from vertex B a 
segment BD equal to segment BC (Figure 13), then join points 
D and C. 

B 




'Figure 13 
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Gorrect. Then we obtain what isosceles triangle? 



Triangle BDC with^ equal sides BD and BC and, therefdre, 
with equal' angles* BDC and BCD. 



5* And what angles must we "compare? | 
Angle BCA .and angle A, A ^ 

6. But to compare them, we introduced auxiliary equal 
angles BDC and BCD. We shall compare angles BGA and 

A with these angles. ZBCA > /BCD, since the second 

angle is included in the first; /BDC > iA, by the 
theorem on the external angle of a triangle. 
* • 

7. Can we draw, a conclusion about angles BCA. and A from 
these two inequalities? 

Yes, since angles BCD and BDC are equal and one of them 
, may be substituted for the other f ^ . • 

8. What conclusion can we draw, usifig this substitution? 

ZBCA > ZBCD > /A, and therefore, ZBCA > <£A. 

c t 

ExaiBgTe^ 3> Topic: "Quadratic Equations. 11 

I*. Who can write an elementary equation having a root of 21 

< 

Answer: x - '2 « 0. \ 

2. Who can write an elementary , equation having , roots. 2 and 5? 
Answer : (x-2) (x-5) - 0. / 

3. Correct. But if we do multiply out the J_ef t-hand side, 
this equation becomes xT - 7x + 10 * 0, which has the 
same roots. If you were given the latter equation, how 
could you prove .that it has the roots 2 and 5? 

Answer : You factor /it. • 

/ 2 > 

4. And how would you factor the trinomial x -» 7x + 10? 

< „ ■*? ' 

We represent its middle term as a sum (we decompose the 
middle term Into two summands, we "splinter" the middle 
term) and transform the trinomial into a quadriabmial, 
x - 2x - 5x * 10, in which we can combine /like terms. 

5- Correct. But can we factor any trinomial of this .type 
in this way? For example, how do you factor the tri- 
nomial x 2 - x - 12; 16x Z t 16x i 3; x - 2x + 5? 
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Answer i x - x - 12 - x ? - 4x + 3x - .12 • x(x~4) + 3(x-4) « 
*> (x-4)(xH-3); l6x Z - 16x + 3*- 16x Z - 4x - 12x + 3*- 

4xf£rx -1) - 3(4x - 1) - (4x - 1) (4j - 3); we do not, 
kn^w how to factor the trinomial x - »2x + 5— can it 
be factored? V 

. 6. You factored the first two trinomials qorrectly, and now vou* 
can probably solve these equations: x - x - 12 * 0; I6x - 
16x + 3 - 0. . * ^ # * / 

The first equation has roots -3 and 4, and the second , t and 

> f ^ 4 4 

7. Correct. For the thircf trinomial, it is understaadable that 
you were unable to factor it — it reall? has no factors* Not v 
$11 of you, however, were able to find the factors for the 
first two trinonCLalsk', and even those who could had some 
' trouble. The question arises whether we can; find some general 

method £or solving the problem whether a trinomial of the 
type ax 4- bx 4- c can be factojre4». and, if so, how* 

Then the teacher familiarizes the pupils with the method of singling 

2 

out a perfect square from a trinomial of the second degree such as ax 
+ bx 4- c; here he of course begins- with particulars cases and gradually 
approached the most general case* " ^ 

Example 4 - Topic : "The theorem on J:he bisector of the internal 
angJS? of a triangle. 11 ; 

As a preliminary Jfor homework the pupils are to prove that, if in 

triangle &BC the sides AS and BC are unequal and AB < BC, the' bisector 

of angjie B divides the .opposite side AC of the triangle into unequal 

parts AD and DC, where AD < DC, i.e., the spialler part of the base (AD). 

belongs to thi^sfnaller side AB, and the larger part of the b#se $)C) — 

to the larger side. This theorem is the result of another theorem: 

ff If inrtriangle ABC sides AB and BC are unequal and AB < BC, then t^ 

median BM, dropped from vertex B of the triangle, divides angle B into^ 

unequal 'parts such that /ABM > ZCBM." The proof is conducted using 

an ordinary construction* (for theorems dealing with the median) : The 

median BM is extended for a distance equal to -,it to point D (MD) , and 

point D is joined to point C. * 

After checking* this homework assignment, the teacher may conduct 

. * i 
the lesson with a system of questions: 
* * 

1* If in triangle ABC sides AB and BC are equal, how does 

bisector BD* divide side AC? 

Into 'equal parts AD and DC. 

ft 

AC ;; 



2. Now let sides AB and BC of triangle ABC be unequal, and * 
.lfrt us suppose thafc AB < BC. ' Now hbw does the bisector 

divide sid^ AC? - , c ^ 

Into unequal parts AD and DC, where AB < DC, by the theorem 
^already proved, . . 

3. Correct. But Euclid, in hi^ Elements , gave a more precise 
answer to this question. He proved, that a perfect relation 
appears: AD: DC *= AB : BC . Now let us try to find the S % 
proof of this statement- Look carefully at the proportion* 
tRat we must prove And at tyhe positions of< the relative 
segments, given, in a drawing. 

Segments AD and DC are located on side AC of angle A, and 
segment AB is on side AB- aff fctettT angle » 

4. Can you see. ^hat auxiliary line we must draw to construct a 
segment that would be the missing term in the proportion 
AD : DC * AB : ? . * 

From vertex C we must draw i& line parallel to bisector BD 
intersecting the extension of AB at some point E~ Then** 
we sliall be able to use the theorem on the proportionality 
of segments formed on the sides of an angle intersected by 
parallel lii>es. 

5. Quite right. Come to the b A lackt^oard and make the construction. 
Using this course, th^ class proves the theorem, wi\h the teachet f s 

dance. 

Example 5. Topic: "General Properties o£ the E^onential Function* 

♦ 1. What property does an arithmetical product of tw<* numbers ° 
have if the multiplier is a proper fraction? v 

* ■ In this case the product is smaller than the multi- 
* plicand. * 

2i Right. Using this theorem, what conclusion can we draw 
about a power whose base is a proper fraction and whose 
exponent is a positive integer — for example, these powers: 

3 5 ' 

(j) ■ °- 248 > etc * ? 

All these powers are proper fractions, since, for example, 



5 2 3 3 3 3 
= 4 • 4 * 4 * 4 \4' 
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.and* from multiplying the proper fraction 3/4 by the 
proper fraction 3/4, we obtain a number less than 
3/4, i.e.,^gain a proper fraction. * 

3. Correct, That means we can state the following theorem 
n In raising any. proper fraction to a positive integral 
power, we again obtain a* proper fraction.! 1 

Well, wh£t can we say about the positive integral 

power of an improper fraction, such as ? 

, > <* 

This power is an improper fraction, for in multiplying 

4 4 
the improper f Taction- -r- by the improper fraction -r- we 

obtain a number greater -than i.e., again an improper 

fraction, and so forth. 

4. It appears we can now formulate a general theorem: 
"In raising any positive fraction to a positive integral 
power, we obtain a fraction having the «ame form (type, 
character) as the base* 11 B^r the form (type, character) «of 
a fraction we mean here its property, of being proper or 

improper. * * 

'/ » *» 

5. Now it is completely natural to a£k ourselves what 
conclusion can be made about a power if the base of 
it is a proper n>t improper fraction and the exponent 1 ^ 
is a negative integer, for example, A . 

,3 -5 . ' 
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To answer this question, the teacher asks the pupils to calculate 
the powers he has written and to draw a general conclusion from them. 
"In^ raising my positive fraction to a negative integral power, we obtain 

a fraction with an inverse form (type, character), i.e., an improper 

. j 

fraction if the base is a proper one, and* a proper fraction if the base 
is an improper one. u • • 

Similar reasoning, stettiining from the same property inherent in the 
product of two numbers when the multiplier is a proper or improper fraction, 
leads the class to establish a second general theorem. "If the base of 
a power is a proper (improper) positive fraction, with increase of 
the exponent, the power decreases (increases).. 11 Extension d£ the above 
theorems to cover positive and negative fractional exponents can also be * 
done 'mainly through the pupils 1 own efforts. f 
> 
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These ekamples we have givega may -help the teacher to form a certain 
notion of the essence of the heuristic method. However, the system of 
questions that may be asked on each topic can extremely varied, and 
quite a broad range still remains up to the teacher f s creativity. 

The Laboratory Form of Instruction * .The form of instruction which 
is built on drawing senses (mainly sight* touch, and muscular effort) 
into active participation 'is called the laboratory method. The following 
types of activities may be included in the laboratory form of instruction. 

Independent solution of examples 

and problems during class ■ \ 

This type of work**is done either by the class as a whole (all pupils 
are given exactly the same problem to do) or by giving the pupils individ- 
ual data (they are given variants of a problem, with the brighter 
children getting the more difficult variants). The teacher, watching 
the solution of the assignmenOxcan get an idea, of the level of knowledge 
of many pupils,- their ability to Wpply their knowledge in practice, the 
firmness of the skills they have acquired, their initiative and aptitudes 
^for an independent and possibly creative method of finding the most 
^rational ways to solve a problem. 4 . ** 

This type of work has not a liuj£ significance when we consider 
thai^he pupils 1 competition with one another gives rise to a. "healthy 
' and beneficial mutual influence and that all who cope successfully with 
an assignment experience moral satisfaction when their efforts are veri- / 

Execution of graphic exercises 
! The following belong in this category: construction of diagrams 
and graphs of functions f graphic illustration of the solution of equations 
and inequalities and systems of equations and ineqt^ities , graphic 
solution *$f equations and systems of equations and inequalities. 

Constructing diagrams is done in the fif-th and sixth grades for 
helping the pupils to understand the idea of change and giv^s rise to 

" the idea of functional relationship. It induces the pupils to apply 
their efforts actively, to be creative. Joining in this group work 

'-givers many of the pupils real joy. Lessons devoted to constructing 
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diagrams are very lively and at the same time very useful for mastering 
the concepts and ideas that mafc^j up the content o£ t^e lesson topic. ; m 

As early as the sixth grade, there is a transition from the 
construction of diagrams to the construction o£ graphs of functions* 
This prodigious task, vJhiQh is organically connected witti the, problem 
of constructing a mathematics -course ou the idea of the function, is 
fulfilled gradually, in a definite sequence; JLt is examined with the * 
greatest completeness and depth in the upper grades as a measure of 
compiling *the appropriate material. There are ttfo stages in its 
resolution. 

First the pupils acquire skill in constructing graphg by 
points* This is a ver^ important stage; construction of graphs by pcflnt;s 
is also applicable in the second^ stage and in general becomes an oblige 
atory element. in the process of grapfcing functions. In the first stage 
one acquires a £*lxed conception of the graph as a locus of points^whose 
coordinates satisfy a given equation, 

. * The pupils 1 activity in the first stage involves constructing the . 
points of a graph by given coordinates, first on the blackboard covered 
with a coordinate net later in an arithmetic notebook, containing 
squared paper. Eventually the pupils need more independence and v 
initiative in' their assignments. on graphing a function* Here, of course, 
the work may be done either by the whole class or in individual- yarlft&ts . 
In the latter case all. variants can require constructing a graph of the' 
same function, but from various systems of points so that all points 
constructed by the individual pupils are visible not only in their note- 
books but also on the blackboard, resulting |n a curve' constructed from 

all points found by the individual pupils being presented on 'the black- . 

2 * " ° 

board, # * 

To some extent in the seventh grade, but mostly beginning in eighth 

grade, the pupils construct graphs of functions* after a preliminary 

analytic investigation of their cotirse. This does got) mean tfiat more 

thoroughly covered properties of functions should not first *he examined , 

on a graph that has been constructed (from points and partly 'on the basis 

0 ■ — ' , • . 

Prof, V, L, Goncharov used such a device in an experimental check 
of the algebra * textbook he wrote. * 
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'.of a preliminary analytic^ examination) and ooj^y then proved analyt- 
ically. The construction of the graph of functions, based on an aitalyt- - 
* ical investigation of their course, is of grejat valua in combining the* 
pupil's mental and physical activity and in joining theory and practice 
harmoniously, 

t 

These ex&rcis^s usually interest the pupils very much, especially 

• if the functions illustrate a law that governs & process studied* in , 

science (physics, chemistty, technology, biology), a i^atural phenomenon. 

Ekercises in Constructing graphs of functions have such great 

value for mathematics' •study in the school and higher educational insti- 

tutions and for the pupil's future practical work that the teacher should 

not limit himself to the types of functions indicated in the curriculum,, 

' but should feel free to introduce other functions that ar ^structurally 

similar to those being studied. Such, for example, a.fe -the linear 
* (' ax -f b 

fractional function y = — — the trigonometric function 

y = a sin (bx + , c) and others which are easily related to functions 

that are already familiar to the pupils. , 

The. construction of graphs, for the purpose of illustrating the ■ 
solution of equations and inequalities, Systems of 'equations and 
inequalities, is in essence not only an illustration, but also the 
beginning of a contribution to this solution. Such a contribution, is 
especially clearly shown in solving a system of two equations, of which 
one or both, are of the second degree* Here it is important to establish, 
by constructing graphs, the number of points of their intersection and 
consequently the number of solutions of the system. 

Finally, the construction of graphs ha^yet another valuable ^rac- 
♦tical application. Ifc is used for a graphic solution of equations and 
systems of equations. This means of solving equations may be success- 
fully applie^ whenever a^alytiic solution. of ^ah equation or system of Jfy^ \ 
equations involves difficulties. • 

Execution of measuring tasks # 
f rhis category of laboratory work includes the measurement oF 'lengths, 
areas, volumes, and angles (done in the classroom) and measurement in a 
locality, done partly in the classroom but mostly out of it* The pupils 
.usually heein doing measurements of the first type in the lower grades 
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whan learning information about geoSfetfy that is relevant there . Grad^ 
ually these exercises in measurement* become more complex (for example , 
in field s£e£dftlj*g and familiarization with elementary measuring instru- 
ments) and prepare for the transition to measurement in a locality. 

Both types of exercises in measiiring^have, of course , a specific 
place in mathematics instruction, but their significance increases as 
poly technical training is introduced into the school* The skills acquired 



in doing these exercises provide a valuable store of practical knowledge 
and abilities, which the Soviet school should be giving its students at 
this time. 

The execution of modelmaking* tasks 
This type of laboratory work, which is not yet fully realised in the 
school, occupies an increasingly important place in mathematics teaching 
in connection with the recent introduction of polytechnid^l^lrai'hing . 
Although mathematics teachers, striving to develop visual conceptions in 
their pupils, used to use prepared models, modern methodology no longer 
considers it possible to use only the pupils T contemplative activity, 
but requires that they take part in creating a model, in constructing it, 
which .yjpuld activate their thinking and deepen their knowledge in pne 
area or another. There can hardly be any doubt of the correctness of 
this methodology. But modelmaking plays a considerable role in two other 
respectS ; it promotes development of the pupils 1 elementary skills in- 
constructing the details of models and in handicraft (in working with 
wire, cardboard, glass, tinplate) and developsthe pupils f creative ^ 
aptitudes, forcing them to construct and create models by themselves, 
often of complex geometric figures illustrating the proof of theorems 
and the solution of problems. Such are the models for the theorem on 
the shortest distance between two intersecting straight lines or the 
solution of the problem on constructing a straight line through a- given 



point and cutting across uwu 'given intersecting lines (here it would be 
best to have a model containing the given intersecting lines in parallel 
planes) . 

The construction of models illustrating the course of the change of 
♦some elements of a figure (flat or spatial) in terms of the change of 
some parameter opens a vast field for the pupils 1 creative activity. This 
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idea of / ^tnve^ luting change in 'the elements of a figure has lately been 
recognij^^rfeariy by many teachers, who apply it in their practice. 

le Lecture Form of Instruction . The form that the teacher gives 
to the S Ttes^n^epends on the content and the*Sature of the material to 
be sfetrfled. Whenever new material to be given and conducting the lesson 
heuristically would present difficulties and not* be expedient, the teacher 
resorts to presenting the material as a short lecture. This lesson form 
is used primarily in the upper grades, and its usefulness increases accord- 
ing to the proximity to completion of the school mathematics course; one 
must not think, however, that it is entirely excluded from mathematics 
teaching in the fifth through seventh grades. To be sure, the lecture 
oform is the only way to present historical material, which, of course, is 
given even in" the f i£th grade in conjunction with the study of arithmetic. 

It is completely necessary to accustom the children to "listening 
to lectures. " Listening to lectures is paramount to studying some parC 
of the* material on the basis of related and sequential information gfven 
by the teacher* This trains the pupils' powers of application, forcing 
them to be "active listeners" (to manifest activity in what would seem* 
an inactive manner, by simply listening), prepares them to listen to 
lectures in the higher educational institution, and develops the ability 
to listen and try to gra|*p the words of the- lecturer, speaker, or inter- 4 
locutor, an ability that is valuable for every educated person. The 
teacher *s lecture exposition of some part of the material acquires a ^ 
^{fecial significance in mathematics instruction too, because it gives 
the ^upil a model of speech connected, that is sequential, logically 
constructed, and stylistically correct. 

^ The reader who has carefully familiarized himself with the above 
examples of how to conduct & lesspn in heuristic form has probably noticed 
that it is not always possible to do so completely, in "pure" farm so to 
speak. Most often the teacher must iAerrupt the smooth alternation of 
questions and answers with short ^r 1 ^,^^ nr interjections, which ^ 
have essentially the form of a lecture; 11ms th« lecture form of commu- 
nicating the study material occurs inevitably. The teacher's 
experience should suggest to him how much the lectVre form must be 
.used in each individual case, and, as a rule, he s\ould not permit this 




form whenever it is possible and more useful to use the heuristic form. 
We repeat, however, that in the ninth and tenth grades the lecture form 
is to be preferred to the heuristic whenever the latter does not evoke 
enough of the pupils 1 mental tension — whenfeyer it does not awaken in 
them the desired interest in the problem but gives rise ti boredom and 
a certain ironic attitude toward the attempts of tli^*teacher whp tries 
to make a mystery of material that is i^^longep^a mystery for them, 
children who are "no longer babies . fr v^/^s. 

Finally, the exposition of a particiflar pwrt of the study material 
in a lecture is undoubtedly of use because it gives the teacher the 
right and the opportunity to demand- of the pupils at corresponding expo- 
sition of that same material in their answers during the lesson* Moreover, 
he can make this material the ^abject of written p^^entation by all the 
pupils through which he can establish the extent to which his chosen 
form of exposition has achieved its aim. 

There are often times when the teacher com£s across a convenient 
chance to begin the exposition of a topic in class that could be developed 
^ and finished by the pupils in their club* For example, the theorem on 
the bifsector of the internal and external angle of a triangle can be 
completed J^p. thS* club by a lecture on the two harmonic points (the . 
points dividing the given segment internally and externally in precisely 
the same respect) and on the Apollonian circle. 1 Thg unit on dividing a 
segment in mean and extreme ratio can be expanded to the unit on the 
golden mean. The unit on regular polyhedra naturally entails a lecture 
on Euler's theorem about convex polyhedra. / 

So, too, the unit on isolated equations of higher powers, given in 
the eighth and tenth grades, leads tp a lecture on equations of higher 
' powers; the unit on the infinite decreasing geometric progression may be 
concluded with a report on converging and diverging numerical series. 
A lecture given in class on the essence of the method of mathematical 
induction is continued in the club as a report on the same topic. 

Theke examples, whose number may be greatly increased, will clarify 
for a teacher how study material, presented in class primarily by lecture, 
can be a good basis and stimulus for a pupil's report in the mathematics 
club. 
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Methods of Mathematics Instruction 

As is well known, analysis and synthesis,^ ipductiot> and deduction 
are methods of scientific investigation — methods of seeking the proof of 
the correctness of various scientific relations (truths, facts, proper- 
ties). When scientific relations become the subject of instruction, the 

teacher, as far as possible, puts the pupils in the position of persons 

3 

who must rediscover or establish these relations independently* The 

© • 

teacher "organizes" the pupils 1 reasoning and directs it in a definite 
channel. To do this, he uses the same scientific methods — thus the 
methods of scientific investigation become methods o£ instruction. 
Finally, the path taken by instruction sfoould necessarily coincide with 
that of scientific investigation; another path may be tal^en in instruc- 
tion, reasoning' may be organized differently, but still this reasoning 
will be realized through the same scientific methods — analysis and 
synthesis, induction and deduction. This is easily seen in examples* 

1, The fact that H in any triangle the greater angle lies opposite 
the greater /ide fr was discovered indue tivel^and then proved deductively; 
but we do noc know-how the first deductive proof was made* And yet the 
teichef should do this proof as naturally as possible and promote mastery 
of it; he has a powerful means at his disposal — analysis, whose appli- 
cation shows the most natural way to find this proof • 

\f 2. The fact that ,f the three bisectors of a- triangle intersect at 
one and the same point" can also be discovered inductively; deductive 

* 

proof is easily found too, through analysis. But although one may 
discover inductively tha#"the three altitudes of a triangle intersect 
at one and the same point," we cannot confirm that ordinary deductive 
.proof of this fact* which can also be easily found through analysis, 
coincides with what someone first established . . But, for our purposes 
of instruction, this has no significance; for us it is only important 
that analysis leads us to a sufficiently natural and visual method of 
proof of this statement. 

The Analytic- Sy ntheti c Method « This method is an organic combi- 
nation of two methods — the analytic and the synthetic. 



3 

Unfortunately the teacher often has only a limited time for this, 
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Analysis 

Analysis is of two types* 

1. The first type consists in the following. To establish a 
relation Q, one tries to find a relation or system of relations A^ such 
that Q comes as a result* Then for each of the relations of A^ one £inds 
that relation 6r system of relations A^, A 1 ^ A 11 ^,.** from which 
relation A^ follows accordingly. This process continues until all 
relations are covered, either those given in the conditions of the 
statement being, proved or those established earlier and thereby 
considered true. 

. To give complete clarity to this general description of the process 
of analysis, let us cite some examples. 

Example jL. Theorem : In any rhombus the diagonals are perpendicular 

1. Quadrangle ABCD is a rhombus ^ ^ 

& AC and BD are its diagonals. 
3. AC X BP at point Q. 




AC X BD? 

Figure 14 

The following is an analysis of the proof of this theorem: (a) to 
prove that AC X BD it is sufficient to prove that BO ± AC. i.e., that 

(b) BO is the altitude bf triangle ABC. (c) For this, one need only 
establish that ABC is an isosceles triangle and that BO is its median, 
that is, that (d) AB = BC and (e) BO is the median of triangle ABC. 
Re$ftion (d) follows from condition 1^ and relation (e) follows from 
additions 1, 2, and 3 of the theorem. 

L^t us look a little more closely at the links in this chain. Note 
that not only does relation (a), follow from (b), but relation (b) follows 
from relation (a); thus relations (a) and (b) are equivalent; they can. 
fully replace each other. We can say that relations (a) and (b) are 
cliff erent^in form but identical in content. 

This is not valid for relation (b) and the system of relations 

(c) , (d) , ai^l (e) . ^Relation b follows from the system of 'relations J 
(c), (d) , and (e) , but the system of relations (c) , (d) , and (e) does 
not follow from relation (b) . Indeed, from the fact that BO is the 
altitude of triangle ABC it does not follow either that this triangle 



is isosceles or that BO is its median. * For relation (b) to be valid, 
it is not necessary that the system of relations (c), (d) f and (e) be 
valid, but it is sufficient . The presence of the system of relations 
entails the presence of relation (a), which is subject to proof. 

Example 2. Theorem : A circle may be inscribed in any triangle* 

- "-'" HL,r ' , ' , .; ,v flf? 1 



ABC is a triangle 
Can a circle be 
nscribed in AA^C? 




4 ' . rj) 

Analysis of the proof of this theorem may be presented in the 
following scheme, 
(a) 
(b) 




In triangle ABC a circle may be inscribed? 

t 

There exists a circle tangent to all sides of triangle ABC? 

There exists a point equidistant from all sides of triangle ABC? 

■ „ : I m , . : 



All points of the 
bisector of angle A are 
&quidis-t&&£ from sides 
^ AB and AC % theorem on 
the bisector of an 
angle) * 



^ , — —~ - — ^ 

All points of the The bisectors 
bisector of angle C of angles A 
are ^uidistant from and C inter- 
siHes CB and CA sect (property 

(theorem -on the of nonrparallel 

bisector of an straight lines) • 

angle) ♦ 

* In" this analyses we ware looking-for relation (b) , from which* 
relation (a) follows, then rela*r£on (c) , from which relation (b) follows , 
andjfinally the system of relations (d) , from which relation (c) follows* 
We turn our attention, however, td the fact that (conversely) relation 
(b) is a consequence of relation (a) and relation (c) is a consequence 
of relation (b) . Thus (a), (b) , and (c) are equivalent, and each of them 
may fully replace either of the others. 

But the svstap. of relations (d) is not a result of relatioxi (b) ; it 
consists of nonequivalent relations. Here there is only a unilateral 
relationship. For relation (c) , which is subjected to proof, to be valid, r 
it is sCtfificient that the system of relations (d) be valid * 



sftg^ic ie 
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It can be seen from these examples that this type of analysis 
consists in seeking the logical path to be followed from the £iven 
relations to the relation being proved, i.e* , it consists in establishing 
the path of proof that the given relations are conditions that are 
sufficient |fo realize the relation to be proved. This type of analysis 
. is applied in proving propositions . 

2. The second type of analysis, applied in solving problems 
(geometric or algebraic), consists in the following,. . Beginning/ from the 
assumption that the unknown figure or value of a quantity exists, we 
seek those relations that are the consequences of this assumption, then 
the relations that derive from these consequences, continuing until we 
come to the conclusion which may serve as . the original relation* in a 
chain of inverse propositions. Obviously we find in this manner the 
condition or system of conditions necessary for the existence of, the p 
unknown figure or value* / 

\ 

Thus, where the first type of analysis has the purpose of pro^wtng 

that known relations (given in the conditions of the proposition) /are 

] ft 

sufficient for the existence of the conclusion of the proposition, the 
second type of analysis helps establish £he conditions necessary for 
the existence of a^value or ^^rstem of values of an unknown quantity, 
so that after this (by synthesis) one may select those that are then 
sufficient, and, if required, add the new sufficient conditions. 

Example _3 . Problem t,. Construct a right triangle given its KypJ>tenuse 
a and the radius r of a circle inscribed in it. S 

In the analysis of the solution of the problem, we assume that the 
problem is solved, i.e., that the unknown triangle is constructed 
(Figure 16). Let this be triangle ABC in which AB - d, BC * a, 0 is the 
center of the inscribed circle, OD = OE = OF = r. 

Looking at the drawing, we see triangle B(5C is determined by 
triangle ABfft In triangle BOC, BC * a, the altitude OD is equal to r, 
ZBOC ^ 180° - - B * C = 180° - 45° - 135°, so that the problem of" construct 
ing triangle ABC from elements A, a, r comes down to constructing triangle 
BOC from the angle at vertex BOC, from the base a, and the altitude r* 



57 



A*, 



:RIC 



Figure 16 Figure 17 

" Example Problem: Given a circle of radius R and line. MN at a 
distance d from the center 0 of this circle, construct a circle tangent 
to circle 0 and line W at a given point A on this straight line. , ' 

, We analyze the solution of the problem. For this we assume that the 
problem is solved, i.e., that the unknown circle is constructed (Figure 
17) • Let this, be a circle with center Q f , tangent to circle 0 at point 
K and to lin^MN at the given^point A* 

It can be seen from the drawing that the cepter 0 f of the unknown 
circle is dn the perpendicular AC, drawn to line MN from point A. At 
first we can make no further conclusions about the location of the center 
0*, but, inspecting the drawing carefully, we notice that the center 
is at a distance from 0 equal to the sum of radius R of the given circle 
and radius x of ^the unsown circle; from point A it is at a distance x. 
This leads us to think that if we mark off segment AC equal to radius R 
on the extension of the perpendicular AC , the center 0 1 is equidistant 
-"from points 0 and C, ajjd, consequently, will be on the perpendicular to 
L0', constructed to segment OC from its center L. We conclude that the 
figure we assumed % constructed determines the center 0 1 of the unknown 
circle as a point: 

(1) located on the perpendicular AC erected from point A to MN; 

(2) equidistant from points 8 and C and therefore on the perpen- 
dicular LO f , constructed tb segment OC from its center L; 

(3) which is. the point of intersection of the perpendiculars 
- AC and L^ f . / 

From this we conclude that to construct the center of the unknown 
circle, we must construct perpendicular AC and perpendicular' LO* . * 



Examples 3 and 4 permit us to make the general conclusion that 
analysis in solving problems on the construction of some figure F from- 
its given properties a consists in finding a figure or system of figures 
F* with properties a" such that it is wholly determined b^^fgure F, ' 
so that in order to construct figure F it is necessary tha£ a figure or 
system of figures F' be constructed. 

Example 5» Problem : A pool has two pumps • The first pumps water 
into the pool. TJje second can pump out an equal amount of water, but 
it takes h hours longer. Wh$n both pumps are working together* the pool 
is filled in a hours* How long does it take the first pump to fill the 
pool? 4 * 

To solve this problem, we designate the unknown number pf hours by 



x and compose an equation, 
V 

a 



x x + h 



1- CD 



' How did we arrive at this equation? We first assumed that when 



h > 0 aip&.-a > 0, then we can assert by considering the quantities h 

and a: There exists some value x of the unknown quantity (the time the 

~ ^ , ' 

'first pump takes to fill the pool) that is the answer to the problem. By 

reasoning we then established that this value of the unknown quantity 

satisfies equation (1). Thus £t turned out that for the statement: 

. 7* 

\(a) there exists a value x- of the unknown quantity such that it 
answers the problem, entailing the statement that . * 
(b) this value x satisfies equation (1) . 

Consequently, the fulfillment of statement <b) is a condition^ 

necessary for statement (a) to be valid. In other words, only that 

value of the unknown quantity which is a root of equation (1) can answer 

the problem. * 

We cannot, however, draw' the irfverse conclusion From the fact 

m ^ 
alone that some number is the root of equation (1) it does not " follow 

t^at it answers'* the question of- Hie problem. -In other. wprds, fulfillment 

of statement (b) is not k condition sufficient for statement(a) to be valid. 

Therefore, having solved equation (1), we shall haye to be addition- 

ally convinced that one or another of its roots gives the answer to the 
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question of the problem, or- — if none of *the roots of equation (1) 
satisfies this requirement — that the problem has no aolution at all. 

But how cai^ we be convinced of this? Having carefully considered 
the idea of the unknown value x whose existence we have assumed, we ^iall 
try to establish those supplementary relations satisfying it. It is 
easily understandable that the unknown value x satisfies not only 
equation (f) , but also the relation . . 

* 0 < x < a f (2) 
which in view of this expresses still another condition that is necessary ~ 
for the existence of a value x of the unknown quantity, which would 
answer the problem. 

But it is not hard to see that relations (1) and (2) are not inde- 
pendent. If tfs^ 0, from equation (1) given in the form 

* \ * 4—5--+ 1 

i. 1 x x + h 

it follows that - > 1: i.e.,' that x < a. There are two mutually inde- 
x 

pendent conditions: j 

£ - - 1, and I > 0, 

x x + h * ) 

which are necessary for there to exist a value of an unknown quantity 

which. would answer the problem. ^Neither of these conditions in itself 

is sufficient. One may pose the qj^stion of the sufficiency of the system 

(combination) of these mutually independent conditions* We shall show 

below that this system is indeed sufficient for there to exists value of 

the unknown quantity that will answer the problem. 

Synthesis 

To each' of the two types of analysis there corresponds its own type 
of synthesis. Let us examine them. • 

1. Assume that, in trying to find a proof of some proposition Q, 
we have made an analysis, as represented by this scheme: 4 

? 

A 

, li , 

A' A" 

I ' r. ' . 

A' r A' ! f A 



f f t 



(ComUtion 1) ('JondiEions 4 (Conditions 1 

^ 4 and 3) and 2) 
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^ Let and A^ f be those statements that are direct consequences 

of the data of the conditions of the theorem, as indicated (in parentheses) 
Then it is clearly possible to form an argument consisting of a converse 
transition: 

(a) from condition 1 of the theorem--to statement A^ and from it to 
statement A^; ;. 

(b) from conditions 1 and 3 — to statement A^; . . * 

(c) from conditions 1 and 2 — to statement A^; 

(d) from statements A^ and A^ f — to statement A^i 

(e) from statements A^ and ^ — to statement A^; 
* (f) frpm statement A^ — to proposition Q. 

This method of establishing some relation, consisting in a , sequential 
transition (with the aid of logical inferences) from the given conditions 
of a theorem to be proved to its conclusion, is the first type of synthesis 

Let us return to examples 1 and 2. . . 

Example 1» Synthesis consists in the following ^(page 55): 

(a) "from condition 1 we find that AB = BC, and from conditions 1, 
2, and-^we conclude, that BO is the median of triangle ABC; 

' Xb) henc£ we infer that BO is the altitude of triangle ABC, I.e., 
that BO J. AC and, . consequently , BD JL AC 

Example 2_. Synthesis consists in' the following (page 56) : 

(a) since the bisector of any angle is a locus of points egtfldistant 
'from its sides, the bisector atigie A contains all and only those points 

equidistant from sides AB and AC, and the bisector^of angle C contains 

4ll and only those points equidistant from sides CB and CA; these bisectors 
X 

(from the property of nonparallel lines) intersect, at some point 0; 

(b) therefore point 0 is equidistant from all sides of triangle ABC% 
i.e. if OD X BC, OE X AC, OF jl AB, then OD - OE « OF; 

(c) drawing a circle of radius OD with its center at 0, we obtain 
a circle tangent to all sides of triangle ABC (by the theorem of the 
straight line dra^n^erp^^icular to the radius at the end of the radius 
lying on -the circle), i.e., an inscribed circle. 

2. The second, type of synthesis consists in establishing that the 
Conditions found necessary for the existence of the unknown figure or 
the values of the unknown quantity are also sufficient. 
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Examples Ji and 4_, In construction problems, synthesis is made 
(after the unknown figure is constructed and is nothing but a proof that 
*the conditions, found through' analysis and used in the construction, 
necessary for the existence of the unknown figure are also suf f icient , 

. In solving example 3 it was established that in order to construct*, 
the unknown triange ABC it was necessary to construct triangle BOC, 'Butt, 
this Condition is at th$ same time sufficient . Indeed, having constructed 
triangle BOC from its base a, the altitude r, and the;. angle (equal to * 
135°) at vertex 0, and having drawn fialf -lines BA and Ck, forming angles 
with half-lines BO ancL-fiO' respectively, these angles are equal to angles 
OBC_And OCB and intersect at some point A, and we obtain the desired 
triangle. Indeed:. 

(a) half -lines BA and CA intersect, and at right angles, since 
' £OBC + ^OCB - 45°, and iABC + /ACB - 2(^OBC 4- £0CB) » 90°; 

(b) 0 is the^ptfint of intersection of the bisectors .BO and CO 
of angles B ana C of triangle ABC, i,e., the center of the circle 
irJfecribpd in it, 

:c). altitude OD of triangle BOC is the radius of this inscribed^ 
circle in triangle ABC, but this altitude is exactly equal to r. 

In the solution to example 4 it was established that in order to 
construct the center 0 f of the unknown circle one must construct: 

(a) perpendicular AC, drawrf from the given point A to the given ^ 
straight line HN; * 

(b) perpendicular LO', drawn to segment 0C from its center L„ 
But this condition is simultaneously sufficient* Indeed: 
(a) straight lines AC and LO ! ^Tet^endicular to the sides of the 



angle, intersect at some point; 

. (b) from the equality O'C =» G'G presented in the form 0 f A 4- R = 
0 f K + R it*follows that *Q ? A ^ 0 f K; , 

(c) in view of this, the circle circumscribed about the center 0* ■ 
with radius 0*A passes through point K, so that point K is the common- 
point of circles 0 and 0 f , lying on thair line of centers 00 ! and, 
consequently, the point of their tangeftcy; 

(d) the straight line MN, passing through the end -point A of the 
radius OA ' and perpendicular to it, is tangfe&t to the circle constructed 
with its center at 0 f . j 
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These proofs that the conditions found through analysis > necessary A 
for constructing the unknown figures in problems v 3 and 4, are at the 
same time sufficient conditions %or it; they are the stage of the solution 
of these problems, which is called synthesis. f / 

Example _5. Analyzing this problem, we arrived at 'the conclusion 
that in order for a value ^ of the unknown quantity to exist it must 
satisfy a system of relations: ^ p 

* " 1. x > 0-^ C3) 

x x + h 

Having solved the equation constituting the first necessary condition, 
we can replace this sytem w^Lth an Equation equivalent to it: 



\ 



" j (h 2 ± 4ah) - h 



(4) 

This value of the unsown quality may Iviewed as the answer U> 
the prdblein, for it is the value of that intervai^pf -time during which 
the first pump fills the pool. Indeed, it follows from the equation 
that the part of the pool filled by the first pump in 1 hour Xexfc^eds 
the part of >the pool emptied by the second ^pumg. in 1 hour by exactly the 
part of^the pool filled after both pumpt have been operating together for 
Ihour." / , «. . -V y . '• : K 

The above proof that system (3) of the conditions necessary for the 
existence of a value of the unknown quantity is at the same-tim6 sufficient, 
for this-- constitutes that- stage of solution of the problem, with the^ help 
of the exposition of an equation expressing its condition, wftich is 
called synthesis, * 

3. The analytic-synthetic method is successfully applied whenever % 

% / © 

a theorem may be presented in the form of a problem. 

t Example £ . Tp p^ove in class the theorem on the square of a side 1^ 
opposite an acute angle, the teacher does not tell the .pupils the formula 
but asks them to solve this problem: "Given lengths a and b of two . # 
sides of ^friangle containing an acute an ^?» find the l en g th of tiie . 
^I^Lrd side." f ^ * ' 

In a* preliminary discussion with the pupils, the teacher establishes 
'that, since* a triangle is determined by three independent elements, knowl- 
edge of lengths a an£ b is not enough to solve the problem and that 
another element must be known; what kind of an element this is, is 
explained *ln the process of solving the problem. Then the class does 

1 • 63 ' * 

■ * 

ERLC 



< — 



the following analysis under the teacher's guidance (see Figure 18, 
where BC - a, AC -■ b, AD j_ BC) : 



AB? 

A 



AD? 

CD 



BD? 

CD 




- Figure 18 . • 
This analysis shows that this third element, knowledge of which is 
necessary for solving the problem, is segment',CD, i.e., A *Wre projection 
of one of the two given sides (QA) onto the -other given side (CB) . , 
' Designating the l«ngth of tkis projection CD by b (to show That 



CD is tfie projection of side b 'onto side a*^, we synthesize: 



1) 
2) 



AD 
BD 



2 




3) AB 2 ' 



a - b » • 

2* 2 2 2 2 • * 2 

= AD + BD - b - b + a -'2ab +. b J- 

a ^ a a * 



■ 2 2- * 
a~ + b - 2ab 



This order may be applied whenever the conclusion of some definite 
formula is replaced by calculation of that magnitude designated by the 
left part of & formula and whose value is expressed by the right part — 
for example, geometric formula's f or^calculating the nonfundamental 
elements of a triangl^, or trigonometric formulas, known as formulas 

of addition a*nd s*ub,t rapt i'on," 'and their consequences % 

* > , • t 4 

4. Let us summarize and state one* general consideration, 

"ffior'-ciaxity^and brevity we shall introduce the following designation. 

•We .sffall write symbolically a theorem that consists of a relation 3 

a 



following from relation a in this manner: ~ .> Hiis notation will signify , 
that "relation a i^gitfen" and thpt "relatiorf * must be proved** 



■ itfLet us as 



' (1) ea^i of these theorems is true: 



a, a; (A) 
r .6 



1 



4* 



^Ptfint 4 is. devoted to a deeper development of the logical -aspect 
,. of the question and iJ^IPesigned to f amil.larizi : the teacher with-it. 
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* (2) relations g , ^ , ^ ajre- independent , i.e., no one of. them nor 
any group of them entails any of the others; 

(3) if some relatioASfe is the consequence of neither any relations 

ct ♦ 

■"0i t » or 6 nor "any group of them, then theorem — is untrue. 

£ „ 

* In this caseMre may confirm that the theorem is true, i.e., that 
^relation a follJws from the combinatiQn of relations $ 9 y , S. 
We may formulate this theorem in -words thus: 
; Theorem * If for 'the* existence of relation a it Is necessary that; ■ 
each of the mutually independent; r filiations 6, and, only these 

'relations, exist, then for the existence of relation a it is sufficient 
that a system of relatio^ e^ist. 

Proof (indirect method). Assume that relation a does not exist, 
despitS the existence of relations 3, -y , 6 subject to conditions 1~3> 

* Let^us examinee under what conditions this is possible • From condition 

* Lit follows that the nonexistence af each .of the relations 3,^ , $ entails 
the nonexistence of a, so t that the reason for the nonexistence of relation 
a could be the nonexistence of any one,of the relatiorfs^^ , 7 , 6. t But, 
according to the conditions, this does not occur/ Therefore ,' the invalid- 
ity of the delation a cannot be due to the invalidity o£ a!ny dne of . ^ 

'the relations &, y , 6. We still "must find out whether the invalidity of 
relation a is the consequence of the invalidity of soma relation £ inde- 
pendent of rptfations B, -g , 6. That cannot b&, for than the theorem 
d8ijl«d be true, 'contradicting condition, 3', 

* Thus the assumption that in the presence of relations 3»f , 5» 
subject to condition^ 1^3, relation a does not^occur must* be rejected, 
i.e., relation a really is a consequence of relations 3*^ * 6. 

V Example 7_, For a number a to be divisible by 12 it is necessary 

that a be divisible by^and*4* In addition, the relations ft a Is divisi- 
ble by 3 tr and u a is .divisible by 4" are mutually independent* The 
relation "a is divisible by 2" is a consequence of ,th#' relation n a is 
* divisible by 4 H ; the relation "a is divisible by 6 M is a consequence of 

* the system of relations "a is divisible by 2 !f and- "a is divisible by 3. !f 
Therer^La no relation distinct from the two indicated independent relations, 
and the two* that are the consequences of these independent relations clan 

* 

be the consequence of the radiation M a is divisible by 12, tf for the number 




12* has, besides the trivial divisors 1 and 12, only the divisors 3, 4,% 
2, 6. These considerations permit us to conclude that if a is divisible 
by 3 and 4, it is divisible by 12. Indeed, the inflivisibility of a by 
12 could be the consequence only of its indivisibility by either 3 or 4, 
and this contradicts the conditions. 

The converse theorem, having the following content, t is also true. 
* If / 

QL (X Ct ^ 

(1) each of the theorems ~, -j> C A ) is tr 'ke, 

p s & r 

(2) relations 3, -j , 6 are independent, and , 

'* (3) theorem - isftrue, 

a 

Then we may confirm that if relation e is not a consequence of any one of 

ot 

the relational, ,»6 or anyt group of them-, then theorem — is untrue, 

i.e., 'the relation e is not a consequence of relation a either. 

We may formulate this theorem in. words: ' ^* 

' Converse theorem. If for the ! existence of relation a^±p is 'necessary 
, — — - — — ■ * 

that each of the mutually ^independent relations 8- j , 6^exist, and it 
is suffic ient that the system of these relations exist, * then there is rjo 
single relation £, independent of -relations g, ^ , 5, which would be ' 
necessary for the existence of relation a. * « 

Proof (indirect method) . If there were some relation e #ftose 
existence would *be necessary for the existence of relation a, then it 
would appear that two theorems would exist simultaneously; 

i.e., that theorem ~ ^T* 'would he true, which contradicts the 

conditions. Therefore, proposition — must be rejected. . r 



. Example 8_. For & number a to be divisible by 12 it id- necessary 

for ^ach of two independent relations/ "a is divisible by 1" and* M a 

* 

is divisible by 4, M to be fulfilled, and it is sufficient thfat the system 

of these relations be fulfilled. No relation t ' that «&uld not depend on 

» 

the two indicated relations and whose fulfillment would be necessary for' 
the divisibility of a by 12 exists, for from the 'theorems y 
a is divisible by 3, a is divi s ible by 4 a^ is divisible by 12 



a is divisible by 12 # e 

ire wo't 



, . , , , , , a Is divisible by 3, a is divisible by 4 
th&re would follow the theorem * * ■ ■■ ^ ~- — ~ ' — * 



'66 



i.e., relation £ would depend on the system of relations 1! a is divisible 
by 31 and "a is divisible by 4," which contradicts the conditi^sV 

These examples of (direct and converse) theorems, expressing the 
relation between conditions necessary and sufficient for the existence 
of a relation, show why we attempt through analysis to establish all 
mutually independent necessary conditions in order to find a system of 
sufficient ^bnditians. » . j ^ > 

In' examining example 4, we established that, for the existence of 
the unknown circle, 'it is necessary tjxat there exist: . 

(1) a perpendicular AC, drawn from point A to line.MN; 

(^) a perpendicular LO 1 , drawn from the center L of segment- OC; 

(3) a point of intersection 0 f of the^e perpendiculars. 
* Condition 3 is obviously a consequence of conditions 1 and 2 
(perpendiculars drawn from the sides of an angle intersect), i.e., it 
is dependent on them. But conditions 1 and 2 are independent. Therefor 
the system of condition^ 1 and 2 is sufficient for the unknown citcle to 
exist. 

The Inductive anil Deductive Methods of Instruction . In this section 
we sha^-1 examine the application of the inductive and deductive methods * 
of mathematics instruction. 

Incomplete induction 

1. The inductive method of mathematic substruction is the method 
ot establishing some facts (truths, propositions) and cpnsists in finding 
general conclusions on the basis of a definite number of separate ( parti- 
cular) observations. Thus, instruction conducted inductively is built 
oni||(^eriai obtained from direct peTTOption of actual objects and facts. 
It t is»Blly understood that this method alone can and should be applied 
in thew&ginning stages of mathematics instruction, but it also retains 
it* ^.ue at other levels of this instruction wherw the pupils show their 
need for establishing general attitudes by th£method of abstraction as 
well as sufficient aptitude for it. 

(a) Having established the criteria for divisibility^ by 2 and 5, 
4 vand ^5, 8 and 125, the teacher turAs to seeking the- criteria for 
divisibility 'by 3. He begins by examining individual numerical examples 
and observes in each of them that if a number is divisible by 3, the $um 
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of it? digits is. divisible* by 3, and, conversely, if the sum of the 
digits of a number is divisible by 3, the number itself is divisible by 
3. After the pupils have been convinced of these facts through many 
examples j they will hardly be inclined to doubt them, b]ut*of bourse 
they will want to know the "reason" behind these phenomena* This is a 
good chance for the teacher to ask them to s^lve this problem by them- 
selves, as they had found the criteria for divisibility by 2, 4, and 8. 

(b) The inference of the formula for solving the equation of a 
perfect square, based pn isolating a perf ec^Square from its left part, 
is always begun in this way, by solving diverse numerical examples 

of gradually increasing • complexity . In these examples the pupils learn 
the general principle that, for the left-hand side of each quadratic 
equation, one may establish precisely whether it may be decomposed into 
linear factors and, if so, which ones, 

(c) „ Familiarizing sixth-graders with the concept of the altitude 

of a triangle, the teacher draws on the blackboard some scalane triangles 
of various shapes and draws the altitude to the base in each of them. By 
examining these triangles the pupils "arrive at the conclusion" that 
if the base angles of a triangle are acute, the altitude falls on thi^/ 
base, and if one of the two base angles of a triangle is obtuse, the 
altitude falls on the extension of this base* 

Tliis conclusion, inferred purely inductively by the pupils* on the 
basis of a series of drawings, seems fully convincing to them," completely 
believable; at this stage of their mathematical development it has not 
yet occurred to them that they may doubt' an observed fact, and the 
teacher would be in error if he aroused their doubts now aboij^ the authen- 
ticity of the conclusions they have drawn* But when it is possible for 
the* teacher to substantiate this fact, rigorously, he errs again if he 
does not take advantage of this opportunity. .< 

Let us turn to the generality contained in the above examples a-c . 
and constituting the essence of the concept of incomplete induction. 
In example 1 we weffe talking of the set of natural numbers whose digi*|» 
add up to a number divisible by '3. It appeared that all the elements- we 
investigated in this set have one and *the same property — divisibility by 
3. The question arose whether all elements of the infinite set being 
studied have this property; the pupils said yes. 
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In example 2 we looked at the set of all quadratic equations 
with numerical coefficients. It appeared that each equation we investi- 
gated had one and the same property. Concerning it, one could determine 
precisely whether its left-hand term could be decomposed into linear 
factors and which ones, or whether it could not be factored. One must 
determine whether all elements of the infinite set we examined have this . 
property. This question is thoroughly solved by applying those same 

• * jc 

arguments to an equation in general form. 

In example 3 we studied the set of triangles whose base angles are 
acute and the set of triangles having one of these angles obtuse. It 
appeared that all triangles .of the first set have one and the same 
property— the altitude of each of them falls on its base. The triangles 
of the second set have another common property — the altitude of each of 
them falls on^the extension of it^base. As a result, the question arose, 
whether one could confirm that all elements of the first infinite set 
and all elements of the second i nfinite set have such properties. 

Thus the inductive method of instruction may be applied when it is 
. necessary to establish that all elements of some infinite set M have . ; 
one and the same (common) property- a and when strict proof of this fact 
cannot be given to the pupils, or. when the teacher nevertheless considers 
.it necessary to first "discover!' the fact with the help of inductive , 

. argumentation. » 

In examples 1 and 2 a strict proof may be given immediately after ' 
the fact is "discovered," and in example 3, only later, after all the 
necessary information has been accumulated. Hie induction used in examples 

, 1-3 is called in complete induction. We gave these examples only. to 

illustrate the inductive method of instruction. They have no peculiarities 

which would separate them from the great number of other cases in which 

V 

the teacher applies the Inductive method. 

We shall state a much more general idea. Application of the inductive 
method underlies the application of the so-called concrete inductive 
method, which constitutes one of the most valuable achievements of the 
methodology of teaching of mathematics, one of its most fruitful ideas. 
.The concrete inductive method is contrasted to the abstract deductive 
method, which— according *to teachers who are disposed toward it— should 
V only -gradually acquire a leading position in mathematics instruction 
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in the upper grades, without displacing the concrete inductive methods, 
but coexisting w^h it. As, its name indicates, the concrete inductive 
method reftujggs that the entire concept or general principle (which in 
the filial analysis must be invested in an abstract form) begins to be. 
built up or created in the pupil f s mind through a study of cenqrLetely 
concrete images and propositions on the basis of an examination a 
series of concrete examples that disclose (with sufficient definitely 
clarity, and completeness) the essence of the concept and basic idea of 
that proposition which is to be concluded. It is fully understood that 
this goal may be attained only by following the inductive method of the* 
investigation and finding pttjperties* of concrete objects. In addition, 
by concrete examples -we must of course mean not only objects and phenomena 
of the external world directly perceived by our senses, but all individual 
representatives of those concepts that are to be generalized. 

Thus, whereas in ex^j>le 3 each triangle drawn on the blackboard is 
directly perceived by sight, in example 1 each natural number whose 
digits add up- to a number divisible by 3 is only an individual represent- 
ative of the general concept of the natural number Jhaving this' property . 
In this sense, each separate number whgto digits^add up to a number 
divisible^ by 3 is related to concrete J^ects; in the same "S'^nse, we call 
concrete each quadratic equation with definite numerical coefficients 
(examp^ 2) . 

Complete induction * 
2. Sometimes that method is called indue tive*-- true, not: consistently 
enough — which consists of establishing &omd fact (principle, proposition, 
truth) by examining all .singularly possiWre (mutually exclusive) cases 
and the proof of tfre justification c*€ this fact in each of the possible 
cases. - \ 

(d) For a proof of the theorem, "An inscribed angle is measured by 
a half of the arc on whicl^ it is abased, tf we establish its correctness for 
the only three possible cases; then the theorem may be considered 

'completely proved. ' 

(e) To establish the general rule fqr adducing the trigonometric 

function of any angle belonging to the segment (0° 360°) 'to a trig- 

t 

onometric function of an angle of the first' quadrant, we infer this 

rule for each of the following only possible representatives of the value 



of an angle, jjiven here as an algebraic sum: 90° ± a; 180° ± a; 

270° t a; 360°± a, where 0° < a < 90°; after this the rule may be 

considered established generally* 

Examples 4 and 5 shajre the fact that they illustrate the appli- 
• * 
cation of one and the same method. However, they are not the same. 

While the proof of the theorem of the inscribed angle cannot be presented 
without examining th^ definite sequence of the three cases studied, the 
conclusion of the rule for adducing trigonometric functions can be 
drawn immediately by using this' common method* If the teacher desired 
to communicate this general method to the pupils, a preliminary exami— 
nation of particular cases would be devoted to presenting the whole topic 
with a very useful concreteness and visuality* - In this case, the device 
used by the teacher could be called inductive. But if the teacher 
decided to examine all only possible (and mutually exclusive) cases,' here 
there would be no element of transition from particular observations # 
to a general ^conclusion, but a general conclusion would be created by 
proving a theoreqp for all possible cases without exception , and the 
omission of even one case would make the proof fallacious, since there 
would exist that logical error which is called the incompleteness of a 
proof. The device used in examples d and e is called complete induction . 

It goes without saying that the teacher is not obliged to consider 
all possible cases himself. He is helped by thfe pupils, who in individ- 
ual cases, independently apply a course of reasoning indicated by the 
teacher. It is important, however, that the* pupils know that to regard 
a^rule as established solely on the basis of its being .established in 
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some, but not all, cases would be an error in logic • 

Deduction 

3. Let us turn* to an examinatidn of the deductive method of njathe- 
• matics instruction. It consists in applying deductive reasoning to 
.establish specific theoretical facts (truths, propositions). This 
reasoning consists of a system (chain) of sequentially realised syllo- 
gisms. As is known, in deductive reasoning we ushallv use 
enthymemes (syllogisms which lack one .of their premises), but the teacher 
should nevertheless present deductive reasoning j^x its complete form 
through examples, i.e., so^tKat all its syllogisms would be clearly 
separated. . 
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Example » Thejproof of .the theorem, !f In any triangle the greater 
angle lies opposite the greater side" may be decomposed into the follow- 
© ing syllogisms (Figure 19): ^ * 




Figure 19 

1. * In any isosceles triangle the base angles are equal* 

QBC is an isosceles triangle with base 'DC* Therefore^, 
. £BDC « 4 BCD. • * 

2. The sum of the two angles is greater than either^ ^ 
• angl^tACB « /ACD + £BCp, Therefore/ L ACB > ZBCD. 

3. If one of two parts of an inequality is replaced, by a 
quantity equal to it, we obtain an inequality pi the same ^ 
sense as the given inequality; £BCD « £BDC. Therefore, 

L ACB > ZBDC. 

A. Every external angle ^f a triangle is greater than each of the 
internal angles not adjacent to this external angle. 
£ BDC is the external angle of triangle ADC* Therefore, 
C BDC > ^A. 

5. The inequality of apgles is a transitive relation. 

L ACB > ZBlJC; ODC > Ik. Therefore^ LkZt > £<A, that 
is, IC * > /A. . ' * 

Even in this example it is clear that i& a deductive proof of a 
mathematical statement one must use syllogisms of various modes. It 
is quit£ advisable, however, to dwell on the present mode having the - 
'most widespread usage, and examine it more deeply, showing what its 
essence is.^ Any syllogism of this type can be presented in this general 



form: 



Every element" of class K has property a. 
Object A is an element of class K. 
Therefore, object A has property a. 
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Thus, syllogism^ given above may be given the fpllowing fomj: 

Every triangle belonging to thfe class of isosceles triangles 
has "the property that its bas^ angles are equal* 

t - A 

Triangle *B1?C belongs to this class (is an element of this 

ciasa) . ^ 

... 

Therefore, triangle BDC has the property ttfat its base 

angles are equal* ^ 

• #> 

Thus the inference We N have examined consists in the fact that if 
we .include some object A^in class K accprding to some specific criteria 
(we relate it to class K) , we ascribe to object A all those properties 
that determine class \K. It is easy to understand that the major and 
minor premises of a syllogism together constitute just this base on 
which we construct a corresponding point of the proof* Thus, in the 
example cited for proving that 4BDC - £BCD, we ref ei^ briefly to* the 
theorem of the. isosceles triangle, saying, "according to. the theorem of 
the isosceles triangle"; but unfolding' this brief reference, we see that 
it leads to the first two propositions (the major and minor - premise) of 
syllogism 1, 

4* As is known, the deductive method of reasoning has an especially 
wide application in proving geometric propositions (theoz*€&s)\ ""The" , ' * 
teacher, however, should clearly recognize that^e use chiefly this 
same method in proofs of propositions of arithmetic^ algebra, and trigo- 
nometry too. The basic fault in teaching algebra, especially in grades 
8-10, is that "the study of its theory is not given the same significance 
as the study of theory in geometx'y. The ^heory of algebra is presented 
on a lower level and the demands on the pupils are of a lesser degree 
and scope. More and more often methodologists and teachers are indi- 
cating this serious fault as the origin of insufficient knowledge *of 
algebra. The propositions constituting the theory of the school algebra 
course must be given a precise form that would isolate the conditions 
and conclusion of a theorem and allow the proof to be conduotp4 strictly 
deductively to the s|me extent^aa., is done iti geometry. Meanwhile, besides 
the propositions . clearly formulated as theorems (the theorem of Vieta, 
the theorem of B6zout) , the school algebra course •contains a great many 
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propositions having a completely precise content which are subjected 
to strict logical proof, 

We cite several examples: 

1. If the determinant of a system of two linear equations with two 
unknowns is distinct from zero, the system has one and only one solution. 
If this determinant is equal to zero, but at least one of the supple- 
mentary determinants of the system is distinct from zero, the system 

has no solution. If the 'determinant of a system a^ both its supple- 
mentary determinants are equal to zero, but at least one of the-coeffi- 
cients in the system of equations is distinct from zero, the«, system has 
an infinite set of mutually dependent solutions. 

2. If the discriminant of a quadratic equation is a jx>3itive nulnber 
the equation has two unequal real roots. If this discriminant is equal' 
to zero, the equation has- two equal real roots. If the discriminant of* 
a quadratic equation is a negative number, the equation has no real roots 

l 3* If we multiply the numerator and denominator of an algebraic 
fraction by any expression not- reducing to zero, we obtaih a fraction 
identically equal to the first. ( ■ 

4> If to both parts of an equation we add any number or any 
expression that does not lose its numerical sense in the system of values 
of unknowns constituting the solution to the given equation, *we obtain 
*a new equation equivalent to the gi^en one. 

5. There is no integer or fraction whose square would be equal to 

6* If a > 0, and m and n are natural numbers, then (^ m ) n ■ a™. 

?. If a > 0, then when ail and a > 0, the inequality a a ^& .'1 
is correspondingly true, and when a ± 1 and a. < 0, the 'inequality^ a £1 
is correspondingly \rue, * 

8. If a >\ 0,' b > 0, c > 0, then log (abc)= log a + log s b 4- log c* / 

We have cited some examples of algebraic propos itiofis precisely 
formulated. Ea$h of them represents a theorem that may and should (in 
t^ appropriate grade) be rigorously proved. But thesa examples are not 
exceptions . In algebra theory there^are a great many theorems, and, in 
formulating them, the teacher' is obliged to precisely isolate their * 
conditions and conclusions (see examples l^B) and to appeal clearly to 
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each of the conditions in proving these theorems • All demands made on 
the proof of geometric theorems should be macie on the proof of algebraic 1 
theorems. Everything said above about algebra is of course true for 
arithmetic and trigonometry, too •> I 

As early as the fifth grade, when the teacher tells the pupils 
about the criteria for divisibility of natural nun&fers, he is afforded 
"the opportunity to invest them in the if-then form of conditional propo- 
sitions ♦ He should strive to do this later too, during the entire period 
of arithmetic study, and then in other sections of mathematics. ^ 
Not every pupil can replace the short formulation of the proposition 
f tkev€Si2Iaon multiple oS two relatively prime numbers^is their ^product 11 
,ts full \}rmulation: "if two numbers are relatively pri^, their 
)n multiple is the product of these numbera* ,? But?just howNknportant 
thiA is for developing full precision and clarity of reasoning the 
teacher will see when he has to conduct more complex deduct^vk arguments 
with the pupils: Ji proof based imprecisely on all the given conditions 
and only these conditions ceases to be a proof. 

Even more so than in algebra,^ it is possible to carry out strict 
deductive proofs in trigonometry as taught in the upper (ninth and Tenth) 
grades. Here the pupils 1 general and mathematical development is quite 
sufficient for the teaching to be conducted on the necessary scientific 
level. * Therefore, formulations of theorems in trigonometry and their 
proof should satisfy the demands made for scientific proofs; in partic- 
ular, deductive proofs should be conducted with precise observance of 
references to all the conditions ancj all propositions used — as m^jor 
and minor premises — in the proof. v 
Here are some examples:^ 

1. The so-called theorem of addition should be formulated thus: 
"If the sine and cosine of any two angled a and 6 are known, the 
sine and*Cosine of the sum (a + 3) of these angles can be found by the 
formula: * ^ > 

sin (a + 3) = sin a cos 3 + cos a 'slriH* ; * 
cos (a + 3) ■ cos a cos 3 - sin a^in 3 * w * / 
Thus the values a, 3 and (ct '+ 6} of the angles themselves «re not 
given, and there is no need to know them; these values are no l given 
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any attention in the proof of the theoretp^^However the theorem may 
be proved, all c'^ses that may arise should .be examined, including 
the border cases: 

a « 0, 3 « 0; a « 0, 3 « y ; a « |, 6 - j; etc. 

2. In the conclusion of the formula 

f t j. o\ tan q 4- tan g 

t3n (a + &) * 1 - tan a tan 8 (1) 

.it is. necessary to stipulate that J_t is established under the conditions 

. ; a t (2k -h 1) J, 3* (2k + 1) J, a + 3 * (2k + 1) ~ , (2) 

and in proving it we must show precisely where we use these conditions. 
To emphasize that these conditions are organically connected with the 
theorem, it must^be formulated thus: ,f If condition (2) is satisfied, 
then formula (l) is true." This is applicable tS any other formula 
whose left or right part- could lose its numerical sense. y 
5. Finally, let us dwell again on one method of instruction related 

to the inductive method (once again, it is insufficiently substantiated). 

> . I ' ■ * 

Here is an example. , ■ ■* 

Wishing to teach the pupils the method of factoring polynomials by; 

a proper grouping of their .elements, the teacher would have difficulty 

beginning with the formulation of a general rule for using this method; 

only by solving a sufficient number of various problema^fc^ustrating % 

all typical cases that 7 may appear will the pupil be afble to master fully * 

the metljod from the theoretical arid practical point df view and thus 

almost completely exhaust the content of the topic. 

" This me t ho d, cannot be called inductile . in the strict sense of the 

word. It is distinguished from the inductive method by the factVhat it^> 

c^vtain^ no general izing ^ stages , that is, it does not lead to the 

establishment of some^ge^ral proposition. However, this method of 

communicating specific knowledge and skills is\sp*cially valuable in 

realizing tfie concrete inductive system of instruction. The tether 

uses this method whenever he considers it expVdien£ to prefac£»fie study 

of theqry, with the assignment of a ^rot^^f-^ex^rcisas related to it* 
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RELATION BETWEEN MATHEMATICS INSTRUCTION. AND LIFE " ' -X 

G. G. Maslova and A. D* Semushin 

The close relationship of education to life and work should be an 
important element in the" content , organization, and methods of teaching ' 
mathematics. The^ abstractne^s of mathematical propositions does not in 
itself mean that fmathema tics is divorced from j;eal life ajid practical 
experience,* On the contrary , 'mathematics is valuable as a subject of 
study because — as a science of the spatial forms aitd quantitative 
relationships in the 3fe£l world — it reflects, and describes a large number 
of physical principles* in an extraordinarily general form and facilitates 
their application to extremely diverse practical questions. 

<The connection with the practical world is broken when the instruc- 
tion fails to reveal adequately the various ways in which the material 
studied can be applied, or when the pupils are unable to use the ma the- 
matifcal concepts they have acquired. When teaching subject rich in 1 
practical application, one must emphasize content, and not just forraai 
,» .structure, or' else .mathematics instruction becomes divorced from life. 
/ The ma themattek. curriculum for^ each grade - includes work on measuring 

,and graphic computations/ to be perfori^ed on data obtained by measurement 
'■(making simple estimates, constructing "diagrams and graphs, solving prac- 
tical problems, etc.). It also includes making models, working wipT^*' 
calculating instruments and tables^ solving problems illustrating the 
.applications of mathematics to a variety of fields, and doing practical 



«~-<Wrk in a locality. 

Bringing school mathematics closer to life, however, cannot be 
limited to fulfilling certain specifications of the curriculum. Through- 
out any course the teacher must ^how the unique %?&y in which the laws of 
Vathematics reflect the real world;' he must develop the pupils' ability 
to express practical work in mathematical form; he must develop in them 
abilities and skills that are needed in*socially useful and productive 



•k 

■ From Semushin, A. D. (Ed.) . On Teaching Ma the^fcics in the Eight - 
Year Schoo ly Moscow: Academy of Pedagogical Sciences of the RSFSR, 
^1961, pp. .J$-26. Translated by Nancy Goldberg. ^ * 
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work, and he must work systematically at bringing together the school & t 
methods of solving problems and the methods used in .industry. > (♦ 
Let us go on now to a more detailed, examination of these problems • * y 

f * * 4 

Showing How Mathematics Rgflgct s the ^Real World 
One important means of bridging the' gap between mathematics instruc- 
tion and life is, to develop in thi pupils a proper conception of mathe- 
matics as a science concerned with quantitative relationships and spatial * 
forms in, the world of objects. The children mu^t be shown, with well- 
chosen examples, how the mathematical principles ,that they are learning • 
reflect reality* / v 

.For* example, as concepts are formed in the first stages of schooling, 
each concept must be the result of abstraction from concrete properties. 
of objects and phenomena known^to the pupil from* his everyday experience. 
Here one should use the pupil's experience in 1 school shops and hij9" v ;,-^ 
participation ixt socially * useful' activities; material that ill^sttatas 
life "in his village, district, city, or region; and information atjout the 
achievements of modern science. % * ' 

Concrete images of mathematical concepts must s be> use<^ no^t only coring 
initial familiarization with these concepts, but throughout the entire - 
period in which £hey are studied. This makes impossible for the pupils 

I 4 

to recognize that, i^t studyiftg a ( mathematical, principle they gxe also *< 

sa||dying many characteristically diverge phenomena of .reality.. 

Thus, in studying the proportional relationship y - kx, the .pupils „ 

Should learn that the function y * kx expresses a general type of relation 

*t.hat may exist between several quantities — for example, betWfeen the t 

distance s travelled by a body, at constant velocity v and the 'time t s of^ 

its motion (s vt) ; between the cos|: s of a quantity of identical .items 1 

and their number; between the circumference C of a cirqle^and its diameter 

D*(Ci» ttD, or C ^ 3.14D); between the linear (circular) velocity' v i&' 

j. * * * * 

meters per minute of a part D mm in .diameter put. on a lathe, aiid^ the ^ 

K * irDn * ■■ 

number n of revolutions of the spindle in one minute a . ^qqq ) I between 

the mass of a body P and its volume V*(P** Vd, where d = density); 

'between the power P and the magnitude of the xi^rent I upder constant 

voltage E (P IE) ...... • , 

f " * 

In using these examples one should stress that although in the 



function ,y * kx the argument x % (and therefore thp dependent variable y) 

can assume any/ real value, for concrete physical examples the values of 1 
" j * v 

the argui^pif and the values of the function are of ten ^limited* Thus, 

the mass of a body ajid its vblume, the diameter df a shafrt and the 

r 0 • M \ * 

circumference *of its crb^s sectidn are expressed in positive numbers; 

JT v - . . >. * 

the size of the shaft's diameter is limited by the dimensions of the' 
lathe; and so on* Consequently, b graph of the relationship between 
two proportional quantities is often only a part of the graph of y « kx* 
The best way to illustrate this is to examine the graph of the function 
,y - ko^^nd^hen tq^construct a graph of the ratios of several proportional - 
quantifcstes for cases where the variables cannot assume all real values. 
*S SliailaJSJWxrk can be done when studying * the inversely proportional 

ratio V - ~. It should noted, however, that for exa dflfcr g of various / 

/ • x ' , . ^ 

*( ratios — inversely proportional ratios in particular^-the selection of 

^ *-'■» 

■* dependent and independent variables must be in keeping with^the physical 
nafture^of phenomena. Thus one should not say that from Ohm f s law, , 
E = IR^it follows, that the resiVt^nce p( g»|gf a wire at constant voltage^ 
E is inversely propprtfional to the current I, which would seem to come 
from the- equation R - ~* In fact, since E and I are not independent, the 



, size of the resistance is directly dependent only on the? dimensions and 

the material af the wire. 1 , 
* , ^ In studying the linear relationship y - kx + b, the pupils should, 

be shown that 'this function expresses the connection between various 
■ concrete quantities, in particular, the relationship of the final veloc- 

ity v of a body^and the time (t) of its motion at * the , constant £fi£elr-, 

eration described by v t " v q + at * where v q is the velocity at time t Q , 

anda is the acceleration. 

Th^ number of examples of linear relationships that one may -use in 

the e^ght-year schools is rather limited. In the. upper grades, therfe- 
* * * * * • 

fore, supplementary .examples must be examined for the pupils to see 
" clearly that the formula y - kx ft b expresses, in general form, the 
relation between a large^umber of quantities — for example, between tl 
length I o£ r & rod and its temperature E, - £ Q (1 + at), where £ Q is 
the length of the rod for a> fixed temperature taken to be 0*]; and 
between the pressure P and the temperature t of a gas at a constant 
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volume, P t • P Q (1 + gt), where -P Q is the pressure of the gas *at a fixed 
temperature taken to be 0° . ■ / *v 

As a Result of t;his work, the pupils should understand that when 
Studying various types of ratios between two quantities in mathematics/ 
we are intereste4 in the type and woperties of the ratios* (Is the ratick 
linear, quadratic, or of some other t^e? How does the given function* » 
change?^ What is its domain or the range of its values? etc.)> »but not 
in ttje quantities themselves. 

This samfe idea of the uniqueness x>f the reflection of mathematical 
laws in' the real world should also be brought systematically into the 
geometry course. The geometry curriculum in the eight-year * school pro- 
vicfes that the pupil become familiar with the most ^portant jrelation- 
ships of the elements of a number of geometric figures (solid and plane} 
and wi thrrfo^mulas for calculating surfaces and volumes of the basic 
solids. In using this,. material the te&cher should show the applica- 
bility of the derived formulas to the solution of diverse practical 
problems, - The pupils must understand, for example, that the formula * 
s * r /~2* can be used to solve such problems as .finding th^ sides s * - 
of the largest ■ cross. section of a square beam .£ hat can be formed from 
a cylindrical bar of -given rJLdius r; determining the diameter of a metal 
core for faking a bolt with a square head of given dimensions; and f 
others*. '\- 

Jor this same *goal to be achieved in the arithmetic course and * in 
the study of the elements of algebra, the pupils can compose formulas 
for solving problems and can compose prs&lems based on a given formula. 
Through stich work they will see that the lormul&s for solvi/ng pdfblems 
in various subjects are oftep identical, but^that, on the othet hand, 
from olae formula (such as that for the arithmetic average — ^ — ) one 
can compose problems perhaps even Externally unlike each other' But whose 
mathematical content is the, same. In physics any formula expresses an 
interrelationship with concrete quantities, while this need not be so 

in mathematics. 

( ' * 

• * New material should * be studied in clo^e conjunction with the. * 

practical; new concepts, rules, and* theorems should be introduced"*, where 

possible, with practical applications. (Here "practical/ 1 is used rather 

broadly, to include use in the various branches of mathematics as well * 
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as in the other sciences*) Today, practical problems are often treated, 
in studying the elements of > geometry and trigonometry, but it- is rhre 
for this sont of groundwork to be laid in an algebra course* By treating 
y the practical more often, it should be possible to extend the applica7 
bility^of such an approach t<^ pther sectibn^Sf the secondary school 
mathematics curriculum. . ^ 

One way to reveal the link between mathematics and everyday lif e\ 

• is to give the pupils practical problems at the beginning of *k new topic 
or section* The use of accessible examples helps to disclose the practi- * 
cal value of -the topic or section and to define it^ place in the general 
system of the course^ Sometimes simple problems wl^h practical content ( 

• can be givet^^and one can explain the basic mathematical content of a 

subject by using their soli^tions as^examples. The pupils are 'tljri^^ivwn ^ ' 
the usefulness of studying the appropriate material. In the seventh 
grade, before the circumference o^f" a circle is studied, questions su^i as 

4 these may be aske4,:^ ~* 

*• ' ' How can ^ find the distance, covered by a wheel during f 
one revolution? * • . 

Htow can we determine the distance to the water in a ^ 
well from .which a bucket, is raised on a, chain by means 
. v of a windlass? > ) 

How far would such a bucket drop in three turns of 
the windlass? 

Before the volume of a pyramid is studied in the eighth grade, prob- 
lems' can be given on finding the wlumes and weights of bodies, the capac- 
ity of ships knd of structures having the shape of regular pyramids. 

Occasionally it is good, to intro.duc^ the pupils to new material tfy 
using their own experience. As sixth graders examine various devices t 

• for 'constructing pg^rpendicular and parallel lines, one needs to .consider 
the skills they may have acquired when raakifr^ these constructions in the 
shc^ps. When axial symmetry is taken up in the sixth grade, it is neces- 
sary first to ascertain "what* kinds figures having an axis of symmetry 
the pupils have made in the shops, whether the symmetry of a part was 

^essenti&l in constructing- it , andNhow its manufacture was carried out. 

Finally, for this work to be successful,* the teacher himself must find / 

• out beforehand how marking is done in shops or, in factories and how 
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various con&ttuct£ons" a*e carried out in Actual* drafting and he must 
consider which of these methods can be. shown in class and .used in 
practical work. v- 

In the study of triangles "the pupils should be made aware — by their 

r * 

manufacture of various objects ig the shops — of the use of the "rigidity" 

« * 
of the triangle in construction^ in \ technology , and in everyday life. 

They should understand *^that ' the "rifel^tyV of construction is ensured by 

introducing slants in them, thereby/ forming triangles. An elementary 

example of thi« property's application is an ordinary gate (Figure 1) . 

The pupils should be shown that te^ts for the congruence of triangles 

define their "rigidity*. " > A 

v * 'A 

A AAA 
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4 ■ \ * Figure 1 V 

In the .seventh grade the' pupils become/ familiar* with examples making 
practical -use of the moveable quality of figures. Many examples can be 
considered when the parallelogram is studied. Here too the pupils' 1 shop ^ 
experience should be* used. 

In studying the similarity of ' figures in the eighth grade, the pupils 
learn that the properties of. similar figures are appli^cl extensively in 
drawing maps' and plans to various scales ^in finding distances in marking ' 
parts acceding to diagrams in industry and so forth. The pupils must 
thoroughly under stand v the connection between scale and the coefficient 
of similitude, , «. * 

D evel oping the Abi lities and Skills Essential 
In Eve ryday Li£e and in Socially Useful , 
Productive Work 

Mathematics instruction presents good' opportunities for developing 
the pupils'' abilities and often the skills essential for socially useful 
and productive work. The development of these skills should be carried 

• • 8'2 . 



ERLC 



/ 



• 'in i 



out systematically thrpughaut the pup lis 1 « schooling. We should give 
considerable at^-^ntion to developing computational skill (oral and 
Written) , including work* with elementary calculating instruments and 

' skill in operating with approximate numbers (rules for roifnding, off , 
rules' for reckoning digits) . A significant nhmfrer of exfercises using t 

* this material should involve problems with practical content — especially 
problem^ in whicty the data ^re a- result of measurements made by the * 
pupils themselves. La 'solving these probleafe, first under the teacher's , 
guidance and, .then on their own, the pupils Met^rmine what the accuracy 

m of ' the result^ sho t uld be and acquire t^he ability to work with the most 

important measuring Instruments —the. scale rule, the protractor, the 

vernier calipers, and the transversal- scalej — while simultaneously becom- 

* *f 1 \ ' . 

ing familiar with the mathematical principles underlying them. 

Teaching calculation oi*. the abacus is- begun in the fifth grade, -To 
consolidate spid develop skill with tke abacus, we should teach the pupils 
to qse such calculation ,in later years as well (for example, in making 
estimates on the coit of repair of a building and solving other problems , 
with practical content) . • , , ' • - 

Hie systematic use of tables (of reciprocals , square roots, trigono- 
metric functions, the circumferences of circles in terms of their diam- 
eters^ and others) in various Jalc^Lations will also help To develop y 

skills that will be valuable in preparing the pupils for practical • 

■ | <, ■ 

activity. ^ J ^ . ' 

In the eighth grade, instruction {In thet slide rule is accompanied by 
its v use in the solutipn of many problems in the algebra course and then 
, by va'rious calculatlorfs in mathematics', physics,' chemistry*, and other • \> 
subjects. Thf pupils should be aware that the accuracy attained with ^ 
the slide rule is sufficient -for solving many practical problems. When 
the slide rule ±s studied, the pupils are taught to. estimate a numerical 
result and to make visual' estimates of: the lengths of segments, the sizes 
of angles, and the areas of geometric figures* % ' 

The development of computational skill is supplemented by instruction 
in various techniques for* making calculations and solving problems. For 
example, in calculating the area of a quadrilateral plat of land drawn 
to a ceitatn scales we firfet f^d the area of the quadrilateral ABCD / 
represented on "the map and theifffche ^rea of the 'plofof, land ^self . 

: . ■ ■ - V v •:. , ■ ■■ 



ERIC 



The area cff the quadrilateral is equkl to the sum of theXaxeas 
of two triangles, ABC and CAD. -It is, simplest to choose a diagonal, 
such afi AC (whose length we call a), as the base of both triangle^ 
and x to draw altitudes of triangles from the vertices B 'and i), of lengths 
h^ and h^t respectively. Then the area would be ^ 

S -|ah 1+ iah 2 . ' ^ % y 

It is more convenient tp do the calculations after. this ejqpregsion has 

been simplified ♦ < 

•111* * 
S - + 2*h 2 - 2*0^ + h 2 ) . 

* ■ * 

This example can show how*a clever choice of the bases of the triangles 

and "the use of algebraic manipulation simplify the problem f s solution. ^ 

* ' In studying *f unctions, which 'have a wide practical use, Considerable 

attention must be given to developing skills useful to the pupils in 

later 'work.. Thus ,they shoyld be able to "read" graphs of functions (that 

is, to find the value of a function for a' given v&lue of the argument f 

or -the value of an argument for a given value of the f vmctionJV ' For 



V 

example, they -should be able tp estimate the square aqd cube roots 
of a* number by using graphs of the functions y «'x and y *^x , ahd 
-they should be able to find the distance s travelled by a body moving 
at & velocity v for a JLime t from the graph of s ■* vt ♦ 

Complete mastery of the idea df functional relationship involves 
much preparatory work through the Construction of various types of graphs 
in the arithmetic course. m To t&is aim all types of mperical data may - 
be used — data on the fulfillment of annual a^d quarte^J^pjxjduction plans 
on rural economy, and 6n the achievements of on6 f ^ territory, region,' , 
city, pt district, . Diagrams can be isade po reflect school life (the 
amount of scrap metal ^nd waste paper - (follected by Pioneer teams, the 
number of trees and bushes planted by the children, the use of e^btri'c 
power in the, school at various times of day, and so on). The pupils f 
experience in other classes should also be utilized. For ex amp 1^ 

laboratory work in chemistry, physics and biology can provide data useful 

• ( 
f^or practice in reading and constructing. graphs;* and the 5 * school $hops * 

are often a valuable source on factual material on direct and inverse 

proportions. 



Problems on finding parameters of equations* .from graphs of these 

; 

equations are useful in developing m^stejry both of the abstract concept • 
of a function ancl^f^ concrete practical skills. For example,: the pupils 
"might be asked^to detex&Lne the values of a, b, c, d f §nd k f!rom the 
graphs in Figure 2* In addition to the prepare! graphs mathematics 
le&a^ns*, graphs made by 'the pupils themselves s and based bn the* results 
of laboratory work in science classes can be used.^ 





y = ax ♦ bx* c 



i * 



Figure 2 ^ 
In, their mathematics course the pupils should become familiar with 
^calculations from given formulas. This makes it possible to increase 
the number of practical exercises anH,helns to develou the pupils 1 
computational skill. Exercises of this type can involve finding the 
numerical value of an algebraic expression and, in tjie geometry 
course, calculating volujnes and surfaces of solids from, formulas . For 
example, in studying the volumes of bodies symmetric about some axis of 
rotation, . the pupils can be given a problem on calculating the volume 
of a barrel <£rom the formula: ■ # * , . „ 



V - 0.785h(5-±^) 2 , 



where V « the volume of the barrel* D » the diameter of i'ts widest part, 
~ the tli&meter of its narrowest part, an^ h * the height of the barrel. 
In geometry in the eight-y^r .school, the* pupils should be shown . 
• how to use the construction devices £hat have the broadest practical * . 
application (i,n drafting and marking) , including the straightedge, the /7 
compass, the drafting triangle, and the bevel. 

The techniques involved in especially important constructions 
4 (cons true ting, parallel and perpend>iculdr*lines, bisecting a segment or 
an^angle) shoul^l be so firmly grasped that wrfen , : the pupils later sqijie^ 
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construction problems, they w^ll be able to concentrate on seeking the • 

problem's solution, rather than on the 'external form of the problem. 

■ i . 

To develop skill in construction,^ the pupils must solve construction 

problems effectively, that is, the sGlitfion they obtain must be such 
that it £an be carried out to a sufficient degree of precision using 
actual JLnst rumen ts. Since many specialized instruments used in practi- 
cal work operate on principles that the^ pupils ctfn grasp; they should 
be familiarized with these instruments- whenever possible-r-especially 
±i these instruments will later be encountered *in the shops. * 
It should be interesting to the students, to substantiate geome*- 
^fically not only tt^e correctness "in form of parts made in the shops, 
but also the accuracy of the various ^devices used to check this correct- 
ness . / Thus , in the carpentry shop the parallelism .df the opposite sides 
of a frame may be Verified by th'e perpendicularity of its adjacent sides* 
In this example the pupils can confirm the accuracy t)f .the checking 
device ,by themselves. ■ x ^ 

~ * The pupils should also be acquainted with elementary devices for 
the approximate solution of construction problems like dividing a segjnent, 
or*aa dare of a circle, or an angle* into equal parts, and rectifying a 
circular arc,. These problems are simple enough in themselves and .are 
often encountered in practical work. ^ - ^ * 

Towards a Closer Connection, - betweeiy the Methods 
fased in Problem Solving in School, 
* and Those Used in Practical 

Work ? 

Children should be prepared to participate in socially useful and 
productive work by perceiving a close connection between the methods o£ 
solving problems in school and those used, in industry, agriculture, and'- 
everjfday life. The idea of functional relationship is used in almost 
, any area of modern industry— diagrams , graphs, nomograms, and graphic 
^tethpds of problem solving in general, both approximate and exact. 
Nevertheless, these methods of problem solving have npt been sufficiently 
discussed in secondary-school instruction (grades 5 to 8)^\ 

Instruction in geometry can be brpught closer £o the requirements" of 
industry^ by reorganizing the traditional system' for teaching the methods 



4 { 

of solving construction problems ♦ £t Jias been^tated more than once 

that the "classical" manner of solving problems with compass and straight 

edge does not take into consideration the requirements of everyday 

activity and does^not prepare pupils for practical work* >la actual prac- 

tice% construction problems* are solved using not only the compass and 

the straightedge but also the set square, the protractor, #nd various 

equivalents* of the beval (an instrument that permits" an angle to< be V 

constructed equal to a gi^en one, without%ny J auxiliary constructions^ 

The mathematical aspect of t SQlving construction prptlems with a compass, 

straightedge, setsqmy^, and bevel can and should be formulated just 

' as rigorously as in constructions using only a compass and straight- 

• •* . 

edge. In the first geometry lessons in the sixth grade, before this 

aspect has been formulated, one can permit the use of the ruler as a 

« 

scale rule- and of the protractor as an instrument for measuring angles. 

Later the ruler should be used only as a straightedge, while the pro- 

» *■ * ' 

tractor \±B used for constructing angles equal to a given one (tha£*is, 
it is used as a bevel) 

Wi£h the use of these techniques, constructions witji compass and 
straightedge in trie scnool oecome a realistic 'example of solving 
conptruction. problems using limited . means . Construction problems* should 
stfill be solved in the "classical" .manner,, that is,^ the validity of all 
constructions should be rigorously proven. The complete solution of 
these problems, therefore, involves four stages: analysis, construction, 
proof, and' investigation. 

The pupils should thoroughl^ understand thpt, depending on the 
"conditions and. purposes of the constructions,- a single construction can 
often be made with different instruments and, consequently, by different 
methods. Thus, perpendicular lines are c^Sh constructed with the 
drafting triangles and the straightedge, or with the T-square and the 
drafting triangle; marking plane surfaces that have protuberances 
so that ^the triangle cannot be employed, m the compass and straightedge 

are used foiv constructing perpendicular lines. 

i 

Using many instruments for constructions and teaching the most 
^ . 
practical methods of construction makes it possible to acquaint the 

pupils with graphic methods of solving geometry problems that are usually 

related to problems on calculation. The use of graphic methods signifi- 

cantly increases the number of problems whose solutibns are within the 




pupils 1 reach, reinforces their ability to make constructions f develops 
their^ accuracy, increases their attention span, and provides them with 
means of checking an analytic Solution* The graphic method £s often 
simpler than the analytic one and may still provide the necessary accuracy 
It is therefore often used in performing the most diverse calculations. 
Let us give some, examples, , * « 

Suppose that one must solve a triangle given certain elements — tha : 
- is, suppose that one is given some /f the sides and angles of ^£rian§l 
and that one must find the others* This prohjfem is usually solved ana- * 
lytically, but the pupils should also he shown a graphic solution, espe- 
cially siftce it is very simple if the construction of the triangle from the 
given elements has caused no difficulties, . For a graphic solution of 'this 
problem 'a triangle must be constructed from the given elements, then the 
unknown elements measured (the triangle is usually constructed to a 
specific scale) * 

Lift us look at another example. Say we j have to measure the distance 
* ^petween two points A and B, separated by an obstacle,^ and sijppos^ that 
the measured quantities aire the distances AC, BC, and the angle *ABC 
(point, C is, chosen arbitrarily) , The most logical device for solving 
the problem is the .concept of the similarity of triangles: From the 
given measurements, a triangle A^B^ is constructed similar to triangle 
ABC, and side A^B^ is measured 'of f , The unknown distance .is obtained if 
* &e multiply the length of the segment A^ by^fo^ efficient of simili- 
tude^ In 4 determining the length of the slants of a structural frame 
(truss) (Figure 3) it is also useful, instead of using right triangles 
and the Pythagorean theorem, to, determine the unknowri length graphically*, 
using the similarity of triangles* The graphic method should also be _ 

\ 





Figure 3 



/ ■ 

Figure 4> * 



FlgurevS 



ERJ.C 

f ■ 



'4 




used more often in solving equations and sysEema, of equations;- This 
helps greatly in* consoL4d^tin^ the abilities anct skills used in construct- 



lag, -and reading gxa|$K» ' 



In the eight-year sJkopl *nylcK attention must be given to^ developing 
4 th^ pupils 1 spatial Imagination. ' *This should be done not only by thorough 
study af the relationships ^between £h§^eJ^ements of plane and 'solid * ^ t * 
figures, but ^lso by 4% Systematic us£ of stereometric images and concrete 
bodies in the study *of plane geometry, /Thus, in studying trie areas of 
plane figures, the pupils c&n, bW'atetted to 1 calculate, from the dimensions 

given on the drawing, the lateral surfaces ^nd the entire surface of a 

in, * ' ' > 

solid composed of right par^llel^epip^ds (Figure 4) . Similar 'problems 

.should be solved using models of solids and other fc objects, with the 

pupils doing all the necessary measuring by themselves. " • > . 

Occasionally it is useful to have geometry problems \olved with 

prepared drawings given in arthogonal projection (find jthel entire surface 

and lateral length *otf the edge of, the pyramid in Figure 5) land familiar 

to the pupils from the- drawing course. This is all the more important £ 

since orthogonal projection, (composite drawing) is a fundamental method 

of representation very widely used ^n technology The ability to re- , * 

create a body from its projections is thus a very important type of 

spatial imagination for pupils to develop* 

Developing th^ Ability to Give Mathematical 

Form to Practical Problems 4 ^ 

* A basic means for developing such ability is to teach problem 
solving according to the current curricular material. Before Select- ' " a 
ing problems to be solved^ with the pupdls, however, one must fe^t^blish 

0, * 4 

new criteria. In mathematics lessons a certain amount of attention must 
be paid to solving problems of an applied natures-problems with indhstrial 
content, from various subjects in se'Jvdol, problems one must cope with in 
pveryday living. Moreover, the content and number of these problems * 
f should nSt distract the pupils from studying mathematics proper. 

The need for $n examination of applied problems in the matl\gmatics 
course has already been determin'e^ in work experience ± Th^mathematical 
content of these problems should he clearly expressed, 'the applied aspects 
oi the. problem should be- ^ccessibl^ to t £he pupils, and /the situation 




Problem T. The drum /off a winch was 400 mm in diameter 
and made five rotations • How far was- t{ie load raised when 

this 'happened? * - * 

^ * 

Problem 2. From a piece of steel whose right 'cross 
section was 200 mm by 400 mm and whose length was 2m, 
a rolled metal plate was obtained whose cross^ section 
was a rectangle with sides of 100 mm and 250 mm* What 
was the total length of the rolled metal if *the metal 
loss is assumed to -be 2%? 

Problem 3. Determine the length of a cylindrical 
spring with an internal diameter of D mm if the diameter < 
of the "wire* is d mm and the number of spirals of "the , 
spring i>s n. 

Using the last problem as an example, the pupils can be shown how a 
number of assumptions are introduced in solving a practical problem. Here 
we make the #*proximation that*ttie length of each spiral of the spring is 
-equal to the circutpf er^rtce of a Qircle /6f diameter D - D + d; and, a 
result of this assumption, the unknown length t of* the piece can be 
found rather easily from the formula I - ttD # n. 

At the beginning pf the school year the mathematics teacher 
should become acquainted with the trade and poly technical, school curric- , 
• ula and should learn what mathematics knowledge "the pupils will need, 




and where and to what extent the pupils will* use this knowledge. It 

Useful for Ihe teacher to select/ in dd^arice £he '.'types of problems , 
that .the pu#dl^ may encounter in trade lessors , whdn studying related 
disciplines >, atid in everyday life, So%e x>f the most interesting prob- 
lams c$n be examined with the pup'iis during -their mathematics leseons # 
Practis^L work in the classroom and measurements in the field can help # 
to develop the pupils' abilities to 1 give - mathematical form t&. the^practi- 
c^l problems of everyday liffe. * ■ 1 ** 

, . The content of practical (applied) work is determined* by the 
curriculum of th£ £ight~yeai?' school • Practical worlj, should *be conducted 
thrQughout\ the* school year in conjunction wxth, the ^tudy of the appropri- 
ate . curriculum paterial* the t,ime devotee^, tfb this* , work, can vary from . 

MO- or 15-miAute discussions (for lexaiuple, at t£*e % eq4 of a ^Lesson) to 
special, separate lessons-rdepending on the complexity of the assign- 
ment. * - 

\ln applied work, . great ^ise can be. made. of objects in the* immediate 
surroundings (measuring the l^engfch and width of *a room, 'calculating its' ■ 
area and volume, finding the perimeter: and, area of a pupil's notebook, 
of a tabletop, etc.). Each school should «al^o have appiA>p^iate materials 
available for distribution.* For example, the fifth grade might have sets; 



of rectangles and triangles; the s^v&jtf-Jr grade — sets of xigfo parallele- 
pipeds, right prisms, cylinders; tVfgpK,g^^t^grade-^sets of ^pyramids . cones 
spheres, and ccTmbinatiohs 4 of polyhedra*and round bodies. / 

These sets can be made by* the pupils in 'industrial art lessons or 
as homework assignments* The sets should include both elementary maq;u- 
f.acturing parts and material distributed in, the drafting coutse. In * 
-order to check the accuracy of the pupils' practical work, modelfe of sets 
can be provided to the teacher,^ and charts can be' drawn., up fbr each of 
them that indicate the dimensions of the items'to be made. Answers to 
all written problems should' also be provided. 

Materials ftom industrial field trips may help the pupils formulate 
and solve problems whose content reflects practical requirements; and 
manual training lessons can help them acquire som|^ skills in applying 
mathematics to the. solution of practical problems. In such lessons the 
pupils can apply their ability to solve construction problems (for 
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example* in marking pi^cps of work) and tfieir familiarization with draw- 
ings and representations 4 and with functions and £heir graphs. Special • 
' attention, however, should be directed *to drilling their skills in, approx- 
imate calculation. * * ,^^\ • 

When -the same type of problem I occurs in several subjects, the 'teachers' 
'must be careful to use uniform terminology and methods in dealing with ^> 
'these problems. For example, problems oqSfcercentage -and on proportions m 
*in chemistry and, physics classes must be solved in the saipe way as those 
in mathematics classj 



Eliminating^ the gap between mathematics and everyday life is impor- 
tant in preparing the pupils for tactical ^ork** At the same* time, reveal^ 
ing the connections of the eight-year -school mathematics course- with life, 

T 

•with work-in the shops, with socially useful work, and with related school 
subjects is one way of demonstrating the abstract nature of mathematics 
* ipd of improving * the pupils \matheiiiatical* sophistication. 
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THE PUPIL'S ACTIVITY AS A NECESSARY * CONDITION 
FOk IMPROVING THE QUALITY OF INSTRUCTION 

* . I. A. Gitsh 



: 'The school reorganization that £fc currently under way astfm^s that v 

n«v principles of teaching the basic sciences will help to me^t^the new ^ 

demands educators P Of these principles, the* most important is that 

. the whole^ educational process should he based on % methpd tjhat would 

'act £n eVery way possible to awaken the pupils interest and activity > 

It is obvious -that the soundest fcgpwledge is that acquired through 

active thinking t- through haying independently^ found a method of 

solving )a problem and haviag' generalised it as- far as one can — and 

that the facts tfiug established c$n always be reproduced by the person 

who has ox>ce found them, Adreotfpri 5 the methods of reasoning and the 

conclusions drawn by 'a pttipil /n/Jsolving a problem can be applied to the 

solution. of othei; quest ±oxi%t thufe broadening his experience and helping 

him to seekjneans of solving problems of ever -increasing generality. 

Such a degree and st*ch» a level of pupil development will assure the 

pupil of a substantial/education in the basic sciences in general and in 

mathematics itx particular. The knowledge "he acquires on his own and his 

ability to pose, solve, and investigate a question will be his most 

* valuable achievement not only in mastering fundamentals of the sciences; 
- • / * , 

hut in all /his r/roductive activity in schooled afteirhe has finished 

school. 

Observations of the pupil's approach t£ this activity confirm that 
such activi/y is most productive when it is done in close conjunction 
with -ttie solving of problems that interest the pupil— ^assignments that 
permit him to show his independence and to display his personal creativi- 
ty and Aleut when he solves them. ^ This is why instruction that increas&s 
tH^ pupil ? s interest in the subject in every possible way and utilize^ 
his /reative abilities, is the most crucial of the tasks facing the new 
sch/Sol and is justifiably considered the school f s primary goal. The 
t^acHer who recognizes the extreme importance of making the educational 



From Semushin, A. D. , (Ed.). On Teaching Mathematics in the Eight- 
Year School, Moscow, Academy of Pedagogical Sciences of the RSFSR, 1961, 
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process active will striv^ to effect this activation in every possible ^ 
way. He has at his disposal many methods with wixich to do this, the 
most effective of which are the following. 

Thg Statement ' of the Question Forming the # 
4 * Content of a Chapter or .Topic ^ • ' 

tfhe exposition of each section and, wherever possible, of each topic 
of the school- mathematics course should begin with a statement of the 
fundamental question to be answered therein. *This serves as a short . , 
introduction to the chapter * establishes tyie connection with th& pre- \ 
ceding material, and explains the basic purpose of the topi'i— the problem 
that is to be solved. This introduction opens yistas to the audience? 
awakens their interest in solving the. problem, and of ten* outlines general 
methods for the solution itself* • . ■ , 

The question. can be stated in two forms, which are not sh&rply differ- 
entiated. { n «i 

!■ The teacher may quickly bring the pt^ils into ^contact with the ccn* 
cept ot small sphere of nejw concepts, without prefacing his discussion 
with more general observations . • 

Example A • The unit on "Triangles' 1 - is best begun byJ explaining that 
'the triangle differs from all other polygons in its special property of 
"rigidity,' 1 which can be demonstrated by comparing a c^tffced polygon of 
more than three, sides with^a closed triangle. The first is subject to 
deformation that changes the angles while retaining the sides, whereas 
the second is not subject tq this deformation* The geometric expression 
of ,this fact is then found, and it turns out that the equality of the 
corresponding angles of £wo triangles is a consequence o£ the 'equality 
of their corresponding sides. Here one can establish (and later develop) 
the question of the possibility or impossibility of a converse conclusion * 
whose answer lqads to 'the idea of similarity. # 

Example 2,. It is advisable to preface the units on "The Segment 
* Joining the Midpoints of Two Sid^s of a Triangle" and "The Segment Join- 
ing the Midpoints of the Two Nonparallel Sides of £ Trapezoid" with a £ 
question such ,as "Let two lines AE and A^E^ be giyen in a plane. Equal 
segments AB, BC, CIX, DE are marked off on line AE> and through their end 1 
poi^s mutually parallel lines are projected until they intersect line 
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in points A^ f B^, C^, D^, Will these segments AjB^, B^^/C^, 

D 1 E 1 mutua ^ 1 y equ^L?" 

* Sach pupil 'is asked to make a drawing in hi^< notebook* and to answer 
the. question experimentally by m^^uriflg segnsmts A-j^* B J > C 1* C 1 D 1* 
D^E^ It is thus shown tha£, avW thpugh 'AE and might be at various 

angles to each other and despite the various lengths of. the equal sag- 
ments on line AE (due to the various lengths o£ the drawings, of line AE 
itself), the corresponding^ segments made by the parallel lines op A^E^* 
will be mutually equal. . The need prises of proving' this assertion.' % The 
teacher p^5poses •that, a pkrt^fcular case^e examined as a preliminary; 
when th^ "given lines intersect at* some poifct 0 anxi when congruent ?j^S^ ' ' 
ments are marked 'off beginning from this point #5 ♦ / l ^ ' - 

- ^ The quest±on*of the converse the6rem f s validity ma^r be ask^q,. - ;. * / 
It is explained that the converse is true onlry* if the equal Segments ailte . 
marked off from the point of intersection 0 61 the given i^nAs v - Jrc^m , 
here, there is a direct transition to the theorems oh segments jbifting* 
medians. » 
'* Example 3. To decide on the number of poinC§ that determine a 
circle, the pupils must first find answers to these questions: (a)' How 
many circles can be drawn through a given point? (b) How many circles 
can be drawn through two given po^ts? How can this be done? Where are 
their centers located? 

After answering these .questions, the pupils will easily determine 

v * * 

how many circles can be drawn through three given points* It remains for 

the- teacher to explain'the necessary and sufficie^ conditions for pro-^ 




ducing a circle thrpugh three given points, to establish the reason for 
t!he necessity and sufficiency of these conditions, and to formulate the 
result* in a sentence: "A circle is completely determined by three ^ 
points that do not lie on the same straight line," emphasizing that 
the term "completely determined" has already been encountered in appli- 
cation to the straight line and that the sentence formulated with this 
term simply means that "one and only \?ne circle may be drawn through 
three points that, are pot on the same straight line." The teacher may 
if he wishes make the indicated formulation in reverse order, but it is 
important that the pupils express this notation precisely in order that 
they learn the materia! thoroughly. 
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Example 4, The theorem oft a diameter tferfcendiculfcr to a chord 

arises as a natural consequence of the fact that triangle TOCfi, which 

^5oins the .center 0 of the fcirQle with th£ endpoin^s C and^D of the 

chord CD, is isosceles, so that the* theorem on the .coincidence of the 
* 

altitude of an isosceles triangle with its r Aedian and bisectdrs is appli- 
cable. ■ v * 

' 2. The second way of * stating the question consists in revealing its 

essence before hand,^ in order 'to illuminate the^ question from, various 
general positlojas at the very beginning* This Lntr6ducea the pupilp . .* - 
to the entire sphere of concepts and ideas that constitute the nei? \ '* s 
material and serves L as a preparation for tl^a most natural and satisfactory 
perception of t£is material. ■ * \ - 

» Exalpp^e 5* The unit on M The Circle, 11 studied in th^ seventh grade , 

r A 

is prefaced with the following general conceptions- At first the pnpilgj 1 
♦using their intuit*ive concept of the circle as ,a basis,* c£n compare a * 
circle with a straight line and ascertain the similar and the distinctive 
features of these curves: (a) both the circle and the straight line 
dividfl a plane into two regions, each containing points located on» 
different sides of the boundary; a segment <4kfc§lng a pcin.t in one regipn 
with a poi^t in the other region must intersect this boundary ; # that 
region to which the center of the circle belongs is usually called its 
interior , and the other region is called its exterior ; (b) a circle is a 
closed curve * If, in going from some point A in the circle, we move along 
it constantly going ih the same direction, we will return .to the original 
point A; this is what we mean when we say that a circle is closed, 'it is 

X 

I 

>obvious that a straight line does not have: this property, it is not a' ' 
closed curve. * * 

These two properties of a,, circle, however, do not determine it. Any 
convex polygon divides a plane in^o two regions — interior and exterior — 
and it| too has the property of being closed-. The circle has a property 
that no other closed curve has, however. It is defined as a closed 
curve (in a plane) all of whose points are located at precisely the same 
distance r $^om a given point called the- center. This definition can be 
made mate precise by showing that on each ray radiating from a given 
point 0 there is one and only one point whose distance from 0 is equal 
to a given segment OA* » Rotating the segment OA around its origin 0, we 
see that its endpoint A coincides in turn with each point - which is at 
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the given distance OA from point* 0$ the union of all these points is 
a circle with center 0 and radius OA- 

Example 6. The following discussion may 'serve as* an introduction 
to* the unit. oi\ "Features of Siigilar Triangles. tf . Having drawn an afbi-' 
trary convex *pentagop ABflgE, the teacher draws f^om sofee point A f 'in ( the 
plane a .segment A ! B ! , parallel to side AB &nd equal to., for example - # 

4 AB; then f rom.poin* *B 1 he~draw3 a segment B f C* , parallel to side BC 

2 w 7 ' 1 

/ arid equal to, say, f — &C; and finally from point C l he draws a" segment 

C f D f , parallel to side CD and dqual to, say, y CD* If he next draws 
; ftom points* D 1 and 1 A 1 half -lines ^D r E f and A f E* — which - are rtapallel 
t^o sides -life and AE, 'respectively t- to the # ir mutual ^intersection^ at , . 
point E f v then pentagon A'B'C'lJ'E^ls obtained whose angles ^re corres- 
pondingly equal to the angles of pentagon ABCDE, but whose sidles a'te not 
^proportional to 'the sides of the latter since m \ •* . l .% - 

A'B* 1 B f C f 2. C f D f '3 * 
AB 2* BC 3< ' CD 4 

The pupils 1 attention is directed to the facjt tl^t in the ca&e of ^ T 

* pentagon only the lengths of three of the sides of polygon A T B t C , D T E f can 
be chosen at - will, ^sinee the lengths of the last two sides are already 
determined by their f , direction. / 

• , The same thirig c£n be seen in constructing a quadrilateral A^'C'D 
whose angles are correspondingly equal tc\ those of a givdn quadrilateral^ 
ABCD but whose sides are not proportional to the sides of tlie latter. J 
Again the lengthg of the las^t two sides are determined by the' choice of 
the other sides* 

9 Another conclusion must be drawn in the s imi/l ar construction of a 

triangle A^'C' whose angles are correspondingly equal to\the angles of 
triangle ABC. Here, having chosen the length of side A f B' Jwe<#re forced 
to stop since the lengths of sides B*C % and A f C f Ire alreaay determined 
by their direction, and point will be the point? of intersection of 
■ half-lines B f C f and A f C f . . 

The question arises whethQr> the lengths of the sides of triangles 
AjB*C f and ABC would not be found to be in some.fatio with one another. 
A theorem is stated and proved* "If the angles of one triangle are 

\ correspondingly equal to the angles of another triangle, then the sides 
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of these triangles' are proportional. 11 Then the pupils c^mpose^and provei 

formula tstons of the converse tlfcorems ' expressing the second and third „ j 

« 

features of similar triangles. > 

• • * I i 

Example 7. When 'the pupils ^are introduced to the essence of the ? 

* / - — * ' • ■ » 

Unit on "Trigonometric Functions of the Acute A^gle," it is advisaJJLe tfr 
preface it v^Lth the following discussion. 

« r a. It follows from the conditions for the congruence of two tri- N 
^angles established in gepnjetry, that *a5y three independent basic element* 
(sides or anglers of a triangle determine the remaining basic elements — 

*micri- are thus functions of the three given elements J 'It the r three 

^ *. v 7 * 

independent elements* of a triangre are given geometrically (that, is, t , 

, graphically) , the^ r&aaining elements of the triangle cim be found by * 

. Rftopfetric construction * *But if the three* independent elements of the 

triangle are £^ven by < numbers obtkified t?y mea suring these elements, the 

remaining elements must b^ calculated . 

Ihis calculatibn, however, can be made only if the unknown values 

ar^ successfully reiated to the given data by a**ystem of equations . 

^expressing a functional relationship. But no equation exists that 

expresses the relationships between angles and j*ides of a triangle by 

means of the ordinary functions the pupil's know. 

To solve this problem, special functions were introduce^ long ago 

that served as a unifying element bfctwe^n the angles and sides of a , v 

triangle and permitted the geometric^ method pf finding the elements of 

a triangle to; be replaced by th$ method of solving equations — the so* 

called analytic method . Just what** functions are these? 

b. l£ on one* of the sides of an acute ang^e AOB (Figure 1) we take 

** an arbitrary point C and construct its projection C T to the other side 

• of the angle in a direction perpendicular to .the second side, we simul^ 

(taneously construct a projection 0C r of segment OC onto side OB, If we 
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make the same construction beginning at some other point D on side yA* 
we simultaneously construct a^project ion QU f of segment OD^sjito side 
OB. With a change of position of the original *point on side OA', the 
projecting, segipent^ (CC f , DD') as well as the projected segments- 



and their projections (QCV OD 1 ) will /fchange. At the slame, time, 
however , , each of. these ratios will remained fixed: 

, < % projecting segment ' ,,v projecting segment 1 

projected segment 1 jxrojection * 

that is i ^ § 

I *CC r DD f : ( r . v CC f ^ DD 1 i 

V a> 0C~ " OdV . W /"0C i 0D f ' ' , 

■ t * 

• Thus each given acute angle uniquely determines each of" the ratios 
(a) and (b) . 1 It is easy to prove f the converge that each of the ratios 
(a) and (b) uniquely determines a certain acute angle. Therefore each 
of ratios (a) and (b) may be considered a new numerical characteristic, 
of an angle; but this numerical characteristic pf an angle* is distin- 
guished because it is got found by measuring the ,angl^» but fty measuring 
two segments connected with thi^ angle and dividing one^f the results 
of this measurement by the other. In view of the peculiarity ■ of the 
connection of the value of> of angle AOB with each of i atios (a) and (b) » • 
the examination and study l of these ratios has proven especially fruit- 
ful, and they have been given special naSnes . Ratio (a) is called the 
"sine of angle a, n and ratio (b) is called the "tangent; of angle a. ,f 

' c. After giving the pupils the above information and thus reveal- 
ing the essence of the topic with sufficient thoroughness » the teacher 
asks the pupils:- (a) to fihd experimentally (using measurement of the 
segments) the sine and tangent of an angle given geometrically; and (b) 
to find experimentally (by geometric construction) an angle, given its 
sine or tangent. 



The proposed definitions of the trigonometric functions of an 
acute angle have the advantage that: (a) they stem from the exami- 
nation of an angle and not of a triangle; thus the relationships be-- / 
tween the elements of a* right' trjtangle -are already the 'consequences v? 
of these definitions; and (b) they make possible a natural definition 
of the trigonometric functions of an obtuse angle. 
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The. Heuristic ' Method of Instruction 



The heuristic method of iaspruction^onsists in the teacher f s asking 
the pupils, with an aim to estabfishing new concepts and facts, a se- * 
quence of carefully composed and ordered questions that the ptipils ijuist * 
acLswex, thereby gradually* developing for themselves the essence of the 
new concepts 'and fsfcts. The effectiveness of the heuristic form of 
instruction depends primarily upon the extent to which the sequence of f . 
questions is <^mpos,ed correctly ~ both logically and* methodologically — - 
and on how adeptly tfre' teadier conducts the lesion in heuristic f orm.- 
Here the statement of the questttttf is an organic part of the lesson (a 
lesson devoted to the Communication of new material) . *tKi*s, the system 
of questions posed by the teacher should embrace this part as well* 
• Example 8. Unit* on ''Quadratic Equations. 11 '* 

Teacher; Who can write the simplest aquation having '2 as a root? 

Pupil: x - 2 - 0. ( . * ^ 

Teacher:, . Who can write the simplest equation having 2 and 5 
as roots? 

_ Pupil: (x - 2) (x -^5) - 0. i 

T: Correct. But if we multiply out the left-hand side of 
this equation, we may replace it by the equation x 2 - 7x + 10 » t), 
which has the same roots. If you were givexv£his latter equation,^ 
how could you prove that it has rootfs of 2 md 5? ' < 

P: You could factor the left-hand side of the equation and 
represent it in the form of (x r 2) (x - 5) - 0, and in7this form 
It would be clear "that it has 2 and 5 as roots. 



2 

T: And how would you factor the *trinomia£ x - 7x + 10? 

« 

P: would view its middle term as a sum and rewrite the 
trinomial as the polynomial x 2 - 2x - 5x + 10, which we would ' 
factor by the method of grouping. 



T: Correct: But can we factor any trinomial of this type .in this 
way? For example, how would you factor these trinomials: 

x 2 - x - 12, I6x 2 - 16x +3, x 2 - 2x + 5? 



P: x 2 -'x - 12 - x 2 - 4x + 3x - 12 = x(x-4) + 3(x-4)* (x + 3) 
(x - 4); and 16 x 2 - l6x + 3 - 16x 2 - 4x - 12x + 3 - 4x(4x - 1) - 
3(4x - 1) ■ (4x - 1) (4x - 3); but we don't know how to factor 
the trinomial x 2 - 2x + 5 . Can it* really be factored? 



100 



0 

ERIC 



1X9 ~ • 

/ 



x * ■ 

• ' T: Yovrhavief factored the fiyst two trinomials correctly { 
f and should iiow be able to »solve the equation x 2 - x - 12: ■ fil 
and. 16* 2 '~ 16x + 3 - OT t / -J 

*>* . ' \ 

P:- The first equation has roots -3 and 4, and t^he? second 

hafe roots t and y- . * /~ 1 

/ • * . | 

T: Correct. With regard, to^the third trinomial, it watfn*t V 
^accidental tlu^t you couldn't factor it — it 'cannot be V, 
factored, Ndt all of you , , however ; were able to find the 

•> factors'of the .first two trinomials* and those who were able 

wasted time a% it.. The question. arises of when a tr inff mtal . 
of the form ax 2 + bx + c can- be factored- an£ whether some* , \ 

general method c ann ot be found to factor it when this can 
be done. . % . ■ " » ! " * 

* The .teacher then acquaints the pupils with the method of forming a : 

> ' • * 2 

perfect square from a quadratic trinomial ax + bx f c. In so doing, 

of cburse, he begins with' particular cases and passes gradually to the 

. most general case*. ' • - * A 

Example jK From geometry it is known that a straight line is 

determined by two gl^ven points- Consequently, to each pair o«| points 

f given in any f orm in the plane there corresponds one and only one straight 

line passing through these points. Let us consider that qn a plane 

jaoordinatized by some system -of axes points are chosen with coordinates 

(2,5) and (-1,-4), Let us try to determine the equation of the line 

passing , through these * points. 

T: What form should this equation have? 



P: We can look for this equation in t^e form of 
y - ax + b. 

T: Correct. Consequently , to determine the unknown 
equation we should find its coefficients a and b. How 
can this be done? , 

- P : We must use what we know about the equation 1 s unknowns. - 

T: Correct. More precisely, we must subordinate the 
coefficients (make them subordinate) to the requirements 
that are made of them as the coalitions of the problem* 
What are these requirements? 

P: The unknown equation must Nbe^ the equation of a straight 
line parsing through points (2,5) and >(~1, -4) . 
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#T:-*JEe. . Bi*t how/can we express thisvrequirement- j 
. traflBly? ^ - * , T " " |f . , ; » ■' 

P: ^We mujyrwri^e down that the paiys-af numbers (2,5) and) > 
L4) are - the solutions of an- equation y - ax + b» 

*> * , ' * • $ ' , I * ' 

T: Go 'to the bla^fihoardf and wriw this. \ * 

"* *' * 3 ' * * ' - 

' 5 - 2a~+ b>» -4 - -a +*b. 



t 




T:. * And what shall we do now? - v 

* • « • ( , jr.. 

P: Ndw we must solv€^ this sys£e^r6f 1 equation?** or ' x j + 
the unknowns a anti b v , , 

T:. Correct. Do it. ~ v r 

N Nj: 3a - 9^ a - 3; b U # f > 

r T: Consequently, wkat e'quation^sdtisf ies the conditions - * 
of the problem? % " - / 

P: y - 3x - 1. . . ^ 

This example acquaints )the pupils for the first time with the method of . 
undetermined coefficients; After the pupils have ' acquired some/skiil 
in applying this method to the solution of the same problem, with • ; 
different pointy given, the teacher c**n adk them to solve the problem 
•in a general form. J * 

The use of these examples can help the teacher form a definite 
conception of the essence of the heuristic method of instruction. To 
prepare the best system of - questions (whidh%iu»t be asked according . to 
a given system) , the telcher is advised to prove the statement or solve 
the problem in advance by means of a careful analysis , .which Is the most 
powerful means of attaining the indicated goal and which the -pupils 
should master . 

Assuming that the teacher is wholly familiar with the essence and 
means of applying the analytic-synthetic method [2;3], we shall limit 
ourselves to three examples. 

Example 10." The altitudes of an acute triangle are extended until' 
.they meet a circumscribed circle. Prove that the segments of these lines 
between the point of intersection of - the altitudes and the point of inter 
section with the circle are bisected by the appropriate sides. 

w ■ • 
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' ' - i Figure 2 • . 

• * Analysis » If 0 is the point of intersection of the* altitudes of ; * 

triangle ABC (Figure 2) , p6in£ D is the "base of altitude AD, .and the 

" * ♦ * 

• ^extension of altitude AD^ Intersects the "circle at point E, then, the . 
problem is .to . prove that OD DE. 

. , We make the following scheme of analysis: 

2.' ^OCD i"* BCD* ("If the altitude of a triangle is - 
simultaneously a bisector, then the triangle is. 
isosceles 11 ) . * 9 . + * 



V 



2 

3* £ OCD « £BAD (both are complementary to angle B) ; 

£ECD ■ /BAD (inscribed angles based on a common 
arc, BE). * 



The converse course of reasoning Q3, 2, 1), that is, the synthesis, 
is .the proof of the theorem. * * # 

Example 11 » Prove that the product of t^b sides of a triangle is 
equal to the product of the altitude on the third side and the diameter 
D of the circumscribed cifftle. 




Figure 3. 

Analysis . Designating the foot of the altitude h by E (Figure 3) , 
and by D, the diameter CF passing through vertex C of the triangle and * 
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the center 0 of the circle circumscribed about it, we make a scheme 
of analysis: 

1) a b * h * D. . 



2) 
3) 
4) 



h * D : b, 
c 

? 



Trianglfe BCE * Triangle FCA. 

2l" B ^F (inscribed angles based on a common arc, £C) 
Example 12 , Prove that if the feet of the altitudes of an acute 
triangle are joined by straight lines, a new triangle is formed for which 
the altitudes of the first triangle are angle bisectors. 

Analysis . If altitudes AD, BE, CF of triangle- ABC intersect at ^ 
point 0 (Figure 4), then it must be proved 
that DO, EO, FO are the bisectprs of the 
corresponding angles D, E, F of triangle - 
DEF. Let us prove, for example, that: 



(a) /FDO - /EDO. 




How can we prove this? Where 
should we begin? To answer this 
question, we must study the conditions and the drawing carefuliy. We 
note tH3*> angle FDO comprises side DO and diagonal ^DF of quadrilaterair - 
BDOF with two' opposing right angles; in exactly the same way, angle 
EDO is formed from side DO and diagonal DE of quadrilateral CDOE with . 
two opposing right angles. Consequently-, to prove equality (a), it is 
sufficient to establish that one may circum^ribe circJ.es around quadri- 
laterals *BFOD add CEOD, since then 

■'"•>_- < 



/ FBO, 



L EDO 



(b) /FDO - 
and Co prove that 

(c) ZFBO - /ECO, 

which, follows from the fact that angles FBO and ECO ate complementary to 
angle A. .. 
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The Teacher * s Role in Developing the Pupil *s Ability 1 
to Find Methods of Solving - Problems Independently 

It is obvious that the pupils 1 ability tp f^nd proofs of propo- f 
sitions' and solutions to examples and problems independently must be 
'encouraged by the teacher *s use of a system of teaching and a methodology , 

1. The teacher's primary job is to develop the pupil's ability to seek 

* * 
independently the answers to mathematical questions b^_ the example of his 

teachihg , giving prepared formulas and results and indicating- methods' of 

soluing problems /only in those relatively rare cases when it is impossible 

to^expect the pupils to find the solution entirely on their own. Usually, 

however, the teacher can remark ii| advance on the natural, most logical 

course of 'solving a problem and can lead the pupils along this course 

during their active efforts in class to. find proofs of propositions or 

to do exercises. This permits him to give many examples of how to seek 

scfCutions to problems, whiph should teach the pupils an appropriate 

methodical approach to independent work, instill goo4 habits in them, and 

become a constant stimulus to their work, determining its character and 

direction. , . ^ ' . t ^ 

2. A significant role in developing the ability to solve mathematical 

problems independently is played by the detailed explanation of general- 
izations and general instructions that can be made with regard to the 

— _ -m. , . r- 

application of the methods , devices , and means, used to prove 'propositions 
and to work examples and problems. The teacher must not miss any 
opportunity to do this. It is ^st such general Instructions that are - 
able to help the pupil begin the necessary reasoning, to §uggest tb him 
the choice of the most natural, most expedient way — to hand him a thread. 

In conjunction with this, the methodology of mathematics, teaching 
has long recognized the necessity and advisability of ending certain 
sections and even topics of a course by generalizations of this type^ 
by the use of some system of general instructions that are often put in 
the fonn of .schemata , tables , summaties , and drawings . The following, 
for example, are usually presented in the form of a scheme: (a) the 
method of solving a first-degree equation with one unknown; (b) the 
method of investigating the first- and second-degree equations and systems 

irv> 



of first-degree equations; (c) the method of evaluating trigonometric 
functions (by quadrants); and some other results* 

There is far fee^enough of this f however* An essential element^ 
of the teaching of school mathematics shoul4 be for eaeK teacher to 
compose (with the pupils' help, of course) general conclusions that 
would not only summarize the material systematically but that would 
also serve in? the future as s tart in| -points for the'pupils r independent 
reasoning. 

Example _1 # As is known, in both algebra and trigonometry an 
important place is occupied by algebraic identities or transformations. 
Is it px;©per for methodological manuals on teaching algebra and *trigo- 
nometry to contain no general instructions in this afcea, for them not to 
isolate the principles that should underlie the use of these identities 9 
and for them not even to indicate general methods? 

It is almost-Jimpossible to think of a book or eveii an article in 
'which any space is devoted to the systematic use of^algebraie identities. 
Only^occasionally do' authors group exercises according to the methods 
of solving them, thus isolating the methods and influencing the readers 1 
acquaintance with the system of methods allied in solving exercises of 
each type. Thus in exercises concerning the 'proof of polynomial identi- , 
£ies the following methods/are indicated; (a) the method of transforming 
each side of an equality to an equivalent term; (b) the method of arrang- 
ing both sides of an equality by powers of some triable x and subsequent 
comparison of the coefficients of the same power of x on both sides of 
the equality; (c) the method of shortening the given identity before- 
hand by replacing it with another that % lends itself more quickly to being 
proved (for example, by placing similar terms on the same side of the 
equation) * , 

Equipped with the knowledge, the pupil is no longer helpless in 

solving an exercise in this field; on the contrary, he will actively 

' strive to use the most proper method known to him and will try to 'find 

or devise the best solution. / 

• / 

Example 2. The following general hints may be given to introduce 

T some sense of order and to orient the pupils as they begin factoring 

polynomials. * 
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1. First remove tke common factor* 

• * 

2, If a polynomial (after tfrg} common factor is removed) is 

(a) a binomial, (b) a trinomial, pr (c) a polynomial of four terms, then 
investigate to see whether it may.be (in case (a)) a difference of 

, squares , or a sum or difference of cubes (in the upper grades — the 
difference of two elements raised to an even power, the sum or difference 
of two elements Raised to an odd power);' (in ca$e (b)) the square of the 
sum or difference of two elements; or (in case -(c)) the cube of the sum 
or difference of two elements (in these cases factoring can be done 
.according to the appropriate formula) . 

3# If hint 2 does not apply, tak^ any variable contained in the 
polynomial as the main one, arrange the polynomial by powers* of „ this 1 f 
variable, and then factor it — grouping the elements in the order in 
which they were written. 

4* ' If the device described in hint 3 does not help to factor the 
polynomial, then an attempt should be made t# group the terms ,of the 
polynomial in another way, using as a basis; (a) their signs, (b) their 
coefficients, (c) their dimensions, (d) the possibility of applying 
multiplication formulas to some group of elements* 

5* If a trinomial arranged in descending powers of some variable 
is not the square of a sum or difference, it is rearranged (in the * " 
seventh grade) by decomposing (splintering) its middle element into two 
summands or (in the eighth grade) by completing the square or finding 
its roots* 

' Example 3. In solving problems related to the median of a triangle 
it is 'often helpful to use a .construction consisting of extending the 
median a distance equal to the length of the median, thus* constructing 
a parallelogram from the triangle* Using this construction, (a) we can 
prove the statements that a median constructed from a vertex of a tri- 
angle at which two unequal sides sleet forms a greater, angle with the 
smaller of these sides than with the larger side; 'that every median of 
a triangle 'is less than half the sum of the sides th£t it lies between; 
that the sum of the three medians of a triangle is less than ite perimeter 

(b) ,,a formula for calculating the ^Length of the median is developed; and 

(c) a triangle is constructed ffdm two sides and a median produced between 
them. 
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Example 4^. Having established a necessary and sufficient condition 
for a circle to be circumscribed about a convex quadrangle, the teacher 
also points out that if a circle is circumscribed about a convex quad- 
tangle ABCD and we draw diagonals AC and BB of this' quadrangle, we have 
divided each of its angles into two angles and obtained eight inscribed 
angles — based in pairs on a common arc—and consequently, the angles 
making 'up these pairs are equal: / ABC * Z ACD; ZACB - Z ADB; 

L BAC - 1BDC; ^.CBD ■ £CAD, ^ 

This general remark can be used repeatedly in the proofs of theorems 
and the solutions of problems when a convex quadrangle about which a 
circle is circumscribed is given outfight can be incorporated as an ■ 
auxiliary figure. 

Example _5. In solving a gteat many problems on triangles, it must 
be remembered that if the sides AB and AC of triangle ABC .are not equal 

(say, AB < AC), then when the altitude, the angl^ bisector, and the 
median of this "triangle are dropped from vertex A, they are distributed 
in this order: * — 

(a) smaller side, altitude, bisector, 'median, if angle B is acute; 

. (b) altitude,* smaller side, bisector, median, if angle B is obtuse; 
(c) altitude (smaller side), bisector, median, if angle B is right. * 

^* The pupils^themselves come to this general conclusion after they 
have examined successively (under the teacher f s guidance) the kinds of 
angles formed by sides AB and AC with the altitude, bisector, and^median 
of the triangle, and into what parts these segments divide its base BC % 
in the first and second ca&es mentioned above/ 

A set of exercises connected with the solution of this problem and 
containing (for the first case above) the following pr otA ms can be 
done by the pupils, without difficulty:' 

X(a) the altitude AD and the shorter side form a smaller angle than 
the altitude and the longer* side; the base is divided into parts BD and 
DC such that BD < DC; 

(b) *the median AM forms a larger angle with the short side than 
with the iong side; 

(c) the afigle bisector AL divides the base, into parts BL and CL such 
that BL < CL, 
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Example 6» It is flfiportafot to' show that the points located at 

the center of a circle^ 4 the middle of a chord, and the middle of the . 

two arcs cut by it, are all cqllinear. ' 0 ' ' 

•In setting forth the ' theorem -about the diametetf of a circle that 
* * 

is perpendicular to a chord, it is useful to ask the pupils to formulate 
and prove all converse theorems. 

Example 7. Various usfcs^or the center of a segment must be combined 
in a single instruction; these u&ies are: (a) f finding the locus of 
points equidistant from its ends, (b) finding the center of a circle 
circumscribed about a triangle, and (c) joining the center 9f a chord 
with the center of a circle (cf. Example 6). 

Example 8, To prove that three points, A, B, C a^e collinear is 
identical to proving that the two half -lines BA and BC form a straight 
line. 

Example _9 . Each angle inscribed in a given circle completely deter* 
mines the length of the arc on which it is based and the length of the 
chord which cuts off this arc, 

3, Although the device indicated in section 2 helps the pupil to begin 
the proof of a hypothesis or the solution of ^ problem, it is quite 
insufficient, of course, for future progress toward the required goal. 
The question of the means that the pupil should apply to find the entire 
reasonin g process on his own and to bring it successfully to an end is t * 
considerably more complex- 

3,1. The famous French scholar J^\l|adamard , in his E lementary * 
Geometry [1], suggests thp following rules that pupils can use in their 
independent search for ways to prove propositions: 

First rule , "in the course of the proof, one must emplJy the 
hypothesis and, inmost cases, the entire hypothesis "[1 : 262], This is 
a very important rule* It means that: (a) before proving a theorem one 
must establish its conditions precis^Jy and with exhaustive thoroughness; 
and (b) when proving a theorem one must strive to use all points of its 
conditions without exception .- 

It is the content of a theorem's conditions that almost always leads 
the pupils to the proper way of proving it. The teacher wishing to lead 
the pupil in this direction nearly always says to him: "Turn back to the % 
♦conditions of the theorem, consider what you know; can't you make use 
of this? 11 During this proof itself the difficulties, hesitations, and 
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failures to follow through, in Reasoning can often be eliminats 
considering the conditiens that ftave not yet been utilised. . 

** Second rule . "One must substitute definitions .for the |erms which 
they define"[l*. 263]. We can explaifi- this rule with the following 

, ■ < V \ • I 

examples : s % ■ ' .- | 

(a) In the proof of a theorem on ajjie bisector of an anile, 

the term "angle bisector" is replaced by Is&e 'words "th/j half |line coming 
from the vertex of, the angle and dividing i^into two equal farts." 

(b) In the proof of a theorem on, the right^ .'angle, the term "right 
angle" is replaced by the words "the 'angle that-' Is equal to its comple- 

tent." ', ■■■■ . | 

(c) Having defined the expression n /a7 where a > 0 and|n - any 
'natural number, by'*the relation ( n /a~) n - a, 'we use ^ the p|oof of each 
theorem establishing some property of the expression th| definition 
which^tves sense to this equation. V 1 , 

-(d) The term "the distance from point A to line 2," is replaced by 
the words "the length of the perpendicular dropped from poin| 'iC%o s line 

(e) The term "the center of the circle circumscribed atiout a 
given triangle (or inscribed in it)" is replaced by the-wordjl "the point 
that is equidistant from all vertices (sides) of the triangle:." • • • 
> ..This device (replacing a concept by its definition) can^e success-^ . 
filly applied by the puptt from the moment he approaches the jiroof of a 
'proposition or the solution of a problem-, he should discover £pr hdaself , 
with the necessary clarity and thoroughness , the contents of the conditions 
(what is given, what is known?) and the conclusions (what are we trying 
to do?) of the proposition or the text of the problem. • 1 

For example, these replacements might be made: 



The statement: 



1, Point A belongs to a circle 
witn its center 0 and its 
radius R. 

2. Points A and B belong to a 
circle with Its center 0. 



3. .In triangle ABC , segment AD 
is the altitude, bisector, 
and median. 



Is transformed into 
the statement: 

Point A is located at a 
distance R from point 0. 



2. Points A and B are at pre- 
cisely the same distance 
from 0. , 

3. In triangle ABC, AD _L BC, 
I BAD - L CAD , BD * CD . 



4. In triangle ABC, point 0 
is the" center of both the 

* circumscribed- and the rf 
inscribed circles. 

5. Parallelogram ABCD is both a 
rectangle and a rhombus. 



6. KL is the mean line of 
triangle ABC. 



7. ABCD is an equilateral 
trapezoid. 



5. 



6. 



In triangle ABC, 
OA * OB * OC, 
OK - OL - OM, where 
OK X BC, OLl AC, 
OM X s 




S 



In parallelogram ABCD, 
angle A is a right angle, 
and the adjacent sides 
are equal. 

In triangle ABC, the 
segment KL joins the 
mid-points K and L of 
two of its sides. 



7. In quadrilateral ABCD, 



AD 



?! 



BC, AB - CD. 



These examples illustrate, cases in which the "transformation" of a 
statement consists only in translating its contents into the language of) 
mathematical symbols and bringing it closer to the form from, which a t 
precise description of its. content m^^e derived. " • 

In discovering the contents of the conditions, however, it is o^ten 
possible to gd further ^nd replace a condition by one of its immediate 



consequences. For example: 
* 

The condition: 



8. 

9. 
10. 

ll. 



Segment AB is longer than 
segment BC. 

C ABC > £DEF. 

Point P lies inside (outside) 
a circle with center 0 and 
radius R» 

Points A and B are located 
on the same side (on 
different sides) of line £. 



0 



majL be replaced by 
thb condition: 

8. AB - BC 4- CD. 



9. L ABC « L DEF + L KLM. 
10. QP^< R (OP > R), 



11. Segment AB does not 

intersect (intersects) 
line I. 



h^conti 



Similarly, the ^contents of^ a conclusion may be revealed by repeatedly 
replacing it with a statement- from which lit follows directly, and the 
proof, of any relationship may be replaced l}y proof that a sufficient 
condition for the presence of this relation\is satisfied. 
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3 f 2J In a lecture on "Directing Methods of Mathematical Research," 
delivered at the Second Congress of Mathematics Teachers 'in 1913, M. D. 
Osinskii suggested that the ^following general principles guide research 
in mathematics: - 1 . 

(a) The equality of segments and angles is proved from the 
equality of the triangles in which they are found. < 

_ v 

(b) Second-degree equations are proved from the equality of 
triangles* 

* • (c) , An equality shows that its proof must be m44'e- v ' 

(d) If the equality of two values cannot be proved directly, 
one or both of them must be replaced by an equivalent 
value and the equality of the latter proven. 

- (e) In the proof of theorems and the solution of problems, 
analogies with the proof of known theorems and wi*h 
1 problems that have been solved must be used. - , 

4. 'In conclusion, we present several examples in which we investigate 
how the pupil f s ideas could arise and develop when proving theorems 
'and solving problems. Here we shall strive of necessity to, use the 
general Instructions given above and to employ the general rules that 
have been formulated. 

Example 10 . Prove that a straight line joining the midpoints of the 
bases of a trapezoid passes through the point of intersection of its 
diagonals* 

Proof . Let ABCD be given trapezoid with bases AD and BC, and let 
^ its diagonals AC a*d BD intersect at, point M. We must prove that point 
M belongs to segment KL, which jottt^rfMP^idpoints Kj* 1 *! L of BC and AD, 
> respectively. 

* Thinking over the content of the conclusion, the pupil should trans- 
form it ttfiusj ,! This means that we must prove that half-lines MK and ML 
lie on the same straight line." Arriving at this idea on the, basis of 
the general instructions (Example 8)/ the pupil then attempts t$ prove 
that angles KMC and AML are vertical angles. To do this he 1 examines 
triangles KMC and AML and establishes that L KCM - L LAM. But this is 
only a small step. For a proof of the equality of the third angles he 
mu^t prove the similarity of triangles KCM and LAM. 
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But hotf can this be done? At this point he must reexamine the 

.conditions of the theorem. lie finds £hat he has not used the fact 

that ABCD is a trapezoid and that K and L are the midpoints of its 

bases. From the first fact*he concludes that triangles BMC and AMD 

are similar; the second' fact suggests that he should look at sides BC 

* 

and AD.' These sides are part of the similar triangles and, 
consequently, BC:AD - CM:AM. But then KCrAL * BC:AD, too. Therefore 
the triangles KCM and LAM are similar, so that ZKMC « ^ AML . Conse- 
quently these angles are vertical angles, from which we. conclude that 
half-lines MK-and.ML are the continuation of each other. 

Example * 3?1 » Inscribe in a given circle, a triangle 'in which the sum # 
of two sides and the value of the angle opposite one of these sidefr are 
known. * 

Solution ., Let )*s suppose, that the problem has been solved, that is, 
that triangle ABC is inscribed in the given circle and that the sum of 
its sides (AC 4- BC) and its angle A, opposite side BC, are known. * 

l^the pupil has thoroughly learned the general instructions in 
Example 9, he knows immediately that side BC of the triangle is completely 
determined by angle A and, therefore, that to find side AC it is enough 
to subtract side BC from the giyeiv sum. 

A*plan of construction will.thW become clear: (a) We inscribe the 
given angle in the given circle* (b) \ts sides intersect the circle at 
points B and C, determining the segment BC; this segment is the side BC [ 
of the "Unknown triangle. (c) We find by construction the difference 
between the given sum (AC + BC) of the sides AC and -BC aifti the segment 
BC; this difference is equal to the side AC of the unknown triangle. ( 
(d) From the end point C of the segment BC with a radius AC we describe 
ah arc that intersects the circle at point A. The triangle ABC is the 
unknown triangle. 

Examp le 12. Let ABC fee an equilateral triangle inscribed in a 
circle, and let M be a point of the arc BC. Prove f that segment MA equals 
MB + MC . * 

Solution » To show that segments MA, MB, MC are related by the equal! 
ty MA = MB + MC, the pupils have no other means than to try to prove 
that some point will divide segment MA into two segments that are 
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correspondingly equal to .segments ^MB and MC. How can these segments * 
be found? It is obvious that to, find the unknown point one of the* 
segments, say MC f must be laid out on segment MA. 

« 

As a result of this procedure, we find a point P dividing segment 
MA into segments MP and PA, with MP ■ MC 



The problem has been reduced to proving that PA is equal to MB* 

1 4 

The equality of segments is most often established on the basis of the 

' equality of triangles.- . i 

f 

Of which triangles are segments PA and MB a part? Segment PA can 
be a part of triangle APC. Segment MB, however, is a part of triangles 
AMB and MBC. Both of these triangles have one side equal to one of the 
sides of triangle APC: -AB - AC and BC * AC* But triangle MBC also has 
an angle equal to one of the anglea of triangle A#C: MBC m PAC. We 
shall therefore compare triangle. APC with triangle MBC. A difficulty 
arises here. How can we go 'on? What have we not. yet use$? 

Since triangles APC and MBC each .have a pair of corresponding sides 
equal and a s pair of corresponding angles equal, let us examine the remain- 
ing angles. We see easily that angle BMC ~ 120°. In triangle APC only 
angle APC can be equal to it, since angle ACP is less than angle ACB - 
60°. But for .angle APC to be 120°, it is sufficient that the adjacent 
angle at the base of the isosceles triangle, angle MFC, be equal to 60°, 
and consequently, that angle PMC at the vertex of this triangle also be 
equal to 60° • » 

From a drawing we ,see % immediately that this is true. Consequently, 
triangles APC Aid MBC are equal, and AP «* BM, which was to be proved. 
^ Example 12 Vas presented not for class use but only as a demonstration 
of how to extricatjb oneself from difficult situations given a sufficiently 
large number of conditions. 

Example 13 . Prove the identity: , ♦ * 

fa(b + c) 2 + b(c + a) 2 + c(a + b) 2 - 4abc - (b -f c) (c + a) (a + b) . 

F irst method * Following the instructions, the pupil will first 
attempt to transform the left-hand sideof the equation into the right, 
for which he carries out the following transformations on the left-hand „ 
side of the equation: 
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(a) He removes the parentheses ancf multiplies out each term:^ 

ab 2 + 2abc + ac 2 + be 2 + 2abc ia^l a 2 c fc + 2abc -f b 2 c - 4abc;<- 

% 

i * 

(b) he combines like terms: v 

2 2 ^ 2 2. 2 2 » ' 

ab + ac + be + aH> + a c + b*c + 2abc; 

(c) following the instructions, he arranges this polynomial in 
decreasing degrees of a: 

(b + c)a 2 + (b 2 + c 2 ^ 2bc)a + bc(b + c) ; 

(d) he puts the factor (b + c) outside the brackets: 

(b + c)[a 2 + (b + c)a 4- be]; 

■ ' / 

(e) he factors the polynomial that is inside the brackets 

vi 2 

a + ab + ac + be - (a + b) (a + c) . . 

Second method * The pupil; following another instruction, first 
tries to compare the. coefficients of id eftt ( iparf^ powers of a on the lef£ 
and right sides of the given identity, for which he composes a table: 



Power of ar 

* 

2 

a 

1 

a 

o 



Coefficient of this power of a on the 
left and right sides of the equation: 

b + c - b + c * 

» 

(b + c) 2 + 2bc + 2bc - 4bc - (b + c) 2 

2 2 * 
be + b c », (b 4- c)bc* 



a 

Independent Execution of Exercistes by the Pupils 

Finally, since the pupil must necessarily work actively to solve 
problems ih mathematics on his own Both in class and at home, the 
teacher should try as often as possible to make him seek the solution 
of theoretical and practical problems independently * The pupil then 
would be applying his own energy to definite mental work without \ep end- 
ing on the teacher's "nudging," although this does npt mean that' the 
pupil should be deprived of general guidance in his independent solution 
of the proposed problems. The teacher should begin utilizing this 
technique as soon as he starts teaching mathematics in the school. 

The problem of developing the pupil f s. ability to do exercises in 
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algebra Independently can be presented and solved quite clearly. Brit 
the pupil's abilities to do exercises independently can be developed only 
if the system of exercises 'for each topic satisfies the following basic 
requirement. Each consecutive exercise must not repeat Che preceding 
one exactly but must be distiitct from it in some basic principle * The 
difficulty of these principles should be allowed to increase almost 
imperceptibly (for the pupils, of course), but each time they should 
force the pupil — - even if only for a very short time — to think about 
the solution of the question, and' to meditate on the applicability to 
this exercise of the method or device used in solving the preceding 
problems, Gradually the pupil should begin not only to reflect, but to 
delve more seriously into the essence of the question' and to try "draw- 
ing conclusions about the method or device best used in its solution. 

Here the teacher should not miss^ any opportunity, when there is a 
possibility and when the need arises, to show the pupil the most natural 
and expedient — or rational — methods of solving an exercise or problem. 
This forces the teacher both to seek and establish these methods, and 
to communicate them in turn to the pupils as- a conclusion and as a result 
requiring mastery on their part. 

But it would be a mistake on the taach£r f s part if he omitted those * 
exercises in the workbook that do not have a distinction in principle 
from their predecessors. Exercises of this type can be most helpful 
as "practice material" for work in class and at home. 

Somewhat more complex is the problem of developing the pupils 1 
ability to do exercises in geometry independently. Here it is signifi- 
cantly more difficult to attain a systematic order in the arrangement of 
exercises, an order which ensures the possibility of basing the solution^ 
of a given exercise on the experience of the preceding one or ones. It 
must be admitted, however, that those textbooks on geometry which ar£ at 
the teacher's disposal do offer him a great deal G>f help in arranging 
exercises into a system satisfying the basic requirement stated above 
with regard £o the exercises in algebra. The teacher must do this work 
if he wants tfi^m&fce the study of geometry feasible for the pupils while 
awakening their interest In and enthusiasm for the subject and their own 
creative abilities. 
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"Laboratory Work for the Pupils 

Until now we have understood "exercises that the pupils should do 
independently" to mean examples and problems from* the appropriate prcflblem 
books. Such tasks demand 6f the pupils only mental activity and con- 
centration. But today teachers are also using the laboratory f orm of v 
instruction , a form of instruction based on activating the pupils 1 senses 
especially sight, touch, and muscular effort, 4s a stimulus to the pupils 
activity. There are two fundamental types of laboratory work. 

l.^j^p^first type has arisen as a result of the teachers 1 desire. — < 
particularly in the fifth through seventh grades ~ to preface each 
general statement (conclusion, proof) with some experiment that will 
involve the pupil and convince him of the correctness b£ the concept * 
being proved * ' * 

Even in the fifth grade, the pupils go as far as finding the formula 
for the circumference of a circle by the experimental method. ''Beginning 
in the sfxth grade measurement is applied as a„ preparation to proving . N * 
theorems, and the result is that each pupil — by means of inductive 
reasoning — draws a general conclusion whiffh, of course, must then 
be proven. In this way a number of the geometric theorems studied in 
the sixth and seventh grades- are established intuitively before they are 
proven. 

At the higher stages of geometry instruction^ (in the eighth grade), 
thf deductive proof of a s^atoment may still be prefaced with its induc- 
tive establishment based oh measurement* This method is wholly admissibl 
when the teacher considers it expedient for surmounting difficulties 
connected with the direct proof bf a statement, or for ascertaining more^ 
concretely the essence of the statement itself. 

For example, we may be convinced by measuring: (a) that the 
corresppnding equality of the angles of two triangles implies t]ie 
proportionality of their sides (a theorem which is » false for polygon^ 
oth*r than triangles); (b) of the theorem stating that the product of 



segments of chords parsing through a given point within^ circle retains 
a constant value > and So oa#> 9 

Those experiments that ai;e meruit to improve the pupils* ability to 
.visualize the solutions- to geometric problems also belong to the first 
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type of* laboratory work. In tkem, imagined operations (such as placing" 
figures on.top of and beside one another* reflecting a figure about some > 
axis of symmetry, rotating figures about a point, recutting figures) are 
replaced by* real operations performed with the aid of appropriate figures 
.cut from -a material such as .paper, wood> or tin* 

• • It ,can harcfly be doubted that these laboratory tasks f which bring 
the pupils 1 eyes and hands into action, promote mastery of the geometry 
course, which is otherwise difficult for some pupils to comprehend. 
^ 2, The second type of laboratory work is that directed at achieving 
an organic link /between mathematics and industrial work. This type of 
laboratory work originated in the *early practice of teaching a school 
mathematics course^radually acquired a broader and deeper content in 
polytechnical educatdoft, and will 'now occupy quite a solid place in 
mathematics instruction in the schools. ' f 

If , as a result of the current school reform, mathematics ins true - 
tioiv is to be closely linked with Exposure to the methods provided by 
mathematics for "solving practical problems, then the performance of the 
second type of laboratory work will represent an experiment in applying 
these mathematical methods to real-life situations, to actual productive 
work, and to reality in general. ' 

This second type of laboratory work includes all those tasks whiph 
demand the complex application of methods of calculation, measurement, 
construction, and gfcaphing; it also ' includes the performance of separate > 
tasks in school shops and in the mathematics study room turned into a 
laboratory. ■ ■ . " ' 

The school laboratory should be- well equipped with' all the necessary 

J 

referenae books and calculating instruments (abacus, calculating machine^^ 
slide rule); with millimetric, logarithmic, and semi-logarithmic, papei* 
and later perhaps with simple. electronic or mechanical computers . 

- The second type of laboratory work should include (a) graphic 
exercises, (b) measuring work, and (c) work on making models. 

y* (a) Graphic exercises involve the* construction of diagrams and 
graphs of functions, the graphic illustration of the solutions of equations 
and inequalities- £ncNsys terns of equations and inequalities, and the graphic 

Solution and investigation of these equations, inequalities and systems. 
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The construction of diagrams, done in the fifth and sixth grades to 
promote the pupils 1 understanding dtf the idea of measyrement- and their 
conception of the idea of the functional relationship, is a fir f st opportu- 
nity for pupils to use actively their mathematical knowledge. 

As early as the sixth grade, ptf^ils go from the construction of * 
diagrams to the construction of graphs of functions. The major problems 
associated with this idea, organically connected with the problem of 
constructing a mathematics course^ on the idea of the function, ^are solved 
gradually, in a definite sequence; and the subject is examined with great 
thoroughness and depth in the upper grades as a means of building up 
related material . 

The pupils first acquire skill in constructing graphs by plotting 
points . At this stage the pupils 1 activity is -manifested in plotting 
points on a graph from given coordinates; ^^Itey begin using the cilass $ 
blackboard covered with a coordinate grid, then paper ruled off in squares 
in their ("arithmetic") notebooks. Gradually, an ? increasing independence 
and activity in performing assignments on constructing graphs of functions 
is demanded. 

Beginning in the >eighth grade (and indeed, to spme extent in the 

seventh grade, as well) the pupils construct graphs of functions after a 

preliminary analytic investigation of their properties. At this stage 

the construction of graphs of functions -unifies the pupil's mental and 

physical activity in, a combination of theory and practice. .These exercises 

are usually of great interest to the pupils^ especially if the functions 

illustrate a law governing some natural phenomenon which they have studied 

in science (physics, chemistry, technology, or Kiology) • 

Exercises in constructing graphs of functions have so much value 

for the study of mathematics in tfhe school and in institutions of 9 higher 

education, as well as for the pupils' future practical work, that the 

teacher should not limit himself to the types of functions' indicated in 

the curriculum, but should freely use others which are similar in 

construction to those being studied Thus, having acquainted the pupils 

2 

with the method of transforming the graph of the function y - x into 

graphs ©f the functions " 

2 2 2 2 

y - x + b, y - Cx-a)"", y - kx , y = k(x-a) , 
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the .teacher may suggest that the pupils independently apply these 
transformations (translations, expansions, and compressions) to the 
graphs of other functions. 

Finally, the construction of graphs may help in investigating equa- 
tions and systems of equations and may provide graphic solutions . to them. 
This methAd is especially valuable when the analytic solution of an 
equation or a system of equations is particularly difficult. The graphic 
investigation of an equation or an inequality containing a parameter is , 
very interesting and instructive when that investigation consists in 
constructing a graph representing the relationship of the parameter to 
the unknown equation or inequality ; this work proceeds in a non-standard 
way • 

(b) Measuring work, when properly organized (done partly in the - 
classroom, but mainly outside it), constitutes the active type of task * 
that should aid in the pupils 1 polytechnical training and in' communicating 
useful practical information to them* r . . _r 

(c) The kind of modelling that involves the pupils in the actual 
construction of models develops elementary skills in construction and 
handicraft work in general (in work with wire, cardboard, g^ss, tin), 
and develops the pupils 1 creative abilities — often forcing them to 
construct models of complex geometric figures resulting from the proof 
of theorems, and the solution of problems. Construction of models 
illustrating the change of various elements of a figure during the course 
of the change of some parameter opens an especially wide field for the 
pupils' creative activity. , r - 

The Use of a System of Questions Designed to Give 
Depth to the Pupils' Knowledge and Development 

A prepared system of questions — applicable during drill on a' newly 
studied theory, as well as in reviewing it ">and in checking the pupils J « 
knowledge — may be used to a significant extent not only to make the 
pupils participate more actively, but also to broaden their mathematical 
-knowledge. The concepts and facts (relations, conjunctions) dealt with in 
these questions must be subjected to thorough examination; their essence 
shcfcild,,be explained so^that the ability to answer the questions correctly^ 

' 120 

r 



9 

ERIC 



139 



will indicate how well the pupils 1 degree* of logical thinking and 

creative abilities have developed* s ' 

r 

This idea (of the n&ed to bring about the pupils 1 conscious mastery 
of the study material ^by developing their ability to solve theoretical 
questions independently) has led to the appearance of a number of articles 
and books to assist the teacher in his work* We refer the teacher to 
them, . . 
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INDEPENDENT WORK FOR PUPILS IN ARITHMETIC 

* • H 

LESSONS IN THE ELEMENTARY GRADES 
M* I. Moro 

* 

Problems and Methodology of Investigation 

The Twenty-second Congress of the Communist Party of the Soviet Union 
presented our schools with the problem of the comprehensive harmonious 
development of the child's personality, of Imparting the qualities of 
future builder and member of a communist society," In the decrees of the 
party And* the government, it was recommended that instruction in tt 
school be built on the basis of the principle of a close relationship with 
life, and ^hat all educational work should be directed toward a develop- 
ment of children's. cognitive skills and toward instilling in children 
independence, activity, initiative, and creative principles , From this . 
recommendation the fallowing requirement can^e * inferred, which, in our 
view, is a most important one. In the instrttaion process conditions 
should be created th£t provida opportunity for thfe children's systematic 
exercise in the independent application of previously, acquired knowledge 
to the solution of various educational and practical problems, as well 
as in the independent acquisition of hew knowledge, 

' In the course of systematically conducted (on which children work 
independently) tasks organized for all lesscfas, the children should' be 
instilled with a feeling of duty and responsibility for an assigned task, 
and with the persistence and. tenacity essential for overcoming the diffi-^ 
culties that arise in solving a problem in school or in work. There is 
no doubt that without using independent work for children as one way of 
organising educational activities, it is impossible to solve the problems 
that have been posed. 

Questions of the content and methodology of, directing the pupils 1 
independent work therefore presently assume a special timeliness and 
acuterfess. Many works by Soviet didacticians and methodo legists contain 



* 



*0f the Institute of General and Polytechnical Education, Academy of 
Pedagogical Sciences of the RSFSR. ^PufcMshed in the series The Teacher f s 
Pedagogical Library , Moscow, Publishing House of the Academy of Pedagogi- 
cal Sciences of the RSFSR, 1963. 'Translated by Lydia Hooke, 
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a number of useful hints and recommendations on these questions, and the 
literature that illuminates the practical experience of the best teachers 
has been enriched, but until now the questions that arise in connection 
with the proble^of developing the pupils 1 independence h&ve not yet 
been completely solved. 

In the prelsent manual we consider the place of independent work for. 
pupils in arithmetic lessons, its aspects and forms a£ different stages 
of instruction, features of organization, and the system and methods of 
its execution. The starting point in the investigation was a study of 
all those aspects and concrete forms of independent work for pupils that 
are used in the practice of arithmetic instruction in the lower grades. 
In connection with this study, one of our chief methoaK^)f research was 
the observation of the work of superior teachers, and an analysis of, 
and generalization from, their experience. For this we used' not only data 
from our own , observations but also facts that have been elucidated in the 
methodological literature. ^ 

In the academic year 1959-60 we studied the organization of pupils 1 
independent work in arithmetic lessons, attending the lessons of superior 
teachers of grades 1-4 in schools in the Moscow, Volgograd, Yaroslav, 
and Orlov provinces, and in 1961-62 in the Moscow and Lipetsk provinces. 
Altogether, more than 200 lessons were analyzed. From the records of the 
lessons, a rigorous %tudy was made of the time spent on various activi- 
ties. The assembled data characterizes the content and methodology of 
the execution of practical work in arithmetic lessons, and allows 'one to 
judge the place set aside for it in practice, the average duration of * 
^arious aspects of assignments, the relationship between the work per- 
formed independently by the pupils in class and that conducted with the 
teacher's direct participation and help. The appropriate data will be 
examined below. ^ 

Since we did not limit ourselves to observing lessons, in each 
school we became familiar, in the methodological centers, with those 
visual aids and didactic materials 'that are used in arithmetic instruction, 
and we ascertained, through conversations with teachers, the methodology 
of their application. Moreover, we studied the class registers and pupil 
notebooks, trying, with the teachers' assistande, to understand the sort of 
independent 'tasks in arithmetic cited in them,the content, how they 
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were organized, how checking and appraisal is accomplished, and the like., 
We attended individual classes of superior teadhers in the elementary 
grades, but ,w^flad 'no opportunity to become acquainted with the general 
system of their work* 

Systematic observations of the arithmetic instruction of children 
in school No. 315 in Moscow (teachers A* M. Logacheva, Z. V. Kozhokina, 
L. E. Zaikina, T. V. Tit ova, M. A, Korosteleva) were made with these 
objectives ijx mind. In the first stage of the investigation (1957-1959) 
the observation was limited to the work of the best teachers in the 
school. During this observation, introduced almost nothing that was 
new in principle into the organization of independent assignments in 
class.. In the next stage (1959-1961) the character of our work in 
school No. 3lS changed — first in the first grade, then in the second 
grade (teachers L. E. Zaikina and T* V. Titova) . Experimental instruction 
was organized tllat wa§ constructed in light of our^ study and generali- 
zation of the work experience of the best teachers and our analysis of 
the literature and of the educational problems to be faced by the 
teacher, at each stage of arithmetic instruction,. In the organization 4 - 
of experimental instruction in grade 1, we also considered the results 
of experimental work- that we had previously conducted in the first 
grades of the same school. This work was devoted to the study of the 
Iev6l of arithmetic preparation of seyen-year-olds who enter first 
grade, to the' special features of working with them at the first stage 
of their school instruction [19] and to f the elaboration of a" system' of 

* 

visual aidg^nd* didactic materials in arithmetic for gi^ade 1 (after 
testing the^sys^Bm of such didactic materials in the course of experi- 
mental instruction, we described them in our pamphlet) [li] . ^/ 

Parallel with the experimental instruction in class, we systemati- 
cally conducted experimental classes with individual pupils (as a rule, 
average and poorly prepared) and with small' groups of pupils. The 
purpose of these classes was basically a preliminary check of the 
various aspects of assignments that /we had outlined for subsequent lessons. 
In the course of these assignments, we studied the difficulties that 
the children experienced in fulfilling an assigned task and outlined ways 
of forestalling these difficulties. The latter consisted of modifying 
the formulation of instruction; breaking down the assignment into smaller 
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parts; and devising some additional preliminary exercises; special visual 
aids, didactic material, and the like. Each change introduced into the 
content and methodology of the outlined work was tried out afresh during 
classes with other pupils. 

After having defined the tasks as a result of this preliminary selection 
we then tried the system with the entire class participating. During the 

« ■ 

trial, further perfection and specification of the content, organization, 
and procedure of the tasks was continued. 

We conducted some lessons in which new assignments were given in 1 , 
order to have an opportunity to introduce necessary .amendments immediately 
in class. In a number of cases we had to determine the relative va^te* 
of ^various aspects of assignments, or of various methodological devices 
that could be used in conducting the children* s independent >work. To 
clarify their advantages and defects in comparison with one another , we 
subjected them to an experimental check in two parallel classes; lining a ^ 
different methodological approach in each (or a different assignment) . 

During the school year 1961-62, work in the same direction was 
.conducted in grades 3 and 4, in whibh we observed the arithmetic instrUcV.;\. 
tion of children by superior teachers. In one experiment questions 
related to features of the organization of independent work were investi- 
gated. Principal attention was directed to determining the^possibility 
of using independent work at the stage in which the pupils are familiar- 
ized with new educational Material . This question was examined in the 
material for the topic fr Mil>ion n in grade 3. in two experimental classes 
the study of this topic was conducted differently, fn o^e class th^basis 
for familiarization with the new material was the 'teacher f s explanation, 
and in the other it was the pupils 1 independent work. TtUs gave £s an 
opportunity" to compare both methods £hd to answer the problem that was 
posed. The system of children f s independent work' in arithmetic instruc- 
tion was elaborated only in material for grades 1 and 2 (the creation 
of such a system for grades 3 and 4 is a matter for the future) . The 
system outlined was tested in the work experience program of 25 teachers 
in Moscow schools who were students in the annual courses in improving 

one's qualification at the Moscow advanced training institute fdr teachers 

« 

in 1960-61. The present work is by nature a methodological aid, which 

was intended to give concrete help to teachers in organizing and conducting 
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independent work for children in arithmetic lessons* 

However, before moving on to the practical part of the work, we 
should examine some general theoretical questions related to a ' 
definition of the concept of "pupils* independent work" and to classify 
various aspects of such work used in arithmetic instruction in the 
elementary grades. Confusion in the solution of these questions is, 
we feel, one of the obstacles to introducing, into the broad practice 
of instruction, methods that would create th^most favorable conditions 
for developing pupil's independence, initiative, and creativity f 

' ** • 

Fundamental Aspects of the Pupils Independent Work 

Definition of the C&ncept " Pupils 1 Independent Work " 7 

In recent pedagogical literature a debate has developed . over 
the meaning of "independent work/ 1 Many authors concentrate on^an analysis 
of the essential features of children's activity in performing various 
types .of scholastic and practical tasks. Comparing the diverse forms of 
assignments used by teachers in -their school practice, these authors 
have shown that the pupils 1 activity often amounts to l^iitation, or the 
precise execution of the teacher's instructions'* At first glance, such 
work demands no independent thought of the child — no initiative or inde- 
pendence in stating- the problem or seeking a method for its solution. 
Because of thisy some author^ are not inclined to include imitation in 
-'the ranks of independent work. For example,, R„ B. Sroda writes, "By 
the pupils 1 independent work we understand work in which they manifest 
a maximum of activity, creativity, independent judgment and initiative" 
[21: 7]. The contrast between ^Ujaitative, " "careful" activity on one 
hand, and "independent" activity on the other, may be found in statements 
by E. # Ya. Golant, R. G. Lemberg, and others. 

In the final analysis, such a contrastive distinction leads to an 
extraordinarily narrow understanding of independent work, which would 
npt includk such activity as solving examples of the problem types 
familial; to the children that are analogous to problems they solved 

rlier with the guidance and aid of the teacher. Under these conditions 
.demand for raising the proportion of the'pupils Independent work 
dujringvthe educative' process^ jjould have to be understood only as a demand 
for fr^yent utilization of so-called creative tasks in instructional 
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practice. Even though the role of *such wo^k, which opens the greatest 
possibilities for the children to evince their independence of thought, 
initiative, and creativity, is great, one must admit that by such an 
approach important possibilities of raising the efficacy of educative 
tasks (including training tasks) could be overlooked by^avestigators * 
studying these questions, as well as by practicing, teachers. Neverthe- 
less, observations of arithmetic instruction in the elementary grades 
show that questions of the content, organization, and method of carrying 
out these tasks (extremely important in teaching arithmetic) Still 
remain far from clear* * * 

Trainin^asfiigj^ments y^ r i important not only for developing appro- 
priate arithmetical skills,. ii^t also £or getting ^children to master a 
whole series of facts, abilities, and skills of independent work with- 
out which one cannot imagine any kind of creative activity. To clari- 
fy our understanding of pupils 1 independent work, let us examine a 
concrete example from instructional practice that was evaluated in 
contradictory waysUn two recent works dedicated to this subject* R, G. 
Lembere [7] used this example as an illustration of the incorract under- 
standing of the term "scholastic independence" of pupils, and B\ P. 
Esipov [5] used it as one of the forms of the child *s independent work. 
The example concerns that period of instruction during which children 
master the ability to write letters (and numbers)* Lemberg stated: . 
"For a long time Peter could not write capital letters; he had tb be 
continually helped, but now he writes independently • f Here he has drawn 
the letter B exactly as on the blackboard, 1 says the teacher". Then the 
rhetorical question followed .whether the^ term "independently" was used 
correctly which is followed by the categorical answer, "of course nat," 
and by the explanation: "The little boy wrote skillfully, not independ- 
ently." Lemberg then produced, for comparison, an example of the correct' 
(in her opinion) usage of the term "independently". The pupil reads 
aloud and t 

his intonation and gestures do not copy the teacher f s manner, 

but express his independent relation to the text, his feelipgs, 

his understanding. ... Of course, the concept 'independent * ^\ 

operation^ should assume not so much the pupils 1 independence * 

from guidance' as their introduction ^f something personal into 

the work. * 
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By this criterion Lemberg distinguished performance 11 activity, 
which consists of "listening to the teacher, doing his instructions 
and assignments" from independent activity, which consists of . a 
"certain contraposition to it," * 

If this division is thought through, the question arises whether 
the pupil may bring something "personal" into the work even when he 
yorks an assignment of the teacher's which demands that some given 
instruction be followed* Say, for example, that the teacher explains 
and shows first-graders how to write the .numeral 5, gives a model of 
the writing of this figure, Mnd asks them to write it five times in 
their notebooks. B. ?. Esipov was apparently correct >when he wrote 
that "if work on such assignments is organized so that the pupil doing 
it will consciously strive ta best achieve the aim, i*e*, strive for 
the bfst quality shown by the model, this work may be called independ- 
ent work" [5: 5]. In fact, when doing such an assignment, the child 
should evince purposefulness; determination in overcoming difficulties; 
an ability to make comparisons independently; and a capacity to 
approach his own work critically, to evaluate its results, and (on the 
tasis of this critical examination) direct his efforts to eliminating 
errors he made in previous stages of his work. For him, this is connected 
nc^ only with muscular sensations and the need j^o concentrate his 

attention, to strain his will, to impress his consciousness with a respon- 

% 

sibility for the ^quality of his work, but also with his active thinking* 
* - v " 

At ctefinlte stages of instruction even the fulfillment of assignments I 

seemingly based on simple imitation and on the precise following of x 

instructions, in 'fact depends upon the children 1 s showing a certain 

amount of independence and demands x>£ them active conscious participation. 

Such fulfillment of assignments therefore carv rightfully be related to 

the category of pupils 1 independent work. However, owing to the pupils 1 

development during the instruction ^process and to their mastery of 

appropriate facts, knowledge, and skills, the nature of the children's ■ 

activity in doing the s^m£ assignment changes so that it leases to 

involve evincing of cognitive activity* As a rule, fulfillment of the 

teacher f s ^ssignment^wlthout direct assistance on anyone f s part demands 

that the children shaw independence (event though in an extremely limited 

amount) 
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Let us t^m again to an example f ljjm teaching} practice* Teachers 
are well acquainted with situations in which the child, doing his 
homework assignment or taking a test in class, cannot cope with the 
assignment just because he does not feel the teacher's direct support, 
which he has ^p*own accustomed to under the conditions of collective 
work in class. ' Here it is enough for the teacher to come up, stand 
awhile alongside such a pupil, and nod his head to signify that all is 
correct. Then new strength seems to flow into the child, and he 
confidently continues his work. 

Lack of self-confidence, indecisiveriess, the need for constant minor 
protection from somebody else, the lack of elementary independence 
(which it makes it impossible to apply one r s knowledge, abilities, and skills 
even when doing a familiar type of assignment) — all this is unfortunately 
still characteristic of pupils in the lower grades* 

Therefore there can be great \felue in organizing the children f s 
study activity so that they work alone, without the teacher's direct 

V 

participation, on various assignments* ■ This idea was expressed in the 
definition of independent work given in R, M* Mikel f son f s book: "By 
independent work we mean the pupils 1 completion of assignments without 
any assistance, but under the teacher f s 'observance 1 ' [9]* 

In many articles that appeared after Mikel' son's book this aspect 
of children 1 s independent work — the absence of anyone's assistance when 
doing an assignment — was emphasized. Some authors, however, perceived 
in such a treatment of childrenfs independent work a depreciation of the 
teacher's 'guiding role in the educationa&rprocess ♦ Criticizing Mikel'son' 
definition, they pointed out that all tlSr pupils' work, including independ 
ent work, needs constant control and guidance from the teacher and that 
in ^onducting the children's independent work, the teacher is obliged, to 
render them necessary assistance. 

Thus, for . example, in A Reference Book for the El ementary-S choo 1 
Teacher, we read: 

The children's independent work in class should not be a 
form of instruction which in any way reduces the teacher's k 
role. On the contrary, developing the 'children's ability to 
work- independently is possible only when the teacher system- 
atically guides the children's independent execution of 
assignments, explaining devices of work, observing the process 
of the execution of the assignment, correcting mistake^ and 
helping the children overcome difficulties [8: 159]. \ 
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In this and similar arguments there is a confusion of two different 
things — the question of the necessity of the teacher 's, guidance and the . 
question of rendering direct assistance to the children during^the work 
process. 

The fundament^, characteristic of children f s independent work is, 
in our opinion, the fact that during its completion, the pupil is 
deprived for some time of his accustomed guardianship from the .teacher 
and remains alone with the problem before him whose solution involves 
definite (perhaps even significant) but surmountable difficulties* In 
working on such an assignment, the pupil must put his strength to the 
task and — relying on his own knowledge, abilities and skills; Weenness 
of observation; quickness of /wit; and sometimes ingenuity —find a way to 
solve the problem and complete the 'solution. 

It is quite natural that, mistakes may arise in the pupil 1 s inde- 
pendent work; that one mistake may lead to arfother; and that an incorrect 
answer will be obtained in the result* Does this mean, however, that the 
teacliWr must halt the pupil's work at the point where a difficulty occurs 
when a real threat of 'STmistake in the solution has appeared? Must 
measures be taken so the possibility of an error's arising is always 
foreseen by the teacher so the teacher, interrupting the pupil's path 
of argumentation, would eliminate the dif f icul^y^t^. redirect the pupil's 

thought and actions along the right channel? Is it not more correct to 
« 

give the pupil a^chance to realize his error in the solution, to attempt 
to independently 'to find his mistake and correct it? I# seems that the 
last-mentioned pedagogical method is significantly more expedient whenever 
the pupil is well enough prepared for the corresponding work. 

The teacher is forced to interfere in the pupil's work — to give him 
direct aid in his completion of an assignment — only if the proposed 
assignment is not at the appropriate level of the pupil's attention. In 
this case the teacher talces steps to eliminate whatever difficulties there 
are (either 'by simplifying the assignment or by rendering the pupil direct 
assistance), but by doing so he deprives the pupil's work of its genuine 
independence. In our view, the pupil's genuinely independent work is only 
that work which is done, without direct assistance from tSe teacher — with- 
out the teacher \ s direct participation in the work at the time it is being 
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done. This does not exclude* ""But presupposes, the teacher's guidance. 

The definition given the concept of pupils 1 independent work in the 
book by Esipov citpd above gives more, insight into the essence of the 
matter. This definition is presented in its entirety: > 

The pupils 1 independent work embraced by the educational 
processes work done without the direct participation of the 
teacher, but by his assignment, in a time period presented 
especially for this purpose. Here the pupils consciously * » 
strive to achieve the aim presented in the task, using their 
p . capacities and expressing in one form or another the result 
of mental or physical (or both. simultaneously) operations 
'[5:. 343. < 

Jt must be further stressed that independent work by necessity 
would be connected with the children f s conscious activity, that the 
efforts which the children make to achieve the proposed Ama should 
be directed tovgagd^surmounting not just any difficulties (any work 
generally involves the need to make certain efforts toward its completion), 
but the difficulties connected with the solution of one or another cogni^ 
tive problem, ^ ^ 

And so, by pupils 1 independent work we shall understand a form of 
organization of .the children's qognitive activity in whi<rfi they con- 

/ 

sciously and. actively strive to attain the proposed aim, ^overcoming 
difficulties t^iey meet on their path without anyone else f s help in the 
course of completing the work-. If in his observation the teacher is 
oonvinced that an assignment is unintelligible to some pupils, he should 
give them- the necessary assistance or replace the assignment with fn 
easier one. In % the future he should prepare these children for . compl^ely 1 
independent solution of a similar assignment • In conducting the children f s 
independent work it sometimes appears that the assignment given by the 
teacher needs additional explanation* If so, the teacher interrupts 
the children's work and gives additional instructions which make the work 
more intelligible. v " >L 

By this understanding of independent work "it . becomes clear that a 
more frequent use of such types "of work broadens the possibility of 
exercising the children in independent- application of their knowledge, 
abilities, and skills and in .independent mastery of new facts] which is 
thejm^in anS fully necessary condition for the development of pupils 1 
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independence as a personality trait. 

* 

Classification of the Basic Aspects of Pupils 1 Independent Work in . \ , 
Arithmetic Lessons 

* In their, practice the best teachers use various devices to conduct 
the pupils f independent work, utilizing diverse forms of exercises. In 
teachers 1 works ©ne may find numerous examples of assignments used in 
arithmetic lessons, valuable ideas, and apt observations indicating which 
requirements shoulrit be filled by such assignments and which difficulties 
are encountered by the children in doing these assignments (see, for 
example, [10, 12, 20]). The .analysts and generalization of all this 
material is, of course, still far from completion. There is still no 
complete agreement on the -proper classification, of various types of 
independent; work* ' ^ 

Without invo lying ourselves deeply in the juxtaposition of various 
points of viet*, we shall formiiiate here only those conclusions we have 
drawn on the basis, of a critical examination of the literature, an 
analysis of the work experience of the 1?est teachers, and the observations 
of pupils in their completion of diversified exercises as independent work. 

From all this data we may propose the following classification &f 
various types of independent work. 

1. Using as a crr^e^ion the pedagogical aim pursued ;Ln conducting 
Independent tasks, ye 'may divide them into hasic groups— instructive 

♦ task^SW checking tasks . Instructive £asks, can be subdivided into : 
(a) tasks preparing the children to perceive new, Study material; (b) 

. tasktf in acquiring new knowledge; (c) tastes directed toward expanding 
agri^deepep^ng the acquired knowledge; and (d) tasks of a training nature 
whose aim is to secure earlier-mastered knowledge, abilities and skills,, 
Checking tasks can be subdivided into: (a) tests whose aim ^s to ascertain 
and evaluate the pupil^V knowledge; and (b) test work having no ascer- 
taining nature, conducted by the teacher in order to specify the level* of 
the children's preparation and their possibilities. Such Specification 
,is essential for a" correct definition of the content aiid methodology of 
future instruction (the work done on the latter tests cannot be evaluated, 
for it: is conducted, for example, at the beginning of the year in order 
to establish what part of previously studied material has been forgotten 
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by the children over the summer vacation, or at* the end of the school 
year in order to review the material studied during the year and so on) ♦ 

2. Independent tasks may also; be /subdivided into types according to 
the nature of the^&ctivity they demand of s the pupils: (a) those based 
mainly on imitation, or reproduction by the pupils, of the teacher f s actions 

IS 

and his arguments; (b) those which demand that the children, independently 
apply kn5wledge," abilities, anfl skills acquired earlier under the teacher's 
guidance, under conditions 'analogous to the conditions in which they , were 
formed; (c) those tasks which demand the same application as in. (b) but 
under conditions more or less distinct from those under which the know- 
ledge, abilities, and skills used by the children in doing* £he assignment 
were formed; and (d) so-called 'creative tasks which demand that the child- 
ren show independence in posing the question and in seeking ways of solu- 
tion — independently making the essential observations, obtaining a result, 
and, selecting the material needed to compose a problem* 

3 # Independent tasks may be subdivided according to the curriculum { , 
material on which they are performed, In arithmetic instruction in the J 
elementary grades, this feature may be used to distinguish work directed j 
toward forming basic arithmetical concepts and work connected with teach^ . 
-ing the solutio^ of arithmetic problems, arithmetic examples, practical 

work (measuring* etc) . } 
One might list 'several other criteria by whi£h independent tasks- \ 
may be distinguished but which have lesser significance. Thus, such 
tasks may be. distinguished/ according to their form of organization in 
the lesson, as general classwork" (in which the whole class works on a 
single assignment), group work (in which sepatatfe groups of pupils work 
simultaneously "on different assignments), and individual work" (in which 
each pupil receives an individual assignment from the teacher) • Many 
methodologists also, subdivide pupils' assigned wprk into fully independent 
and semi-iadependent work-> By sentt-independent work we usually understand 
work partly conducted with the direct particlpatibn of the teacher* It 
seems expedient to refrain fr x om using the term "pupils 1 semi-independent 
work n with this meaning, since it conceals the distinction between non- 
independent and independent work. 

It i$ more correct, from our point of view, to consider as separate 
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that part of the work done with the teacher *s assistance (and is there- 
fore not independent) , and that part of the work characterized by the 
features essential for independent work. * Tfien the practicing teacher 
and the investigator studying ^he features of the children 1 s independent 
work will always concentrate on this part^of the work, and will consider * 
its other part Conducted by the children with the teacher *s assistance) 
only as preparing the children for independent execution of a more - 
specific assignment. 

Let us return to the classification of independent work given above. 
It is clear that a single task may be considered of different types 
if it is evaluated frpm different points of view| Such a versatile 
approach' should help the teacher diversify the types of independent tasks 
and note their system. In addition it must be remembered that all the 
types and forms of tasks mentipned above (even within a single f^oup) 
rarely appear in complete isolation in teaching practice. More often 
an assignment for independent work embodies more than one type of work, 
sometimes -falling into a single classification group*' Some assignments, 
howe^r, seem to be transitional from one type to another • < 

This transitional nature is demonstrated "through an example of 
children 1 s solution of a familiar problem* Su&h independent work may 
be 'considered, as a rule, among'the tasks directed toward broadening 
and deepening earlier-acquired knowledge "(insofar as the independent . t% 
solution of each new problem, even of a familiar type, furthers %he 
children T s deeper ^realization of the characteristics of problems of » 
a given type and- of their solution method),jfnd among the tasks intended 
to prepare children to perceive new material (e.g.^, when the teacher 
presents a simple problem for independent solution before he begins to 
examine, with the children, a problem of a more complex' type including, 
in particular, this previous, familiar problem). This work may test 
the piipils, but at the same tlfye it will be instructive, since the . 
children learn something in the course of its completion, perfecting 
and strengthening their previously obtained knowledge, abilities, and 
skills. 

Thus if the division of independent work is examined "even by the 

t 

first feature mentioned—it is evident that this division lias a relative 
character. It may be a matter not of a strict differentiation of various 
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types of independent work according to a selected criterion, as is done 
in any scientific classification, but rather of isolating the < essential 
characteristics of the. work (again according. to an isolated feature) in 
every concrete case of its application in practice. 

With an approach to the types of independent work like that mentioned 
above, the pupils should not be surprised if a single task,. at the same — 
stage of instruction and in identical circumstances, is appraised for 
example, at one time as instructional and at other times as verif icational, 
'because in conducting it, the teacher may have pursued one .goal in one 
case and another in the o^ier, Despite the condition of a given division 
^ of independent tasks into types, the d^jrisiofT has practical va?Lue in 

that it helps specify the goal and place of /each such task in the instrpc- 
tion process and notes the corresponding methodical devices. In parti- 
cular, depending on the teacher f s aim when he proposes a familiar problem 
to the children for independent solution, in the case examined, this work 
will be conducted in various ways in class and the pupils ^ill be variously 
prepared to do the assignment in class. The nature of the teacher f s gui- 
dance of the children f s work is determined*, in a given case, by the exact . 
aim of the work* 

What has bken said above rpay be extended to those subdivisions which 
relate to groups of tasks isolated according to other features. The -y 
solution of any Arithmetical story ti problem involve^ the performance of 
various calculations* Therefore, the independent work constituting the 
solution of a problem may also be viewed as an exercise in Calculation. If 
so the teacher, in thinking over the content and character of the instruc- > 
tion to be given the children before the corresponding work is under-' 
taken, should .tajce into account those difficulties that children may 
encounter in connection with planning the solution of a problem, and 
those that are connected with calculation or renaming. Having noticed, 
for instance, essential difficulties ip a problem he intends to use, the 
teacher can consciously simplify the work before presenting the problem 
so as to make the assignment within the power of the pupils and also to 
allow the pupils to concentrate on that aspect of the prc^blem which is 
(from the teacher f s point of* view) most important at the time. Another 
time, the teacher may consider it expedient to keep the content of the 
problem intact and to organize ttie instruction to assist the children 
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in ov&rcoming difficulties of a different type, ate. But in all cases 
ip is important that the teacher take into account the aim of his con- 
templated assignment and to which of the types listed above it belongs ♦ 

Thus, we see the practical value of the above classification of 
various types of independent work in arithmetic instruction in the 
elementary grades. This classification should help the teacher in his x + 
analysis and critical approach to the assignments he' intends for inde- 
pendent work and to the instruction'-ahd other forms of guidance that ha • 
proposes to use in conducting these tasks. A wide knowledge of all 
types of work should help the teacher in selecting a system of such 
assignments and in facilitating their diversity and gradual increase 
in difficulty. 

It is evident that if one does not clearly imaging, all possible 
types of independent work for children and if one does not group this 
work according to definite features, it will be^ impossible to begin to 
develop a system of such work. This, problem demands, moreover, a very 
careful study of the characteristic aspects of content, the organi- 
zation and method of executing independent tasks of each type, and a 
definition of their place of independent tasks in the pedagogical 
process* , >• 

The Place of Independent Work in Arithmetic Lessons 
The Proportion of Children*^ Independent Work in Each Lesson 

Our method of observation of arithmetic lessons included a precise 
indication of the leng.th of time of its separate parts, which made it 
possible to consider all types of independent work used by the teachers 
and the time allowed ,for each. The data from observations during the 
1959-60 school year are given in Table 1* Lessons from schools in the 
Volgograd, Orlov^ and Yaroslavl 1 Regions were analyzed. The a 
of lessons from the Moscow Region was limited to 14 lessons of 
Moscow teachers and 6 lessons observed in Perovo* We purposely omitted 
material of the work of teachers of the base schools of the Academy of 
Pedagogical Sciences of the RSFSR, where our experimental work, was 
conducted at this time. In Table 2 the^ata characterizing the organic 
zation of the pupils 1 j45x\l In schools of the Lipetsk Region are presented 
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. The first thing of importance is that of the 100 lessons analyzed 
(see Table 1), Independent wrk for pupils was absent from only ^10. This ^ 
indicates that the concept of a good lesson is already firmly connected 
in the minds of the best teachers with the necessary organization of such 
w6rk. Further, thje teachers used independent work 120 times during only 
90 lessons.. Thus, in some lessons independent work for pupils was given 
more than once-, In addition to the datia given in Table 1, the distri- 
bution of. independent work by lessons is given as follows: no independent 
work — 10 lessons; one independent tasks — 64 lessons; two independent 
tasks — 21 lessons;; three independent tasks — five lessons* 

These" data are now compared with the data characterizing the lessons 
of* v teachers of the Lipetsk Region contained' in Table 2* In the lessons 
represented by Table 2, independent work for pupils was us#ti signifi- 
cantly more often than in lessons represented \>y Table 1« For. Table 1, 
there were 120 cases of independent work in 1Q0 lessons and, for Table 
2, there were 57 cases of independent work in 12 lessons, 'The pupils' 
independent work was not observed ^at ten lessons, was observed at 64 

lessons one time each, dnd was observed at only five lessons three times' 

* , 

each, for the cities in Table 1. There was dot a single lesson then, 
in which the teacher did' not conduct at least thrjpe independent tasks, 
and during certain lessons (see, for example, the second-grade lesson, 
conducted by Sushkova, in School No. 19 of Lipetsk) their number reached^ 
nine* 

Jhose 12 arithmetic lessons in the elementary grades which we observe^ 
in schools of the Liptesk Region were distributed as follows: v no indepetl- 
dent work — none; three independent tasks — (at least). one lesson; four 
independent tasks — (at least) seven lessons; five-six independent tasks — 
(at le£st) three lessons; more than six independent'' tasks — one lesion. 

If the data of the tables'characterizing the proportion of inde- 
pendent tasks of the Lipetsk Region teachers with that o'V teachers of 

.V 

other regions are compared,^ there are very meaningful 4if ferences » Actually, 
it is clear from Table 1 that at 100 of the lessons observed, the dhil^ 
dren worked independently for approximately 1000 minutes — 22*2 percent 
of the total school-time* From the Lipetsk materials this percentage is 
64.7* It is clear, then, that Lipetsk Region teachers, having organized 
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TABLE, 1 

THE IfcE OF INDEPENDENT WORK IN ARITHMETIC LESSONS IN GRADES 1^4. 



Type of Independent Work: No* of Cases and Times 



City 

[90: -101' 



** 



Copying from 
Blackboard 



Solutions of 
Examples 



Partially 

Independent Independent 

Solution of it Solution of 

Problems Problems 



Independent Work 
in Learning New 
Material 



Total 



Volgograd 
[25;' 1] 



Novo- 
Annensk 

(Volgograd 
Region) 

[12: 2] 

Orel 
[16:* 2] 

Perovtf 

(Moscow 
Region) 
[6: 0] < 

Yaroslavl 1 
[7: 3] • 

Gavrilov- 
Yam 

[10: 2] 

Moscow 
[14: 0] • 



6: (15, 4, 21, 7, 
10,13) :70. ■ 



4:(10,13,7, 
4):34 



3:(4,6,10): 

t 20 

4:(5, 8,6,4): 
23 



2: (10,6) :16 
2i(6,4):10 

2:<7,4):11 



16:(8,5,4,6,7, 
$,3,3,4,6, 
. U,44P,7; 
- 6,4>*91 

8:(11,17,3,7, 
12,8,10,6) : 
74 

X 

9:(7,4,3,8,6, 
5,6,4,7):50 

6: (15,11,12,8, 
13,6):75 



4: (8,10,12,6) 
36 

67(8,10,13, 
6,14,7) :58 

6:(10,12,6,8, 
12,5):53 



6:(25,7,14,12, 3:(14,6,7):. 
15,8) :81 27 



2:(20,16):36 3: (10,6,6): 
22 



2:(10,12):22 3: (5,7,10) 
- ' 22 



1: (11) :11 



3: (8,6,12) 
26 



• :(8):8, 



2:(10,7):17 2:(8,6):14 



2:(^0,12):22 2:(10,7):17 



4:(12,12,7, 
10) :41 



1:(4):4 



2116, U) :10 



f 



1:(10) :10 



2:(8,4):12 



32:273 



17:166 



19:124 



12:117 



11:93 

■A 

22:107 



17:143 



Total 



23:184 



55:437 



18:215 



18:151 



6;36 



120:1003 
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*x: (a,b,...):y ^ e ans x cases; the first of a minutes duration; the second of b duration; etc* for a total o 
minutes 

[a:b] means a lessons in which independent work was used and b lessons in which independent work was not 
total and by city. * < r- •■■ * 
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r TABLE 2 

THE USE OF INDEPENDENT WORK IN ARITHMETIC - LESSONS .IN GRADES 1-4 : 

SCHOOLS OF LIPETSK ■ REGION 



Type of Independent Work: Time in Minutes 



r 



School 



a) 

•s 



u 



u 



>» u 



4J 

d so 

CU i 

H M-> 
O 

H 0 
rH Q 

M H 
cd o 



•9 

H 
O 

W 



s ,0 

a) o 

a) a* 



3 



.3 | 

O 

o o 



J2 

CO 

A 

•3 

O 

CO 
n 



2 

1' 

O M 

° «i 

II 
Si 

0) 

rH P. 

cd a) 

55 



o 

to 



o ^ 

J2 8-3 

O d 33 

a) 

u u o 
a) a) 2 

I9l 



October 


1 


1 


- i 


( 10;3 - 




5 




• • 






19 


4 




2 




7 1 


' 9 






6 


8 " 






30 


4 




" 3 




5 




• * 


3 


> * 


10 






22 


4" 




s 3 




-.. 4 






5;2 


* * 


8 






19 


4 




3 






7 ' ' 




2;10 










19 


3 




4 




* * 


7 




16 








3 


40 


4 


Lipetsk No, 19 


1 




5 


• • 


3 


3 


5 . 


10;8 . 






34 • 


6 




2» 




5 




2;4 


10 


3 


8;6 






24 


4 




2 




7 




2 


11 




4 


2;2 




42 


9 


* 


4 




* • 


. 11 


F • 


7 


4 


7 




7^2 


38 


6 


Lipetsk No. 1 


2 




• • 


6 


3 


6 


.4 

7 


9 




31 


5 




3 




5 


4 


12 


8 




• # 


* • 


* » 


29 


4 














l 














t 


























Total for \ , 


























12 Lesson| 




1/1. 


8738 


7/53 


6/18 


13/92 


7/37 


11/92 


2/4 


3/12 


347 


57 * 
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Note: In the' columns having two numbers in the Total, the* first number designates thejyiahe 
use of independent work of the given type an$ the second number designates th^^otal 
devoted to tasks of this type for a total of 12 lessbns. 



r of casfis involvii 
time (in nMnutes) 



'the problem of Increasing the efficacy of arithmetic lessons, followed' 
the path of increasing Jth.e proportion of independent work per Wesson 
at the expense of other t^pes of activity. They did this, signifi- 
cantly, not by increa^ing^ the duration of each tafek, but by more 
frequent inclusion jot independent work in the process of the lesson. 
Is this path correct? -From our observations of the teaching process 
in experimental classes, we can affirm that this tendency, realized 
in the practice of the teachers in the Lipetsk Region, satisfactorily 
answers the problem of raising the efficacy of instruction. In 
analyzing the problems of each individual lesson, selecting exercise 
materials corresponding to these problems, £tid determining the methods 
of carrying them out, we were convinced each time that a lesson cannot 
be of full value without including pupils 1 independent work. 

For the duration of the experimental instruction in grades 1-3 
of Sphool No. 315 in Moscow, there was not one lesson in which inde- 
pendent work for pupils did not have a place or was not n^fcessary. 
Striving^jt^-increase the pupUis 1 activity at each stage of the lesson, 
we usually 'conducted independent worjc not once, but two or three 
times, and at some lessons even four times. 

* , However, both the frequency of independent work at lessons and the 
tiine devoted ta it depend on the nature of the curriculum material, and 
change from one topic to another •/ Even the duration of individual tasks 
changes. Although in the ^eginijring of the first year of instruction 
the problems for independent w0rk are most; often calculated at three or 
four minutes (sometimes less) /and. a maximumV^f ten or twelve minutes, 
by the end of the year (for example, at review lessons) it is possible 
to devote up to 2Q or 25 minutes to such tasks. The most oijteit* 
encountered tasks, however, are of^5^7fininutes duration. In later grades 
such regularity was not observed. Beginning with the middle of the. 
first year of instruction and in subsequent grades, short tasks (5-7 
minutes) and tasks of a longer duration are both used with equal right. 
The amplitude ,of the' oscillations in this respect. is very great (2-3 
to 35-40 minutes). 

The same applies to the frequency with which this form of organ!- • 
zing class activities is used. It depends chiefly on the purpose of 
each concrete lesson and is determined by the nature of the study 



material examined during the lesson and by the degree of the pupils 1 
familiarity with it. In our experiment independent work was used at 
various stages of the study of new material, but still the proportion 
of independent work was especially great during the consolidation of 
knowledge acquired by the children under the teacher's guidatce 1 and 
was less during lessons devoted to the study of new knowledge. . / 

For guidance let us note that in our experimental class t£fe , - 

number of cases of independent work yaf ied according to the concrete 
content and purpose of the lesson from one to fiva-six (when th£" main 
aim was to consolidate and review previous material) . 

Still, frequent switching 'of the children from one type of task 
to another, which was "observed at various lessons of the Lipetsk 
teachers, may be to the detriment (if it is taken* as a model for the 
everyday work with the pupils) of training the children 1 s , fixed atten- . 
tion and" forming in them the skills necessary for lengthy independent 
work. However, the ratio between^the children's independent and non- ^ 
independent work in our experience generally appeared to be-approx- 
imately 1:2.(32%) during the entire period of the experimental instrue- 
tion (grades 1 and 2) ; and during individual lessons the children s 
independenty/ork took 8-10 to 30-35 minutes. * w 

We turn to the question of the' concrete ^position of independent 
work for children in arithmetic lessons. If the minutes of lessons 
are txamined from this standpoint, it can be observed that independent 
work^ip^the public school is now being conducted, as a rule, after the s 
explanation of new material, as a consolidation or as a check of the 
children's maafcattjfc flf previous material, as well as for review. However 
by exgarffiTng the wo s rk of the best teachers we conclude that the pupils' 1 
ifSdependent work at arithmetic lessons can and should find its place in 
checking homework assignments (experience of teachers in Leningrad, 



In evaluating t*he results of comparing lessons in Lipetsk s chef o Is 
with those of other regions, one must take into consideration that all 
32 lessons observed by the co-workers f>f the Academy (A.S. Pchelko and 
.myself) in the Lipetsk Region were based on material already familiaf 
.to the children. We could not observe any lesson in which new material 
was introduced. Consequently the pupils' independent work' in the 
Lipetsk experiment was observed oply at the stage of consolidation. 
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Moscow, Lipetsk), in* conducting oral calculation, and in preparing to 
examine'" new study materials This experience has already been 
described in our literature • 

We shall therefore concentrate on examining only one very Important 
but heretofore neglected question — the question of giving independent 
work. to children who are learning - some new study material . 

Teaching New Material by Gipinff Children Independent Work 

At the lessons* we obsetved, children wer$ seldom given independent 
work at the stage of their familiarization with new study material (in 
6 of .the 120 capes in Table 1 and not once at the lessons observed in 
jfae Lipetsk Region schools since (i ,4t*ie^at^er were always built around 
study material familiar to the children). Observations and conversations '.L- 
with teachers confirm that these indices are not accidental. There is 
a rather widespread opinion among the teachers that the study o£> new 
materia}, through pupils 1 independent work is possible Tmly in the upper 
grades. Authors of modern methodological guidebooks bn arithmetic 
instruction also proceed from this implicit assumption. In v disclosing 
/ t5&' methodology of familiarizing pupils with one or another new itfathe- . 
matical fact, they limit the expos itiift, as a rule, to a detailed 
description of what the > teaeher should explain and hoi; he should » 
explain it. 

True, it is often a matter of which devices and means of work help 

m 

raise the pupils' activity, attract their attention, awaken their inter- 
est in the problem being examined, etc. The skillful ifse of visual 
aids, demonstration of -the practical significance of the problem being 
considered, careful selection of material on which the explanation of 

'rf 

a new operation or concept is based, skillful construction of the 
discussion with the pupils, and other devices or means of work may be 
used in familiarizing "the children- with new material. However, it is 
almost never mentioned that it might not be impossible, if only in a * 
few cases, to ask the children to try by themselves-- completely inde- 
pendently — to gain an understanding of a problem which is new to them. 
Moreover, the final goal of elementary education is not only that the 
children learn the information imparted by the teacher, or even th^t 
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they lear^how to co^fciously apply it — it is very Important^that the 
pupils who h^ve finished school be sufficiently prepared for the 
independent mastery of new knowledge. 

It is perfectly clear that the ability to independently master „ 
new knowledge will not appear spontaneously. It must be trained little 
by little^, gradually and systematically. Is it r;Lght to begin such 
training, let us say# only in the fifth grade? Is there sufficient 
justification for relinquishing an earlier introduction* of the devices 
and methods of instruction which the children would need for independent 
solution even of very Uncomplicated, easily understood, but still 
unfamiliar problems? 

^ Let us consider the solution to the problem of the forms of tasks 
dealing with new material proposed in one of the latest manuals of 
methodology (published after the promulgation of the school law) [17] • 
In a special section, "An Explanation of the New Edudational Material 11 
Polyak wrote: * \ ^ * 

\ Often a new operation presents itself as a complication 
or one mas tered earlier. Thus, the addition and subtraction 
of many-digit numbers presents itself as a complication of 
the afldition''and subtraction of three digit numbers, mult 
plication by a three-digit number as a ^complication of multi- 
plication by a two-digit number, etc. Upon the introduction 
of each new operation it is advisable ' t^hat the pupils inde- 
pendently carry out that pairt of it* with which ^ they are 
already familiar and triiat only the n£W material be explained 
* to tJtiem. Thus, when introducing multiplication by a three- 
digit number, it is possible, after an explanation of the 
decimal structure of the multiplier and a scheme for carrying . 
out the operation, to ask the. pupils to independently multiply 
the multiplicand by the units and tens of the multiplier; the 
addition oi the three partial prdducts can also be carried out 
independently by the children* Thus, only the new elements 
of' 1 this operation'are explained here, significantly increasing 
* the participation of the children in its mastery. But even 
the new elements should be ^plained so thaffche 'children 
appear to consider the problems along with the teacher, so that 
they themselves, under his guidance, ^eem to find the means of 
solution [17:24-25]. 

The recommendations quoted afcove are directed against that clearly 
harmful practice, which, unfortunately, to this day still occupies a 
place in the work of some teachers who cpnsidef it ^ecessary to explain 
tc the 'children everything from beginning to end — not only what is 



really new, * but even what is .already familiar to them. However, even 

£ere the author limits the iijdependent work of the children to the 

reproduction of what has already been mast Ev%n for a minimal 

step forward, which must be made, for example, at the transition from 

the addition of three-digit numbers (already known to, the children) to 

the addition of many-digit numbers (with whose decimal structure .they 
* 

are also already familiar), the author considers it impossible to 
entrust to the pupils themselves. ' It itf proposed that the teacher 
explain t\\±s new material and that the children be asked to follow his 
explanation attentively, since later on ''they will be asked -to gi^e just 
such an explanation. " 

Is it no.t possible to organize the work An a different way, so 

that from the beginning the children attempt to gain an understanding 

of an unfamiliar instance, the understandfng of which has 'already 

been fully prepared for by all the preceding work and so that the 

children do not appear to consider and do not "seem to find, by 

themselves, the means of solution' 1 , but really consider and search for 

it independently? We found e^erimetitally that such tasks aire within the 

capabilities of younger school children. As a result' of our research, 

it was established that with appropriate methods of instruction, 

independent tasks for children can be used in the introduction of new 

^Rthmetical problems even in the first year of instruction. 'Necessary 

prerequisites for its employment are: (a) systematic work in accordance 

«\ / 
with tlig children f s development -on the practice Ojf indfependent tasks — 

. . r ) 

? the systematic but y£ry gradual j increase of the demands made on the 
children to independently compare and generalize from observed facts; 
and (b) the ability to establish a connection between what is new and 
what has been mastered, to' transfer knowledge and skills acquired 
earlier to the solution of a new task. 5 

Lejj^ us examine several concrete examples indicating exactly how we 
fostered the pupils 1 capacity to generalize, and .how they afterwards 
made use of this capacity when new arithmetical tacts were' introduced- 
It* is common knowledge that first graders meet great difficulties on 
their first acquaintance with numbers. The formulation of abstract 
cancepts about numbers is. based on the examination of a great number 
of concrete facts — practical dealings with groups of objects. However, .• 
even here— literally from the first step of instruction — our goal was 
to focus the children's attention on the numbers themselves. Thus, by 
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introducing his pupils to the formation of the number two as the 

addition of a unit to one, and then of the number three as the addition 

of a unit to two, of the number 4 as the addition of a unit to three, - % 

etc. -(of course, at first using objects and only later on at an 

abstract level) , the teacher tried to mdke the children aware that each number 

can be arrived at by adding a unit to the preceding one. This was 

accomplished in practice in the following manner. At every class 

devoted to the introduction of new numbers, before examination of the. 

formation of a new number we went over (as a preliminary) with the 

children, the means of arriving at numbers mastered^ in preceding lessons,. 

In the lesson devoted to »the numbfer f*ive, for example^ the teacher-' put 

a circle pn the demonstration apparatus and asked: / 

# : . - 

How many circles did I put out? What must we do to get 
■ . two of them? , * - 

«* i ■ 

When fehe received an answer the teacher put another Circle on 

the board. ' ^ S 

. How many circles aiV there now? (two circles) . . 

How many circles will there be, if I put put 
another one? (three circles) 

And what should I do to make four circles? (Add • - 
one more to the three circles.) 

m . j 

Thtfn the children's attention was directed to the row, of , figures 
on thpt apparatus (1;2,3,4»). The ■ teacher, pointing to the figures, 
asked the childreA the following questions: - 

How much must we add to one in order to itfake 21 

* How much will there be ±i we add one to two? How * { 

touch greater is four .than three? How much must we add > 
to three to make four? 

After she had received^ answers to these questions (the questions 

did not present any particular difficulties to the children, since they 

had been reviewed -at the study of each number) the teacher asked; 

. WJiat number comes after four? How much, must we add 
to make five? 

When she had received the correct answer to this question 
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(formulated in abstract terms), the teacheifshif ted the work to. the 
level ofc^ncrete operations with objeetsJ She asked the children m * 
to 'cetint out four circles (from the 'didactic cut-out material , which 
each pupil had) and to lay them lri a row on their desks* When she had- 
ascertained that everyone had executed hi§ task correctly, stje saidf 

Ndv, make it so that there are five circles. What * 9 * 
must be done for that? .... 

Then analdgous exercises were performed using other demonstration 

t 

and individual material (counting sticks ,^£he beads of the class abacus 

r 

and .others) T The results pf the work were summed up with the questions: 

» 

What number Gomes after four? How much must we'add 
to four to make fi\$e? How did we get the nmnfcer 5? 

We checked in a preliminary way this whole pif ogfam^f work by using 
individual experimental lessons with pupils in the cl&ss/ Children were 
selected for the experiment who, according to^ the preliminary investi- 
gation (carried out before the beginning of- school) were less well. pre-, 
pared than the others* In the experiment, we went ahead a little. 
During the period for individual tasks we asked the children such 

quest ioi&s as: , 
■> * * ' 

What number comes .after fivfe? HoV can we get this 
number? Count out six sticks. What must be done to 
get -seven of them? etc. , - > 

It ' - t 

With the preparation described abcyve, even the most, poorly pre- 
pared children were able to answer these questions. Thus, the appro- 
priate generalization was within their* p\^er of understanding. V 

Let us consider another example . During the study of each new 
number a gre§t deal ^oT^Xinie is devoted^to the consideration of its A 
'composition. Usually the number r, s composition v just like its ion, 
is considered in class in always the same f jxed way. The lesson begins 
with practical exercises^the children lay out the assigned number of 
objects in two piles, name several' variations of such a division, and 
then. examine the drawings in their textbooks which illustrate 4 all the 
possible' combinations of the given number into two addends. Finally, m 
thay reneat all this on an abstract level. 



147 



ERIC ' , i*7 :> 

\ 



N 



As we wSre observing the progress of these lessons in the classes 
of varipus teachers, we became convinced that children (with rare 
exceptions) are not capable of independently noting a consistency in 
the enumeration of all the possible combinations of addends of a number, 
which would mak$ it possible not to lose sight of a single one of them. 
Usually they n^me the various combinations in no definite order. Thus, 
some combinations do not get named and others are repeated • As the 
children proceed to the study of each successive number up to ten, no 

essential change is evident , MoreoeverJ since the number of various 

> 

combinations become larger 3nd larger for each successive number 
* st\^iied f the reproduction of all of thgjatef rom ^memory (which many teachers 
require) become mote, and more d;Lff icult for the children. 

It is perfectly clear that this'task would be significantly facili- 
tated if it were possible to teach the children a system for the enu- 
meration of all these instances. In relation to thj^s the following, . 
questions occurred to us: "Would it be possible to do this? Would 
such a requirement be too difficult for first graders? Would' it require 
too much time?" At first, during the individual experiments and later 
during the trial's with the class, we tried out various forms of the task 
as well as methodological devices directed toward imparting the proper 
capacity to the children. As a result, we selected a particular* system 
of exercises organically included in the lessors* and devoted to the 
mastery of . the composition o^the numbers studied. This system of 
exercises, -used in the experimental classes of school number 315 in 
Moscow* made it possible to increase, from lesson to lesson, the amount 
of the children's independent participation in examining the composition 
of the new numbers, and td gradually accelerate the Shift from practical 
operations with objects *to an^ examination of the composition of the 
number on an abstract leve)/^ This task proved to be good* preparation 
fpr the study'of addition and subtraction. 

Thus, the composition of the numbers 2,3, and 4 was discussed on 
the basis of practical operations with concrete objects. The cliildren 
were asked 1 to take in both hands the proper number of sticks and to 
lay in two piles the proper number of circles, squares, etc.cf*¥hen they 
were shown with the demonstration materials how to make gradually and 
successively, all the possible combinations of addends. Hie teacher 
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*put out four circles on the upp^r shelf of the demon- 
Iratus and then removed one circle at a .time from the upper 
*t in on the lower shelf. *Each time the children named the 
prop^^grfHips (four — three and^ne; two and two; one and three) 
Each time the proper figure was placed on the shelves of the demon- 
stration apparatus. Thus, as a result of the examination of the compo- 
sition of the number four*, the following ^rray of numbers was placed 
on the demonstration apparatus: 

3 2 1 

- 4 

12 3 

Analogous tasks were carried out by the children with individual 
material- They mpde suitable- sketches in their notebooks (outlining 
the appropriate number of squares and filling £hem in with pencils of 
two colors) . In conclusion, the teacher asked the children either to 
enumerate aloud all the combinations of addends whose sum equaled the 
number being studied^or to indicate them with the help of cut-out 
(movable) figures, taking care that these combinations were enumerated 
successively • 

The study of the composition of the numbers five and six was 
accompanied by essentially the same tasks, but everything was done by # 
the children themselves — the teacher showed them nothing, but called 
one pupil after another to the board and asked them to demonstrate 
independently what groupings could be made from 5 apples, 5 squares, 
and others. The children had to follow the answers of their 1 class- 
'mates and correct v them if they made, any mistakes, 

* After examining the cdmpositlon of a number with demonstration 

Is 

materials, the children were asked to indicate its composition using 

cut-out figures. Each pupi.1 had to do this independently, 'although 

the teacher walked along the aisles and helped the pupils who needed 

it. At home the^ children independently drew illustrations of the compo- 

sition of the numbers being studied. 

The study of the composition of the numbers seven and eight did not 

even begin with a demonstration, but with the independent work of the 

children with individual materials. However, each step was examined 

collectively under the teacher *s guidance. During the study of' the 
r 
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number eight the teacher asked the children to carry out all work 
independently— to take eight .circles and lay them out in two groups to 
indicate all the possible comb inations^xL^add ends, labeling them with 
the aid of. the cut-out figures. The result should have been: 

7 6 5.4-3 . 2 1.*. 
8 " . 

1 2 3' 4 5 6 7 

4 1 

This is a difficult assignment which demands great concentration 
and prolonged careful attentibn. Even those children who ha^ grasped 
the principle of its execution had difficulty carrying it to a conclusion. 
The teacher had ta give individual help to several^ pupils. When they 
had finished the independent work, these pupils were called to the board 
and had to indicate with the help of the demonstration material all the 
combinations of addends whose sum equaled the number eight. Meanwhile, 
the remaining children checked their work. 

The results of t^iis preparation ,were evident at the next lesson*. 
The repetition of the composition of the numbers seven and eight with 
which this lesson began- presented none of the difficulties which had 
beep observed in the other lessons* During the lesson on the composi- 
tion of the number nine, the teacher conducted the following discussion 
with the children; 

On the upper shelf of the demonstration apparatus 
there are nine circles. How can I find out what pairs of 
groupings I can divide them into? What must I do? 
(Remove one circle and put it on the lower shelf) * 

How many circles are there left on the upper shelf? 
How many are on the lower? (On the upper shelf, there 
are 8 circles and on the lower there is one circle.) 

And what shall we do now? (Move another circle 
from the upper to the lower shelf.) * 

How many are there now left on the upper shelf? 
(7 circles.) 

How many are there on the lower? (On the lower shelf 
there are 2 circles.) 

x i 

Represent this situation with the cut-out figures, and 
then show the next division with the Tielp of the figures. 
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After this lesson we questioned several children and were con- 

V -> 

vinced that even the slowest in the class understood the main point — 
namely that all the combinations of two addends composing a number can 
be named without missing any, if one group is successively increased 
by one at the expense of the other. The only difficulty they encountered 
was in determining the size of the new groups. With the use of visual 
aids even th§se children were able to demonstrate and name all the 
combinations of two addends , composing a number, 

* In the lesson devoted to the composition of the number 10, the 
teacher immediately asked the children to try to enumerate without re- 
course to visual aids the possible combinations of addends composing it. 
In this lesson, visual aids were used tfnly to check tjae pupils 1 answers 
and for consolidation. 

It is perfectly clear that the study of the composition of the 
numbers from 1 to 10 was not limited to the exercises described above — 
they constituted only a part of it. We dwelt at length. on the descrip- 
tion of tfiem only In order to indicate how gradually children are 
brought to -kri independent mastery of new material through questions 
analogous to those relating to smaller numbers* 

We strove to increase the children's independent participation in 
the study of new problems also in work with other educational problems ♦ 
Thus, in the study of the topic "Addition and Subtraction of Single 
l>igit Numbers" the children were made aware of the general principle* 
which forms the basis for all these cases, namely that any number may 
be increased or decreased by 1 or by any of the groups of numbers compos- 
ing it. 

In the study of addition and subtraction of numbers totalling less 
than 20, both with and without carrying, the first few examples were 
based on a detailed explanation by the teacher, but the independent 
participation of the children was elicited more and mqpe in the course 
• of the demonstration and explanations • In the course of this work, v, 
the teacher tried to get the children to grasp the general principle on 
which each concrete solution was based. With sOch preparation it proved . 
possible to carry on the consideration of new instances, analogous to 
those learned earlier, based on the children 1 s independent work. 

Still greater possibilities for reliance on children's independent 
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work when introducing new material were discovered in the next grades, 
as the sange of numbers studied is gradually broadened . Having 
thoroughly mastered .the basic methods of calculation with numbers under 
20, the children have acquired almost .all/ the knowledge necessary for 
carrying out the addition and subtraction of numbers totalling less 
thgn 100. Therefore, in second grade we almost •always start from the 
children's independent work, in the study of new cases of addition and 
subtraction. We need only direct this work, choosing appropriate visual 
aids, controlling the process of its execution, giving it the proper 
direction, and helping the children summarize the work (i.e., clearly 
formulate the rule that they had used when solving one or another 
example). In the third grade we conducted the study of the topic 
"Million" i^i one of the experimental classes (teacher T. V. titova) so 
that the children's indepefiHent work served as the starting point for 

the explanation in almost every lesson devoted to addition, subtraction, 

i 

multiplication and division of numbers less than 1,000,000. The pupils 
had to try independently to gain an understanding of the application of 



a familiar computational operation to a b^oader^range of numbers. In 
father class (teacher M. A. Korosteleva) the introduction of the new 
material was conducted as^ recommended in G. B. Polyak's manual quoted 
above . 

In this way the following picture of the study of new material 'was 
* \ 

developed. In the class where the teacher explained everything to the 
children, the work progressed very calmly, the children almost never met 
with any difficulties in tp,e understanding of the new material, but it 
did not arouse any great interest in them. The children met with diffi- 
culties only when they had to apply independently the rules explained 
by the teacher to the solution of new examples and to the explanation 
of the derived operations. We came upon such phenomena more than once 
in this class later on in the study of subtraction, multiplication, and 
division. In the other class, difficulties arose immediately — as soon a 
the children were asked to try to understand independently a new example 
and to prepare an explanation of its solution. The progress of this 
work is illustrated using, as an example, the explanation of the 
addition of many digit numbers. * 
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The teacher began with an example, familiar to the children, 
of the addition of three digit numbers ^totalling less than 1000. The 
solution of this example was put on the board with a full explanation 
by one of the class f s average pupils. Next to the solution on the 
board was hanging a chart of r : tfoe. decimal places. Several exercises were 
given in the \fcflting and reading of many^digit numbers using this 
chart. Afifcerward the teacher said: 

If all ^f you have learned how to explain the solution 
of such examples and remember the names of the decimal 
places you will be able by yourselves not only to soltfe 
a new example on the addition of many digit numbers, but 
also to explain it># Now I am going to give you such an 
^ example. Solve it without rushing, explaining each step 
to yourselves: the significance of the numbers you are 
> adding, what* the results are, what you ari keeping , in 
mind, what, you rfre writing down. When you are readj^ to 
explain the whole solution raise your hands. 

On the board,* in the columns of the numeration chart the teacher 

wrote the example 2347 + 6485 and the children started their independent 

work, imr two minutes, five pupils raised their hands; after another 

\\ it ee^minu t e s — 18. Wd^walked along the aisles — only four had not 

written down" the solution to the problem. Two of them had simply "not 

had time to writ£ it down, because th^y hadn f t -started working at the 

it * 
same fcime as evejfyone else; but the two others asked in bewilderment 

f! How can I so,Lve it?" We had to talk with them ' separately . Five min- 
fll^^f ter the work had begun, the teacher asked, "Who has not yet 
solved the example?^. It turned out that everyone had solved, it. After 
this, the teacher called on four pupils one after another ("in a chain") 
to give the necessary explanation of the solution. During the explana- 
tion they were permitted to look at the chart of decimal places and at 
the example written on the board. All the explanations were ^orrect. 
Nor did the next example (which was solved with an explanation at the 
board) present any difficulty. 

We attribute this success to the fact that (due to the teacher's 
instructions) the children understood from the very beginning that in 
their explamtio.ns of the example's solution they were to be guided by 
the knowledgeNthey had gained from the study of addition totalling less 
than 1000 and from their knowledge of numeration. It is also important 
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that the requirement of gaining an understanding of the new material 
independently ,f without the teacher f s help 11 always arouses heightened 
interest in children. The fact that the example was written in the 
columns of the table of decimal places also proved of great help to 
them. 

..' An examination of the children! s mastery of the new material in 
succeeding lessons indicated that^ the children gained greater mastery yJ 
of the new material when they tried to understand it independently 
from the very beginning, and received help from the teacher only 
they could not find a solution no matter how hard they tried. Thus, 
the possibility of children f s independent work on the introduction of 
new educational material is dependent on the fact that during the shift 
from one cycle to another, the pupils work with material which is 
similiar in many respects, and that the essence and methods of execution 
of arithmetical operations remain the same, no matter, what numbers are 
involved. Moreover,' a greater and more daring reliance on the active 
independent working of the pupils 1 minds is also made possible by the 
fact that during the learning process children gradually amass knowledge 
of a great number of varied facts, paving the way for and sometimes 
spontaneously leadin^^c* one or another generalization, or to the 
deduction of new laws. 

One of the greatest advantages ' of children 1 s independent work • 
appear^ when, guided by the knowledge -of numerous facts, they inde- *. 



pendent ly. make new deductions. One must approach the construction of 
such tasks carefully, estimating their difficulty, and preparing the 
material and assignments thoroughly. \ 

Consider the following example. Starting in the first -grade, when 
children" 1 ,' in the study of the addition of numbers less than 10, are 
introduced to the commutative property of addition, they constantly 
use property in oral calculations. The recommended .method (which 

has been widely put into. practice) is the rearrangement of addends 
during the study V>f each new instance of addition, where this seems 
advisable. However, the formulation of *the commutative property, and 
the introduction of its application in the verification of solutions 
to examples in addition, are not given until the fourth grade. 
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yLe£ us consider the explanation 'of the teacher E. G. Khvatova in , 
the l^gon^described in her article "Devices Which Increase the Efficacy 
of an Arithmetic Lesson" [6]. After a check of the homework and oral 
rdcitat;i^fc^dtjring which there was not or^ problem requii^ng the. re- 
aftangqmer^Bwf t^he addends, .the teacher turned to an explanation of new 

material ^ ; 

1 % ■ ' ■. 

I begin the explanation by writing the first addend 
as 14, and the second as 18. I ask for the sum (We 
write down 32)* I give the second example, but this 
time with the addends rearranged. The children solver i|t. 
Four more examples are solved: 27+55= 82; 270+320-590 1 
and 5S+27~82; and 320+270-590. 

// I ask the children to look carefully at each pair of examples and to. 
say what they have ilSticed. They all look, think, raise tTieir hands v 
and give their conclusions. 

The first addend becomes the second and the second the first, but 
,the sum is the same. 

fflfe addends changed, places, but the sum stayed the same. 

I confirm the correctness of the conclusion. The pupils make up 
their ' own examples and repeat the conclusion. IThen I ask them to read 
Vhe conclusion on page 53 of the textbook. « , . 

Let us check this rule with large numbers. 

Then they solve Several examples in the addition of many-digit 
numbers with chec^. In other lessons, just as in this one, I strive 
to activate the children 1 s thought processes and their independence 
in work. 

What can we fay about this lesson? The teacher clearly strives 
f to organize the work around the new material so that the children are 
> as active as possible, so that they independently observe, think, 

i 4 

draw conclusions, etc. And this Is correct. Tills aspect of the 
material of the lesson is very gratifying, since preceding instruction 
laid a firm basis for the children's conscious perception. However, the 
teacher did not succeed in sufficiently realizing these possibilities. 
The reason, is that a connection between the new material and what the 
children already knew was not established. in the lesson This teacher's 
lesson conforms to the classical scheme: from the children's 
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independent observation of a number of facts, and the analysis and 
comparison of them, to an independent cc&iclusion, perfected in subfctjety 
and accuracy of formulation under the teackfer's guidance, and then 
consolidated with new examples composed by the pu^llfes themselves . 1 

In many Gases one could not object to this method, because, as a 
rule, it demands the strenuous and independent working of tlte children's 
minds and furthers their development and understanding and mastery of 
the new material • 

The task, which is rather complicated and demands a clear formu- 
lation, was set up rather"well by the teacher. The number of examples 
chosen was sufficient for the formation of* a cohclusioA, and they were 
appropriate to the task; the questions were clearly formulated; the 1 
children were given time for reflections; etc* The presentation would 
be acceptable, if all this work did n&t ignore the fact that the pupils 
had been familiar with the commutative property of addition since the 
first grade. It is *elf -evident that, under these conditions, any 
consideration of this problem in the third grade should be carried out 
with extensive use of what is already known, and that the children's^ 
knowledge 11 should serve as a starting point for further progress . 

To prepare for an explanation of the way to check examples in \ 
addition (in essence, this is the only, new material in the lesson) / 
there should be a preliminary solution of several examples in which 
the use of the commutative property of addition facilitates computation. 
This task can be set up both directly (in the f drm of oral recitation) 
and as independent work for the children. It is important only that 
before beginning work on the new material the children be told once 
more that, in the addition of two or more numbers, it is not obli- 
gatory to perform the operation In the order in which it is written 
and that the addends can change places without changing the results. 

After bringing this to their attention for the cases involving 
small numbers, to which t)t& property had formerly been applied, it is 
possible to ask the children to check independently its applicability 
to larger numbers. After this rule has thus been formulated and ex- 
tended, the teacher can put the following question to the children 

When and Why do we use the commutation of addends? 
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The children will answer: * * 

When the rearrangement of addehds facilitates computation . 
In the next step the teacher tells the children that this device may 
be used not only to facilitate computation, ^ut also for checkingTLt , 
and asks them to think about how the rearrangement of addends can be 
.used for this purpose* The children will be sufficiently prepared 
to answer this question. ' The teacher's job is to help them formulate 
the appropriate rule and devise exercises to consolidate tills knowl- 
edge, as in the lesson described aboye. 

Sy using. this example (taken from the work experience of a 
teacher^ our goal was v to indicate that children's independent work 
with new material, when prepared for by previous instruction, can be 
successfully^ conducted if, in the lesson devoted to the study of the 
new material itself , ,a connection is established between the 'new 
material and what %he children already know. All the children's knowl 
edge, capabilities and skills in the area should be-initially brought 
into play. As for the required content and character* of the inde- 
pendent tasks given to the children, the most important thing is 
that they direct the mental activity of the child to the solution of 
a new problem which is within his capabilities, the solution of which 
is based on facts which are already , known to him from past experience, 
and that . furthermore, the independent tasks require him to make 
observations, comparisons, and analyses within his capabilities. The 
best teachers successfully carry on this Sort of work in the third if* % 
and fourth 1 grades. Take;* for "example, an exerpt from the class record 
of a lesson given by the teacher A. V. Kozokina (School No. 315 in 
Moscow). The lesson concerned the rule for the checking of multipli- 
cation by division 1 The teacher started work on the new material by 
.asking the children* to try to understand independently, assignment 
^number 164 in « the textbook. Here is the assignment. ^ 

Solve the following examples. What is the result 
when a product is divided, by one. of the multipliers^ 

8 -x ■ = 240 
240:30 = 8 
x = 30 

j t. 



1 ■ ;> 



16 x 5 
80 J 5 
80 :-16 



80 
16 
5 



x-6 = 120 

120:6 - ' 20 
x = 20. 
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Before the children began to work, the teacher put the following 
questions to them. 

) 

Look at the first line — what do we call the number 
16? 5? 80? Read" the ^second line — what was the number 
* 80 in the first line? (Product.) 

And the number five? (Multiplier.) 

4 1 

Now by yourselves, look carefully at the results 
of this ,example arid the next &nd then consider the 
columns and" be ready to answer the questions I asked,. 

When many hands had been raised in the class, the teacher asked 
who had not yet understood what had to be done and could not answer- 
There turned out to be two such pupils. A discussion was conducted 
with them in which the other children also participated, consisting 

^ 

of the following questions t 

% * 

Read the first line naming what each number represses 
in this line*. (16 -multiplicand, 5-multiplier , 16 multljf 
plied by 5 makes 80, 80 is the product.) 

i 

Right. Read the second line. <8Q divided by 5.) 

* That's enough. What is the number. 80 in the 
first line? (Product . ) ^ 

The number 5? .(Multiplier 0 

What happened when you divided the product by 
multiplier? (The| result was 16, the multiplicand.) 

Tell me what is going on in the third line and 
what the answer is. (The pupil's answer follows here.) 

Question to the class: 

What is the result when we divide a. product by one 
of the multipliers? ^ ^ 

Two pupils, one after another gave a Complete answer to the 
question ♦ 

Class assignment: 

Once again look carefully at the next columns and 
tell me when we use this device. (When we solve examples 
where one of the numbers is missing.) 
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Who can put it better > more exactly — what examples, 
what number? 

The pupil who was called on gave the correct formulation. 

How can this device be used for checking multipli- 
cation? 

She called on* the slowest pupil in the class for an answer; 

* - ♦ • 

although the answer he gave was not completely precise; it displayed 

correct understanding. 



You must divide by one of the multipliers arjd * 
you will get th^ot^er. \y ■ . , 

The teacher gave a more accurate formulation and then asked the 
children to independently do exercise . number 165, which required the 
solution of a numbe^*of multiplication examples; and the checking of 
these answers by division. Five minutes after the stapt of the inde- 
pepden£- work, two pupils ware called to the board tck write the solutions 
to the first examples ancf th&ir explanations. After a detailed 
analysis of these two examples and a review of the formulation of the 
'rule, the rule Was read from the textbook. 

We see that in this lesson the study of new material is based on 
the children* s independent work, and the pupils as a whole manage it 
very well-; The explanation of the material to the two pupils who-Sund 
the task difficult took place after all <j:he others had successfully 
completed it independently and could take part in the explanation. Further 
work was based on the independent application of the derived rule to new 
instances and the analysis of them was given at the board only after all, 
the pupils had done the necessary , work themselves and the teacher was % 
satisfied that everyone had managed it. The only purpose of the 
analysis at the board was a further repetition of the connecting expla- 
nation to consolidate the Necessary formulation in the minds of the 
pupils. The analysis was conducted by the pupils — the teacher only 
guided them, and, where necessary, called on 'other pupils to eliminate 
a few rough spots from the f ormulptitan. 

Children's independent work c^n serve as the starting point and 
basis for the consideration of new educational material not only when 
what is involved is the transference of a method of operation learned 
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previously to a wider range of numbers , and not pnly when the wa Y^ * 
has been paved for independent generalizations by previous experience. 
In some cases the worfc can be so organized even in -the study of a tiew 

' kind of problem. will take as 'an example the execution o£ such . 

' work in a lesson (experimental second grade .of School No. 315, teacher 
L. E. Zaikina) devoted to' the children 1 s introduction to a new kind of 
problem, the addition of . several units to a mpber in two operations,. . \ 
This is the problem. ^/ 

' In the first there are so many, in the second there . 
are so many more than in the first, and in the third -1 
there are so many more than l{i the. second. How many ar/^ 
there in the 'third? (Problems 187-190 in the second- 
grade textbook) . * 

In the lessons when observed ^t various time^and with various' 
teachers, the explanation of the solution of .the problem was carried / - 
out in accordance with the description of this workyin the manual by 
N. V. Arkhangel^skaya and M. S. Nakhimova [1: 20-21 T. We cite this 
description in full so that it w^Lll be clear what changes we effected, 
ii* the methodology of the study of tfew material in our Experiment. In 

* the course of the <^pcription the questions which occurred to u's while 

- wer"w6re observing and analyzing these lessons are noted. 

• '1. The teacher calls on two pupils, who stand in front of the - 

<> 

class. /.Calling on a third pupil, the teacher tells him: r 

V 

Give Kolya five pencils and J?edya, three more than r - 
^ that* How many pencils doe's Fedya get? 2 

2. TJien the teacher calls on three pupils and tells a fourth: 

/ a Give Volodya three pencils, give Y,ura two more tha^i 
Volodya and Lev four more^than Yura. * 

So you 1 11 be able to remember how the pencils were giAren 



I'll write it onl the- board. She writes:' V: three pencils; 
Yu: two more pencils; L': four more than Yura., . , 

f ^ 

How'man^ pencils djfd Yura get? How many jd id Lev get? 



2 

Is it really necessary to dramatize this simple problem and to 
make such great use of visual aids during its solution, if we take 
into account that the children have been familiar with the addition of 
* several units to a number since first grade and have already solved 
%iany similar problems without direct recourse to visual aids? M.M. 
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The pupils repeat the p 
/ -After distributing pencils and receiving an answer, the teacher 
dwells at length on the question of how the pupils figured out how 
many pencils each boy received • 

Is it possible to find out right away how many; pencils Lev 
received? * h - ■ % ■/ t - * 

It becomes clear that first it was necessary to give the pencils 
to YUra «and calculate how aany he had received and only then was ft 
po&sible^^^^ve the pencils^to Lev and calculate how many he. received, 
er writes"the solution on the board* , 

4 > ' 

« * • In the next stage of the lesson the teacher caai^ies out the third 

* 

task in exactly the same way: 

' j Give three pupils notebooks — to the first two notebooks, 

fo thfc second three more than to'.thfe first and to the thitd t ■ 
two notebooks more* than to the second! ^ 

^Finally the fourth task is .carried out. y 

On the- class blackboard circles* should be drawn iri ' 
three lines — on the top tline *six circles, on' the middle 
line three more than on" the top, and on the^bc^ttom four 
* more than on the middle^ ' «How many circles should be 
- drawq. on. the mi4dle line and how many on the, bottom line? 

Further a^fcng in" the plan, a description of the whole course of this- 

work is. given, from which it is evident that both the drawing and the 

"writing of the solution qi\ the blackboard are done by the teacher him- 
* * * * * * 

self* In practice-the teacher more often calls 6n pupils to do the 
* > 
''drawing n and the writing of the. solution. 



3 , ' 

Observations 6f the work of the teacher and children at the 

lessons indicate that, the c f Irst^part-bf > the task—rthe practical > 

solution of the problem-^d9es* not cause the children difficulties* 

t)3fff iculties^kre encountered only when the teacher Jturn^ their thoughts 

to the beginning of the £ask ind requies an analysis or~£a£h step of 

the solution, yrtien he asks for a translation of the problem*^ solution 

£ntd^the language' of arithmetical operations. With these methods, 

this pa*t of the task takes up much. of The pupils* time and effort a£d 

in th£ end.^the teacher must write * the solution of the problem himself* 

in connection with this* one &sks whether it is necessary to separate % in 

such ^ yfay the children's practical solution o£ the problem from the 

writing of the soliiiRm. Would it npt/be AOre apprppr^ate t6 fixate m 

each st^p of. the' solution, so . that the;children would nof'have to 

return to an analysis of their actions after the problem is alr^dy 

solved?— ^ ' 
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v . After this curriculum dictates that the children carry- 
out two ass ignrni&fs 'given by the teacher, , 

1.* The teacher asks * the pupils to put sticks in three .rows— in 
the top row, Seven* sticks , iti the middle row four more than in the top 
*and in ^e bottom row, three more than iti, the middle* The assignment 
t is to find out how many sticks there are in eaph row and to state how 
this can b6 determined*. - ' v * # . 

* 2. The teacher. has the pupils- draw crosses in their, notebooks — 
an the left, four crosses';' in the middle, two more than on the left; * 

" and on the right, two more than in the middle. The assignment ±S to 
write the corr^fct number under each 'group of crosses* ^ 

. Only now doe,s the teacher turn to the analysis pf problem- nUmber 

> 4 

,93 from- fcj^e textbook, which is completely and concretely illustrated. 

* This is trow the analysis of the problem looks: * 

The 'pupils read the problem and examine the illustration. 
Then the teafcher puts the problem on the J^ard .-dn ai\*abbre- 
viated'. form: * , 

Bottom — 10 books m 
Middle — 6, books more than oil bottom ' 
* Top — ■ 4' books more "than on middle 

An analysis of the problem. is conducted. t 

/ What is asked' in the problemf ' . „». 

Is it possible to find 'out/ at on'ce, how 
, many boqks are .on- the to*p shelf? t 

Why is it impossible? What is* it possible 
to find out from the first?- ? And so forth. 

then comei an. oral analysis of the solution to still. another of; 
this sort of problem "(the children write the solution at home). Thus, 
" both the authors of the curriculum and the teachers who follow the 
recommendations cited above consider it necessary* that the children 
analyze two problems of a new type also witii the aid of dramatization 
and finally,, that" they solve yet another problem under the teacher's- 
guidance, with the f uM ^illustration of the whole course of .its 



Tn 'the hook \uo ted* , this problem listed as number' 187* 

* * * * 



(See [ty]) . 4 * ? , • f 

4 . 
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solution put on the board by the 'teacher. Only after all this has % been 
done do they consider it possible to turn to the children 1 independent 
work with individual visual aids. But even at this s^age, each step 
in the children's wojrk is controlled by the teacher and is explained 
to the' children with his help. It is also proposed that the assign- 
raent which the children do in their notebooks be exesuted with the full 
use of concrete visual aids. The next problem (from the: textbook) is 
still not to be given to the children for independent solution (more- 
over, its conditions are illustrated tf.iv the book)* but is to be analyzed 
'collectively from, beginning to^nd,- and the childrtffx must only write 
down the solution.' , > 

However, as has been noted above, before the introduction of 
* * * • 

these problems, the childr^r^ have already solved many problems which 

required them to find a number" bigger than\[nother *one V by §£yeral units; 

thty have"" alsQ"solved compound prdhiemgv Thus neither thd fact that 

in order to solve the problem it is first necessary to *f ind some missing 

i* > 

information, nor the necessity of increasing £ number *by several uhits 
.is new to the children. \.By this time, the pupils should he able to j 
solve problems on the addition of several ,units to a number without 
recourse to visual aids. * ' 

* ■ All these' considerations, supported, by the data gathered in our 
observations o^E pupils' class work , gave us grounds for .assuming 
that** the share of the > children' s independent participation could be 
substantially increased. As always, „we fir's t checked this suppo^i- N 
tion during separate lessons with individual pupils." -The sessions . 
continued up to^ .the introduction in clafe's of the^probletlm undWjConsi- , 

• deration.. The aim* ^>f iritroducibg the problems w^j^,o ascert^4 the 
jfifficalties children would encounter in the solutions, and, .in accor- 
dance with the difficulties, to outline a method of , instruction ^hich 
would minimize these difficulties and provide a filter transition to 
the independent solution of the problem. Proceeding from the fact that 
the successful solution of. 'this new type of problem requires a firm 
knowledge of . simple' problems in the addition of sevet^l units feo ^ 
number', we selected for the sessions only students who, up -to this 

time', had' been able to handle independent "work in the solution' of such 

♦it . k • ' • 

probLemg in class, * ' * % » • 
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This work consisted bf three tasks. /~ 

# 

1. Outline six squares on one line, and, two more < 
than that on the next line* 

2. Solve the following problem. , 

In one piece there vers 30m.. of material and in * 
in another 10 m. more than in the first. How many meters 
of material were there in thi second piece? 

3. . Formulate the question and the solution for the 
following problem. * , * 

" . *■. 

Kolya solved 5 examples and Tanya solved 2 # 
examples more than that. Then write down a complete . „ 

answer to this question. „ - 

i 

^ Such tasks were carried out more than once in drills conducted 

the first grade. D\iring the session we also began with a practical 
assignment. Draw four circles on cfrie line and two circles more than that on 
the second. Each time, we asked the child why he had drawn six (or nine) 
circles. All of ,the six children with whom we had sessions were able 
to handle this task. Then we assigned the following problem from tl^e 
textbook. / " ' 

InJ one box there are 3 pencils, in the second # there 
are two more th^n in the firsthand in the thijd there 
"are four, pencils more than in tP^ second. How many 
. pencils are there in the third box? 

We assigned such ^ problem for independent solution in the first- 
sessions conducted with .good students imiorder to find out wHat diffi- 
culties* the children, might encounter. We found out from this that / 
the ^rrors committed during the solution were connected not with \ 
thooslng an operation, but with insufficiently .analyzing the conditions* 
of the problem. Thus, one pupil ended his solution after having carried* 
out only the fir&t pperation, and ari^Jpr, in both operations, adde4 
first two and then four pencils to trVree pencils. 

Because of* this finding in the sessions with the next pupils 

* 

(for, these lessons slower . pupils had been chosen) special attention 
was v devoted to the analysis of the conditions.* F^TsT, we 'reminded ' the 
children of .the form for the schematic representation of the conditions 
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■which was used in the. solution of simple problems on the addition 

» 

of several units to a number, and then asked them to represent^ the 
following problem jdiagrammatically . 

In one box there are 3 pencils and in the second 
there are 2 pencils more tfran. that*> How many pencils 
are in, the second box? 



After thev had written down: 



THre^ pencils 



two pencils more than in I 
we asked the children to write down the solution to the problem. 
A compound problem then was assigned: 

In one box there are 12 candies, in" the second 
there are three more candies than in the first, 
at^l in the third there are six more candies than in 
the second. How many candies are there in thfc third , 
box? 

The problem is read independently. Then the following questions 
were asked: 

How many boxes are there in all? (Three.) % 

jsf^ Make three rectangles and write in them as much as 

you know from the problem about the number of; candies *• 
in each one. $ 

If this task caused the pupil any difficulty, we helped him by 
asking leading questions* 

Do you know how many candies there are in the firs?' 
box? Write it down in the first rectangle. Does it 
say in the problem how many candies Jtherfc are in the 
second box? (No.) 

* 

Put a question mark in the second rectangle. Does the 
problem say how mahy candies there are in the third box? < 
Now write down what is said about the second and third 
boxes . „^ 



As a result the following representation wa^ written down: 
12 candies ? ' ■ • ? 



Three candies more than in L — six candies more than in II 
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After this was written down, we asked them to solve the problems 
independently and again observed how the children handled the work 
and what caused them difficulties. 

We were prepared to help the children in the final analysis of 
the problem. But, in practice,, this was not necessary. All four 
children wit;h%rhom we conducted these individual lessons solved the 
problem t^y "themselves* It is true that when we asked them to explain 
-why it was* impossible to find out at once how many candies there were 
in the third bok% not everyone could answer precisely enough, but it 
was evident that the solution had been Carried 0ut with an under- 
* standing of the essence of the matter. Here are the answers. 

Slava K: First I figured out how many were in the 
second one, and then how many in the third.. 

Misa M: There are> two problems Iiere. First 12-1-3 makes 
15 candies, and 15 plus 2 more make '17 candies. 

I asked: But why did you add the 2 candies to the 
15 candies? 

* 

Misa M: Fifteen — that*s in the second and in the 
third there are 2 more* 

# » 

Tanja M: Because in the third there are 2 candies 
more than in the second, but how many are in the second 
must be figured out first. 

Xh^n. problem number 187 from the textbook was considered. The 
children had to read it through themselves, examine the drawing in 
the book, and write down the solution. And again evefydne was able 
to handle the problemt Only Yura Sh wrote down, bo.th operations in 
one line: k 

3 

10 books 4- 6 books + 4 hooks « 20 books 

Individual lessons with six pupils, of whom four were among the 
slower pupils of the class, convinced us that problems of this. type 
are not so difficult that their explanation requires the prolonged 



work that N. <V. Arkhangel f skaya ahd M. S. Nakhimova recommends In 
accordance with our formulation, the teacher L. E. Zaikina conducted^ 
.this- lesson in an experimental c^ass iii the following manner. 
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At the beginning of the lesson, in the checking of the homework 
and oral calculations, two problems were solved orally—one on increas- 
ing and the other on decreasing a given number by several units. Then 
the pupils were asked to compose a problem to fit a diagram and then 
to solve it. For this composition two variants were given: 



V 



II 



10 



Six 




L' 


Four more 



Three more 

4 

■ r ■ 

We cite examples of the problems the children composed: 

In one box there are 10 kilograms of apples, in another^ 
ttyere are 3 more than that. How many kilograms of apples 
aiffe there in the second bdx? 

Brother |ound 10 mushrooms and sister found three more 
than that. How m^y mushrooms did sister find? 

In the garage there were six cars and in the parking 
Jot there were four cars more than that. How many cars 
were in thfe parking lot? ^ 

Each pupil wrote down in his igtoebook tfie solution to the problem 
he had made up. The teacher walkej^p and down the ats¥|s and^ checked^ 
the correctness of the assignments execution ; then she called on/ j 
tli^e* pupils one after another to read their problems and explain the* 
solutions. The rest of the children listened and checked the answers.. 
For tl\e solution of one of the problems another pupil wa$ called ,on. 
Tften rthe teacher wrote on the blackboard an assignment to be worked 
independently in the notebooks. # 



Outline squares: * 



On the first line — four squares < * 

0 

On the second line — two squares more than on the first 
After this assignment was carried out, the teacher asked: 

How many squares are outlined on the first line, how 
many^n the' second, why six? 

When she had gotten answers to these questions, she added to 
the assignment by writing on the board: ^ 
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On the third — three squares more than on tjie 
- second line, 

Thig additional assignment was read by one of the pupils. The 
teacher once, more emphasized the condition with the question: 

Three squares moise than on which line? 

The Children answered that they were to outline 3 squares 
more than on the second line* After this assignment was carried out 
too, the teacher again asked how many squares there were in each 
line and why. 

After th|s the children were asked to listen attentively to a 
problem and to compose independently a diagram for it. 

* 

In one box there are four pencils and in a*second 
there are two pencils more than tha£. How many pencils ■ 
are there in the second box? , 

Tha 'problem was repeated by two pupils, and then the children turned 
to its diagrammatic representation. , ) 

During the execution of, the assignment the teacher had to help 
two pupils . When almost all the children 1 had handled; the task, one 
of the pupils was called on to draw the appropriate diagram on the 
board* The rest of the children checked to a$f if they had done the 
diagram in the same way. The class w^s given the question: 

Do we know ^ow many pencils there are in 
the second box? (No.) 

Can we' fint^ut? (Yes*) 

Then"" the teacher continued the problem — "And in the third box 

there are three pencils more than in the second. How many pencils are 

there in the third box?"— and called on one of the pupils, to completed 

the diagram on the board. The. class was given supplementary questions 

about the diagram. 

Why did Jura put a* question mark in the third 
rectangle? (Because we do not know l±ow many pencils 
there are in the third box.) 

' ■ * 

What does the problem say about 'the third box? (It 
says that in fche^third bpx there are£*three pencils more 
• than in the second*) 
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The words "in the second" were underlined on 'the board* The 

«• # 

children completed the diagram in their notebooks. 

Then the following question was asked of the class: 

Who wii^ be able to figure out how many pencils 
there are in the third box? \ 

Many R&ncte were raised. 

Who does not know how to solve the problem? (Two 
hands are raised.) 

/ ' 

Solve it, children. '/ .«\ . 

V- • f ' 

Tlie teacher goes over to the children who had hesitated. One of 
.the pupils who had solved the problem incorrectly was subsequently - 
called, to the board and under ^the teacher* s guidance and wi£F? the heli> 
of his comrades carries ojit a qomplet^^nalysis of the solution. 

The next^stage of the work wa#" the^solut^Lon of prdfcleA number 187 
from the te?xtbook» The children independently read the conditions and 

examined the drawing for-" the problem. The teacher askgd them to compose 

/ ■ 

a diagram' independently. Before the ^children began the task she asked 
them hcta. many rectangles would be in their diagram and showed the most 
convenient way to draw the yctangles on the board (top, middle, bottom) 
After the assignment was carried out, one of the pupils drew the diagram 
on- the board* « 

0 <J 

The course of solution is outlined in the direct questions asked 
£.he class: ^ ^ ; 

Can we fixid out at once how many books are on the r 
top shelf? Why? . What must. .be found out first? r v 

One of the pupils repeats the plan of the solution: 

First we figure out how many books there are on the 
middle shelf and v then how many books on the topr shelf. 

The solution is written down by the children independently and 
checked collectively . Then problem number 188 frrom the textbook is' { 
assigned as an independent task* 



5 ■ 
Here and later we refer to -the standard textbooks: [13, 14/15, 



and 16]. „ * a * / 
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first strip is 5 cm long. The second strip . 
is Vcm longer than the first. The third strip is 
2 cm loftger than the second. Compute the lengths 
of (the second and th^rd strips. 

All the children were, able to handle th^Ls task. Thus we see that 
by making considerably greatex demands on the children, for which, 
however, they were, properly prepared, we succeeded in constructing all 
the work of the lesson on the foundation of the pupil's active, iside- . 
pendent work. Th^lesson turned out to be more interesting and livelier 
for the children, and the children consciously mastered the material. 

The pupils f independent work served as^ the starting point for the 
examination\ of several other types of problems' in the second grade — 
" the explanation of problems on "the reduction into units" and its inverse 
and others. < v 

Pupils 1 independent work can sometimes be used even when first x^^^ 

introducing children to instances of arithmetic operations that are new 

t 

to them in principle, if the teacher succeeds in selecting the exercise 
material or cons true tihg the visual aifls to lead to the right means of 
solution. We demonstrate this by a practical example trom teaching in 
our experimental class. Subtraction of one-digit numbers* withixv. the 
limits of 20 without carrying oveft ten was introduced to the children. 
Beginning with the consideration^^ new cases of subtraction of . 
** the type: 16 - 2, 17 - 4, and so forth, tjhe teacher, instead of 

.^.turning inmiedij^eJLy to an explanation of the new subtraction device 

(with a demonstration of the appropriate operations with demonstration 
' material) asked the children t& solve themselves the example 17-4 ^ 
using counting sticks. Ten of each pupil's counting sticks had earlier . 
been tied into a bundle. Thus, when they were asked to take out 17 - 
sticks, each on^ h^d a bundle and seven separate sticks* Of course, 
when they were taking away four, none of the children tried to untie 
a bundle but used for this purpose the seven separate sticks. To the - 
teacher f s question; "How many stacks were lfeft/?"-— ;Ve children confi- 
dently angered; H 13 sticks were lefk." 
Then came the questions: 

4 

How did you find out that 13 sticks wet;e left? How 
many* separate sticks were there? Why were only 3 left? 
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In answering, the pupils, in fact, reproduced the chain of reasoning 
to which the .teacher had^wanted to lead them." 

Still another example (15 - 3) was solved in the same way* Again, 
in th$ check of the independent work, the teacher posed the questions: 

How many were left? How did you find it out? 
How did you take ^way, from which sticks? 

After this the teacher <asked the children to figure out mentally how 
many are left if four are taken away from, 19, A forest of hands went 
up, and the pupiircalled on not. only r gave the correct answer but also 
explained how he had computed it. i * 

Only later, during the summary of the faork which had been done, 
did the teacher (at the dictation of the children who wete called on) . 
again demonstrate the solution of an example of this type* - In the 
course of the demonstration the formulation, which had been arrived 
at through the children's explanation of the solution, was specified, 

^^nd ,a detailed representation of the solution was put on the board. 

The fact that the children, from the very beginning, had, during the 
r execution of the assignment, followed the course which the teacher - 
required, can be explained in this case by the selection of materials 
which in themselves led up to just this course. If the sajne counting 

> sticks had not been tied up in bugles earlier, the rtethoc^ of addition 
and subtraction with which the teacher, wajnted to acquaint the children 
woi^Ld hardly have succeeded incoming to their awareness on the basis 
of independent work, 

r 

4 t This approach was also used to examine new methods of subtraction 

and in the introduction of addition and subtraction, with carrying over 
ten. For tUis l^ter purpose we used the widespread device "Tae 
Second Ten. ff \ This is a demonstration device corSlfeting ofyi two*rows 
10 pockets eich, in which cut-out geometrical canvas figures can be 
placed. The pevice had already been used for the organization of 
^pupils * independent work in the examination of numbering within the 
founds of 20, in addition and subtraction in cases where* one of 'the ' 
addends is equal to 10, and, then in addition -and subtraction without 
carrying over te&. With such preparation using this device (each 
child in the class ; had his own), the study of carrying oyer ten addition 
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and subtraction within the bbunds pf 20 proved to be completely 
within the* children 1 s abilities*. In all the causes considered, the 
lessons proved to be both moj;e interesting and more productive than 
the lessons completely ^constructed Varound the teacher's explanations 

of new material , where the children \ only had* to listen attentively, 

\ * * 
remember ^ and repeat his actions and words* 

/ Described above are separate instances in which we succeeded 



in constructing the introduction of new material on the foundation 
of pupils 1 independent work. Through analysis, of the numerous facts 
of this sort, which^ occupy a'^laoe* in teaching experience in our 
experimental* classes, we came to the folldhring fundamental conclusion 
abou£ the ad"\jisability of such an approach' to the study of new educa- 

atonal material in arithmetic lessonS in the elementary school. 

The use of children's independent work as a starting ppint for * 
the introduction of new educational material proves productive: 

1^ If the material which is to be studied in the lesson does 

• not contain anything new in principle relative tfo what Is already 
known to the children, if tne solution of the new problem is a re- 
interpretation of what was mas£er£d earlier or is an application, 

with some modification of earlier acquired knowledge, skills, and 

♦ ■ - 

habits. 

2. If the lesson contains a problem In generalizing several 
relatively simple facts well known JCo the children, with which they 
have dealt more than once in the past. 

3. If the method of * operation^ the approach to the solution of 
the problem with which » the teacher . must b acquaint the children *in the 
lesson, can be pra#ented to them by creating appropriate conditions, 
in the lesson itself (by using appropriately constructed and selected 
visual aids, by organizing appropriate preparatory exercises and so 
forth). • ^ 

4. If the examination of- the new material can he constructed on 
the foundation of the experiences with practical operations with 
objects, which the children have acqiAred earlier/ in the^school. and, . 
out of" it. - * . 

' 5* If the children have been sufficiently prepared for independent 



surtlciently preparea toi 
♦work with a book, and the new material is set^forth\n a form which the" 
can understand. - ' ' 
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The examples', cited above, of the artudy of the commutative 

property of sums in the third grade, the study of the addition of many- 

digit numbers, totalling less than a million (after the writing devices 

for the addition of numbers to tailing , less than a thousand have been 

* « 
studied), belong to the f£rst case. In the teaching of arithmetic in 

the elementary grades*, there proves to be a significant number of 

^uch instances, especially since many of the questions in the elementary 

arithmetic course are considered concentrically • This is related 'to 

the study of arithmetical operations (which are studied first within 

the bounds' of 10, then within the bounds of 20, 100, 1,QG0; 1,000,000 m 

an4 finally with numbers of any magnitude), and to^the formulation of 

several arithmetical concepts (fox example, the concept of the difference 

of 'numbers^ fully prepared for ky the ^olution of problems on increasing 

and decreasing numbers by several units) and to the solution of arith- 

meticar problems (for instance, in the beginning of the second year 

^of instruction the children become acquainted with problems in two 

operations, one of which is either additioi) or subtraction, and t^ie 

second multiplication or division, an^ before that, in the first gtade, 

they have already mastered the/skill of solving simple problems with 

all operations, and problem&^in two operations with addition and v # 

subtraction)* As an illustration of the second ca'se, we may consider 

the introduction of examples in subtraction with zero in the. answer 

and of the commutative proper ty of sums to pupils of' th^^lrst grade \ * 

the acquaintance with the commutative property of products, the 

deduction of the rules for the comparison of numbers by subtraction and 

division to pupils of the second grade; the deduction of the rule of 

multiplication .of numbers by 10, 100, and so'forth, to pupils of the 

third grade. Such cases are encountered particularly t f requent\y^in__ ' 

\he fourth grade, in wh^ch one of the fundamental problems of the 

course is the generalisation and systematization of all the factual 

material which relates to the properties of ar^tH&etical opera tions,. 

to the relationships, among the various operations and the applications 

of each of them, and others, 5 , which have been\ accumulated by the c}iil~ 

dren- in 'the preceding years of instru^tipliV \ # * 

Ther third case is not so often encountei^&slSin practice. However, 

it too is of a Scertain interest, jprecise'ly because although here the 
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element of "the ctiildren 1 s independent "discovery" of new facts 

and raodfrs bf operation is predetermined by the teacher f s preliminary 

■* * 

, the children do not realize this and remain fully convinced 
that "they raade^the "discovery 11 completely > independently . 

As an example of the use of practical operations with objects as 
a starting Rpint- in the explanation of net* arithmetic material, we may 
take tlie \p*actical work in the comparison of the "lengths of two strips 
of paper (ribbon, ^string)^fanm^diately before the examination of the 
fdrst problems on the comparison fc£~numbers by Subtraction* - 

As ^ for ^independent work with a book, only one of the instances 
of such work carried- out by a teacher (A<^ B, Kozoklna) in the fourth 
grade was described above. However, in the trial instruction in 
experimental classes we succeeded in Carrying out guch-work not only 
in the fourth, but in all the cither grades, beginning with the. first. 
.Thus, affrer having repeatedly gone over 3 with. the children the derailed 
form for writing Jown the solutions of various examples, indicating % 
the chain of reasoning of their' solutions, we finally used the following 
assignment as material for independent work: % * 0 „ 

.Examine the way the solutiqn ^of x?nfc or .another 
new example is writter\ down -in- the *;topkja£ui be 
prepared to explain its .soiution'^^fl^ng to the' 
way it is written down. ^ 

In rcmy cases* "tfce method of writing the sol^ion illustrated in the 
book was given to the children as a model -fVom which they had *to write x 
down independently, the solution of another, structurally analogous 4 
example. For the organization of independent work using a book in/ 

*the second and third grades, we used the illustrations given in the - 
book of' the conditions of several problems and others. 

In all the cases which do not introduce any material % new in 
principle, very intensive preparation's necessary so ' that independent 
work on new educational material will be within the children's capaci- 
ties. The first and necessary condition for this is "the children s 
conscious -and firm mastery of* the knowledge upon whose use the solution 
of the new'problem is based. For this reason, such independent work 

• may be tarried out in class only a'f ter - the^acher is convinced of . such , 
mkstery. All the necessary facts, rules, definitions, etc., absolutely' 
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must x be reviewed 'immediately^ before the execution of the Independent • 
work. y 

Observation fur ther. convinced us that in order to prepare for the 
execution of independent work, the 1 necessary problems from past experi 
ence mus,t be repeated separately from the other's and must be divided 
into parts so that iSi giving the assigi^mttnt the teacher can say: 

s I see that you know so and so and so and so, know how 
_ to' do so and so ,and so and so, thus you should bjpf able to 
salve thip new prdblem (or -answer this question) by 
yourselves. . , t 

• * \ 

This^form of assignment, more than anything else, serves to activate * 

in ttwQcl^drfen's consciousness, precisely the knowledge which they. 

must use to fulfill the assignment. 

Furthermore^ if * the knowledge acquired earlier must be applied 

by the children under conditions rather different from- those they. ; 

have encountered earlier** it often* proves useful and even necessary # ' 

to pay special attention to whafiji these new conditions J-s similars 

an^ what is different* in relation to what is known. For exampl^, in 

the lesson devoted to addition, without carrying over tdn but totalling 

less than 100, before asking second grade children to independently 
* • 

solve... the example 32 -^ 6 not only reminded them' of the familiar. 
. case of additioh without jaryying v over ten totallipg less than « T * 
20 (12^16), but also asked them to compare £hese cases. This' 
comparMfcn was made binder the teacher f s guidance. The children • 
reproduced the whole chain of reasoning with a familiar example f then - 
the difference between it and the # new one was formulated.*- ("There 
there was 1 ten, and here there are ,3 tens. 11 ) Tjien the teacher said: 

So, children, tfyis is the only difference and in / < 
other respects these examples are .very similar . Now • w , «' 
solve the new example by yourselves, reasoning as » <t * / 

you did earlier, and be prepared to explain the , A «\ * 

solution • % 4 

« a * 

Af x ter the explanation of the solutioni to this example, other 'examples 
of this type were aligned for independent salution, and the children . 
confidently fulfilled this assignment* * * * 

- Then the children went qver *th6 appropriate reasoning aloud 



during group work in the next lessons. Having acquainted ourselves 
with the "exercises with commentary" which were used in the experi- 
mental j^owk of the Lipetsk teachers, we came to the ^conclusion that 
it is precisely at this stage, during the consolidation of the knbw- 
ledgd of the rule for » solving examples of a new sort,\that they should 
prove to be particularly useful , provided that the pupils 1 "commentaries 
during the solution of examples are gradually curtailed' from one lesson 
to the next and then completely disappear. 

Thus, in the case considered abovQ, of addition without carrying 
ove^EeiNbut totalling less' than 100, in the first lessons the expla- 
nation given during the solving of new examples of this type would, .for 
p^ample^S^ound like this: # 

<Add 6 to 32. ^Sie number 32 consists of 3 tenf£%*id 2 units* 
We will keep the 3 tenfe in mind ^and add 6 ,units to the 2 
units, making 8 .units; 'and there* are also 3 tens— 30 iknits — 
♦added to 8 dnits — makes 38. units in all. 

After a while (depending on-the children's mastery of the 7 rule being. . 
studied) the explanations will be formulated considerably more briefly 
(using the- same example): "Add six to 32. Two added to six *akea~, 
" eight; eight^added to 30 makes 3B." After the children have mastered 
the method .for subtracting there is no longer any necessity for such 
explanations during the solution and the pupils are granted "the right 
to say at otvce 'what six add^d to 32 equals. .' « 

. a However, from time to time (especially if one of another error 
appears in subtraction) the teacher will ask how the subtraction was 
carried out. Eafch pupil should at any moment be able to give a 
detailed explanation of the whole process of solution. 

Thus-; ,the deduction is made on the basis of the children's inde- 
pendent examination of a new case during the same lesson. at which it 
is introduced, and is consolidated during the next lessons under the. 
^teacher-'.s guidance and control).' The teacher's guidance j*ere must 
directed toward the children conscious mastery of deduced rule af 
'the general automatization of the operations dictated by it. _ < 
^ ■ In general, pupils' independent work in all cases san be consi- 
dered only as a starting point in the study of new material. It not 

i •«!.•■ i ' 
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only does not exclude/ but absolutely requires, the teacher f s well- 
thoAght-out guidance at each stage of the work on the 'new material . 

It is not out of place to necall'h^re an extremely important 
conclusion, in our view which was drawn' on the basis of a psychologi- 
cal investigation of the process of ma^^hry of knowledge in school , 
children. This investigation concluded t^t the first acquaintance 
with a new concept, rule, etc. 7 however it is organized (on the basia 
of the teacher's explanation or on the basis of the children's inde- 
pendent woj;k) «, " 

• > 

is only an initial phase, a point of departure 
for mastery: the futther fate of this process defends 
on how the concepts, rules, etc., are -organized in * 
instruction. During the exercises, knowledge is nqt 
. only consolidated, but alsft extended and made more 
precise [2] . v • 

For this reason* it Is not possible to consider that 'the organi- 

zation of children's independent work at the stage of the' initial intro 

duction of on^ or another new problem indicates that tHe children have 

independently mastered the appropriate knowledge. Even at this moment, 

« 

their activity proceeds under conditions created by the teacher , _££e- 
pared and directed by means of *the materials,, exercises, quegl^ions, 
etc., that**she has selected. .Thai teacher f s guidance, fully retains all 
its significance iQ the' next steps of t;he acquisition of new knowledge— 
during the children's fulfillment of various assignments connected 
with the application of this knowledg^^ 

To 'summarize what" has been sa/d in this chapter ab$iit the place 
6f pupils' independent work in ^arithmetic lesions in the* elemeiyCary jjk 
grades, it is possible- to formulate the following conclusions. 4 » 

1, Pupils 1 independent work can and must find a pice in every 
arithmetic lesson in all grades, beginning with the first. 

2. In most lessons it proves expedient to organize the children's 

independent work along the lines of various assignments by* the, teacher, 

more than once in the ^course of the lessop ^(two to six times in one 

lesson/, depending on the goals and problems of each lesson, the 

peculiarities of the educational material on which the independent work 

is cpnstructed, and the children's l^vel of preparation. 
• * 
, -i ' 177 . 

"* ' f 



JC 



3. Pupils* Independent work can be used with success at various 

stages of a lesson, including the introduction of new educational 

material. In this chapter we considered the concrete cases in which 

such an organization of the work on new. educational material proves 

productive. ^ % r 

i ) 
The possibility and necessity of children 1 s independent work at 

* * * 

/the stage of the consolidation of knowledge, skills, and habits which 

« have, been acquired before is unquestionable— in this st&ge of the work^ 
on new material it. is only important to note what types of tasks can 
best be used here, and how the appropriate independent work must be 

* : cari;ied out in the lesson. The next chapters are x^evoted to , the 
consideration of these problems. 




^signments for Pupils 1 independent Work with Various / v ^ 
Educational Materials , , 

. It is possible to find, in. the methodological literature, assign- . 
ments diverse in content and character which are used by individual 
teachers in instructing children in arithmetic in the lowey grades of , 
school. However, our observations indicated that far ftfom all of 
• these assignments have' a practical application in the experience of 
the mass school. 

* Indeed, if the tables reflecting the general picture of the 
organization of pupils 1 independent work in the lessons we observed 
<are reviewed, it is apparent that the number of kinds of independent 
work represented is extremely limited* Even in the Lipetsk experi- 
ment (see Table*2) , as a whole, the impression left by the independent 
work observed is one of\extireme monotony. Furthermore it is impossible 
V^aot td note that too muclh lesson time was spent 6n the exercises whick 

least required that the children manifest independence. * 
- * \ . • * ' ' 

* F;rom Table 1 it is evident that copying from "the board toojc up/ v * 

approximately 18Z of thai time devoted to the children's independent 
wcyrk, and that solving prepared examples took up 41%. Thus, the 
greater part of the time Tin* the lesson, when the children were yccupied • 
with independent wbrk wa^ spent fan exercises ^devoid of the element of 
creative work — the independent sekrcli for a \fay' to solve some new 
problem. / 
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Only in 30 out of 100 cases was the children's independent work 

in some way connected* with -the solution of problems—even though, -as 

ia well known, the solution of problems presents one of the greatest 

^ficulties in the teaching of arithmetic* It is also important 

to note that of these 30 cases, 15 consisted only in part of independent 

solutions — as a rule, only t^he writing down of the solution to the 

problem whicfy had already beWi analyzed fr^m beginning to" end- collectively 

with the teacher's help." The observations indicate that even in small 

schools where, by force of circumstance, the teacher <must keep the pupils 

occupied with independent work for 20-25 minutes per lesson, this time' 

is also almost exclusively devoted to the solution*of examples and 

writing down problems which have already been solved. During the 

discussions of this-"ci£cumstance which we conducted at the teachers 1 

committee on methods, it became clear that the reason for this selection 

of exercises •for pupils 1 independent work was uncertainty that "the 

children could handle the task* ,■ 
* . / ' 

%pv give ,the assignment of solving examples independently 
confidently, knowing that the children as a group, can handle 
the work, but if you ask them to solve a problem independently < 
(even a familiar type), many pupils "will sit idle because 
they do not know how fc to approach the solution, $ 

This is a -characteristic explanation given by tfie teachers. However, 
it is hardly possible to accept^.^*r^explanation as suf f ic^r^^i^ 
•convincing. % It is impog£i^lfe7 in fact, to become reconciled with 
the position that .ptfpils do *iot know how to approach the solution of 
even a familiar problem. Ultimately, the goal of instruction in 
arithmetic will not be achieved if the t^acfher considers this posi- 
tion .normal -and orients her instruction t>owafti it, I^s'eems extremely 
improbable that* the pupil could learn to solve problems independently 
if* he has no practice in doing so. outline the content of 'such 

work, to select the best forms qf assignment, to work out a syp*tem * 
of these assignments so. that they gradually increase in difficulty, 
has 'become one of our main tasks. 

During our 1 attendance at the lessons we observed, further 
characteristics of the work* on examples came to light. In the lessons 
of all the experienced teachers with 'whom we were acquainted, in the 
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over^Seiaipg majority, of cases, the assignment consisted of the written 

solution of prepared examples by the Students. . There were no eslehtial 

differences in the form bf the assignment— the teacher either simply 

indicated the number of the appropriate exercise fronj the textbook, 

wrote examples on 'the board, or distributed fcards with examples 

i 

' yritten on them to the ehildrfert (most frequently the assignment was . > 

given in two variants so tRat pupils* sitting; next to each other workec^ - ^ 

,on dif ferent, example^ ) . Several ..teachers, gave supplementary 'assignments "\ 

* to pupils whp,had finished their work before the others. Whil$ the • 

- children solved the examples, the teacher walked up. and down the aisles,* 

' i * . • . , 

showing individual pupils- their errors;and helping them. As ?a rule, 

the teacher checked the work after the Wesson was over. 

The. assignments- wer^e conducted in the same way in all classes. 

The only difference lay in the numbers the children dealt with. F^com 

discussions Vith the teachers about the reasons for this monotony in • 

work with numbers, we became. convinced that many of the ^teachers who 

limited the pupils 1 ' independent wojfk to the written solution of prepared 
« 

examples do not proceed frotn any special consideration, and even lose, 
sight of the, possibility* and advisability of introducing Variety in the. 
work. Only insufficient attention to this call' explain wirl, during 
the execution of independent wcfrk,^he teachers rarely* usea even the 
kind of exercises which, are relatively richly presented (with respect 

variety but not quantity) in the textbooks by A, S. Fchelko* and 
G. B. Folyak. I 

w Taking thiamin account, we shall consider below the various types 
of 'tfcsks for pupils' independent .work on the soluti'on of independently 

'composed and modified examples. Of these, we shall principally 

% \ * i * 

•* * 

consider exercises of a creative nature which favor the development of 
children's powers of thought, observation and n mathematical insight. tf <• 

) ' ' 

Assignments for Pupils [ Independent W ork on Arithmetical Examples 

Exercises in th^ solution of examples can serve. the most varied 

purposes in the teaching of arithmetic. The most important of these 

• ■ *■ * 

purposes is; of course, £he 'development of, tfye skills of mental and 
written calculation.. However, the examples can also be used for the 
formulation of a whole series of arithmetical concepts, for the 
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explanation of the properties of numbers and., arltljmetical operations,. 

1 * - • X 

etc. Wort on examples can and shayld be not only highly useful in 
■ * 1 ■' 

an instructive sense but also absorbing, interesting, and useful in 4 

an educational sense* , * - 

. There exist Varied exercises connected* with the solution of ariAi- 
metickjF examples 1 , each of which require from pupils strenuous thought, 
attention, and the ability to^ apply practically the, theoretical knowl- 
edge* they have deduced. We shall consider 'all possible exercises of 
this sort and attempt to show the purpose of each, ai\d vnhen arid how* 
it' is best to use them. ' "\ . J 

First, let us note that evan in work on the solution of prepared 
examples considerable variation can be introduced, both in the form of 
the^ assignments and the writing of solutions, and* in the essence of K 
the work to be done. Thus, the examples certainly ^ieed not always^be 
given to the pupils Written out in full — often ]lt is possible to use 
the table for mental calculation which each school Ijas for independent 

1 -class work. -For Example, the teacher may give the children the^s^s^ign- , 
- ment: "Add the numbers in the second column to the numbers in the first 
'column, write down the examples and solve them.*" T© give the Schildrjpn 
« such an assignment, the teacher, need not spend time writing the Examples 
on the board. Such an assignment is useful for the children sijice it 
demands greater attention from them than does the' copying ,of prepared 
examples from the board or a book* , 

9 Assignments of the following type are also helpful. A row of n 

numbers is written on the board and the children are" asfrfc^tc increase 
v (or decrease) each one of them by several units or several times. For 
example, in the second a;id, third grades the following assignment may 
be given. * ~* 

Decrease six times: 36, 72,- 12, 84, 96. ^ . 

For the first grade: I . 

Increase by seven: 11, 13, 6, 9, 12, 8. ^ 
4 * Such examples allow work on the development of computational 

skills to be combined with the formation of very* important* arithmetical 
concepts./ Thus^ £paim from addition and subtraction by several units 
or several times, the comparison of numbers both by subtraption and by. 
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division cap Be. included in sufch an assignment* For example, two ^ 
rows of numbers are written on \ the board. ^ 

53 48 32 54 , i 

• 27 19 8 1^, > 

TKe^ children are asked to compute (and write under each pair of 
numbers) by how many units the numbers of one row are greater (or less) 
than the numbers of the oth^r row. T 

This kiq4-of independent work, for pupils can sometimes take the 
I^Lace, in a lesson, of "so-called mental calculation. It is" wise to 
limit beforehand the time s^ent on An assignment; in this case the * 
children can solve the examples orally and rapidly. This form of work 
allows the teacher to check on how each pupil is handling the assignment 
(this is certainly not always ^possible to accomplish during questioning 
of £he class in mental calculation)-. For *the 'teacher who works with 
f~wo or more classes at a time this type of assignment is especially 
good, because the lessons on mental calculation can be conducted withftklt 
the teacher's direct participation in the work. At present, according* 
to our^observations, this form of assignment is usedy if at all, during 
the conduction of practice* in men£&l /calculktion under* the teacher* 1 s 
guidance. Furthermore, even wh£n the examples 'are given to the chil- y . 
dren in written form, it is not at all necessary ^foat they all\rewrite 
them. In many cases, the writirfg car> be limited to just the answers. 

To carry out such work in the' third and fourth grades, the teacher 
must have a set of cards on which* the assigned examples are already 
written in columns. For example ^ * ' * 

" 13567 3541 348 , 
+ 2fr782 - ^762 V 3 etc . ' ' 

If a number is indicated on eaph of these cards, then the pupil writes 
it down in his notebook and may solve the example^ without rewriting 
them. Or even better, if r all the examples are arranged in one row, 
then the pupil may align the she^t he has received with a page in his ( 
notebook and, after solving eacii example, write just the answer under . 
it. r ' . 

It is useful' to introduce an element of self-guidance into work 
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on the solution of prepared examples.' This element arouses the pupils' 
interest and, moreover, increases their feeling of responsibility for 
the work they have done. The^well kniewn ,f circular M 'examples ma^y be used 
to introduce s.uch self -guidance. During the solution of -these examples, 
the children.- continually check, to some degree, the correctness* of each 
answer they have gotten,* Unfortunately, even "circular" examples are 
seldom used by the teachers as material for children s independent «brk. 

•It is possible,' in- assigning to the children several examples for 
solution, to indicate, let say, that the sum. of all the answers must v 
ecpal 53 (or some* other nupiber) . * Assume tfie following examples were 

* assigned: . * _ % t 

> 52 - 46 « . 13 + 9 - ♦ 72 - 67 - i8 2 * ... 

After having solved tWtem and* arrived' at the proper answers: 

6, 22, 5; 20 / " . fc 

the pupil must add these numbers ' as a chehk on computation.' If the 
result he gets is not 53, then he must again fcheck the solution of each 
example'* Practical experience indicates that pupils, uritil the upp£r 

i 

grades, c^o not-kriow how to check; their arithmetical work. , In teaching 
theih, special attention must be paid to the checking of qomputations 
when independent work is being carried out* ^ 

*■ Along with the introduction 6*f elements^of self-guidance into* the 
assignment itself, and also Vith* the reciprocal checking which many 
teachers practice, it is possible to use* the following type Qf work. 
The children are given the assignment of ^checking the solution of 
examples written on the b^prd "(or on a card) and writing in their, note- 
books the. correct solution of only the examples in which there, was an 

j ■ v * „ 

error-. ' 

Pupils also apprehend with g^reat interest assignments, to write 
out -examples from giyeti answers. This procedure also requires a corabi- 

* nation of mental calculation with writing. Several variations of this 
assignment are possible. Let us take, for example, a simplg case in 
which the .teaclier gives "the children* a row of examples and the answer 
6, and ( asks them to write in their notebooks the solution of only ♦the 
examples whlfch have the answer 6. In a more complicated but more 
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Interesting form of the task, the teacher makes up a row of such 

examples to which, the answers are, 'f or example; 11 P 12, 13> ^4 etc $ 

These examples are written- down pell mail and the children are given 

the assignment of writing out first the example with 11 forjan answef f 

theivwith 12 9 then 13 etc* For example, th£ teacher may make up 
# • 

examples on division beyond the table but within the bounds of 100: 

44 v 11 91 -:■ If* 13 75 * 5 -jjL5 68 ; 4 - 17 3 ^ 
72 r 6 - 12 42 i 3 V u 48 v 3 - 16 36 i 2 - 18 

These examples will b^^iven to the children,, let us say,. in the 
following sequence: 

48 r 3 - 75- : 5 « 36 4 2 » 68 i 4, « 

* • «. 

72:6 - 44 * 4 - 91 * 7 - 42 * 3 » 

In the execution of thi§ assignment the" children rename the quotients, 
mentally many times. In'the search for the first* example — with 11 < for 
an answer — they rename four quotients; in the search for the second — 
with 12 for an answer they return again to the 'examples they have just 
"renamed and rename the first two-. Then, looking, for the example' with 
13 as an answer, t^ey must rename the first 6 quotients, etc . The. . 
assignment can be completed irfore J^iickly if the pupil remembers the 
results which he* got through mental calculation. Thus, jthe teacher can 
use this sort of task for the organisation of a contest, based on speed 
of solution. V . 

•Finally, the solution of prepared examples may be facilitated by 
casting them into the form" of a game of lotto. 1 Arithmetic lotto can 
be made suit the curriculum of each class and <^an be successfully 
used both in ancl out of class. 



It is a small thing, however merely to vary the tasks connected 
with the solution ©^prepared problems t> It Is more important to turn 
to assignments which would, more oV 16ss, d^nand creativity from the 
children which would cultivate their powers of observation' and inde- c 
pendent thought. Here I have in mind the most diverse tasks for pupils 
.on the supplementation' and independent construction of examples. The 
simplest sruch task is the solution of examples with blanks,, One of 
the addends^ one of the multiplicands, or a sign of operation,/etc * , Is, 
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omiAted. Here are instances of this sort of ejiample: 



54 9 - '63,' 24 3 ^21,36 r -12, 18+ -27 

Examples ^ with operation signs omitted are, most suitable for the 
first and second grades, because they make the children pay" attention 
to the signs for arithmetical operations, which children of tfie lower 
grades tend, at times, not to notice. However, this task, If it Is 
* made more complex, v can be used with benefit in the third and fourth 
grade. Pupils can be asked to fill -in -the operation signs in such 

examples as: 37 8 7 * 38, 56 12 : 14 k - 54 etc., or 

in still more complex examples which require a f irp knowledge of the 

* order of operations; 48 3 5 - 33, 36 -12 » 4 - 33 etc. 

« * Examples which .require the* discovery of "the second addend from 
1 the Sum and first addend or the discovery of the multiplier from the 
product and multiplicand, or the discovery of the minuend 'from the 
subtrahendsknd remainder ^ % etc. , can ge given successfully to all 
grfcdes. In the first and second grades it £s best to give. them in- 
/'written form. - The assignment 'itself is formulated as folltiVs: 

Copy these examples and fill in the blanks. For 
example; , 

+ 2 *~8, « x 6 - 24, 17 - - 4 ^tc. f 



In the third and fourth grades such examples can also be given, 
but here the form of the assignment can be varied.- If the students 
of these grades are familiar 'with the names of the components of the 
arithmetical operations, this knowledge can be used and examples of 
the following type assigned. f *Multiplicand— 136 , product— 1088 , find 
the multiplier/' Another interesting .exercise -few: third-ami fourth- 
grade pupils is falling in the blanks in examples of ' the arithmetical 
rebus*. For example: 



i 



_3_65 54_ 
+ 7 36 x 6 



etc . 
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This is not -an easy task, and in order to complete it the pupils will 
have to 'utilize much of the knowledge wfy£ch they have acquired at : 
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► various times and during the study of various problems the curriculum. 
The varied cases ^f^onsUpctin^ exampj.es are exercises of a crea- 

^ tivdy uature. Let v con£j^Lder tasks of this sort. The .teacher can ask 
the children to c6ristruct: f prefix Aix multiplication examples }* four - 
examples in which it *s n^ctSSlary to' add six, etc., when the operation 
and one of the components ^r^r given, # T8xerc£ses of this sort are' * 

especially useful fqr"\he first and second grades. 

it'..' 

* Great , benefit is .obtained .'froni the construction of examples from 

a given operation jttjji Answer „ - for ^xample; ri Make up addition examples 

wittfx 10 for an answer" or ,r Make up multiplication examples with 48 for 

an answer. u In thi6 case, the difficulty of the task* depends bn whether 

or not it 4-3 precisely, indicated how many "examples must be made up. If 

. the teacher does not specify the number of examples and ask them to construct 

**. ' ** 

as many of these examples as possible, the children's task becomes more 

** #» * 

difficult but also more interesting. The construction and solution • 

of such examples promotes the children f s better mastery of the compo- 
sition of numbers being studilcf, both of addends and cff multiplicands. *y * 
* Sometimes it is possible to ask the children to construct several 
examples using a particular operation without any additional limitation 
or with a given answer ♦ In. the latter case the children can construct < 
examples i|fcing all the arithmetical operations thfey know in Imy # 
combination* In this way ,f from a^single answer , it is always possible 4 
to construct many examples. For this reason, it is necessary to 
put a definite time limit on the task. Indeed, even if 'in the first 
grade, after the study of the Jfirst ten numbers, the children w4re . 9 
asked to construct all possible examples with five for an answer^many 
such examples 'can be composed: 4 + 1; 34-2; 2 + 2 + 1; 3 + 1 + 1; 
6-1; 7-2, and in addition, examples in which both addition and 
subtraction are used. 

Analogous work can be quite difficult ajid useful even for fourth 
grade pupils. Thus, to make up examples in division from a given 
quotient, ' the pupil must apply the knowledge which he possessed/under 
completely new circumstances. Experience shows that even 1/^children 

have earlier practice checking division through multiplication more 

m f . ^ 

than* once, finding a dividend /rom «the divisor and quotient sti^Ll causes 

difficulty "for many pupils. 
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The construction of examples from three numbers is not .diffciculV 

' • ¥ * * " * * * i 

andV^reoVefc »*it^ is very useful % . Vqi ^example, «the numbers X; 4 and* 7 

aire given^ J $1 ^hildreri must construct 'all possible examples, namely: 

3 + 4.* t, .4'+ "3 7 -4- 3, 7 -,3 - 4* cfr the, numbers 2,, 6 and 

12 are given an4 examples constructed from them: -2x 6 "12, 6 x 2* 

12, 12 i lm 6 f 12 *% - "2.-*. - . - : , * * 

. * «. ■ 

f 0 » 

\Such exercises '^re conducted in the first and second ^'grades . Much 
before they -consider the connection -between addition and subtraction^ 
*"of between multiplication and division;* in theory,, the children are * x 
introduced practically* to these* connections thrpugH; these ejscgrcises, / 
Jhe kccumdlatiibn of slich" experience* greatly beljfe the pupils in the 
upp££*gr£c}es« where,* on . this basis; trh^y arrive at the appropriate. ; 
generalizations* ' In. the. third arid fourth grades, with/this same 
£urpo&e in mind, it is very l^seful to' require the children' to check 
the examples they' hav^solved .by varidus means, including the use- of 
the reverse operation.- 4 

The following tapk, which fosters "mathematical insight" in 
children, is also interesting. * ^ 

Construct as many examples* as possible using any 
operation and the given ndmbers (For example; 132, 
75, 11, 144, 3, 24, 1&. 

The pupils can construct the following division examples: 

.132 r 11 = 12 75 r 3 - 25 144 - 3 = 48 24 * 3 = 8 
132 ! 3 - 44 75 -:■ 15-5 144. ~: 24* 6 15 3 - 5 

It can be indicated in the instruction the number of- examples to 
be, constructed. This indication^ acilitates the children f s task, as 
they will strive to find the possible variants if all the eight cases 
have not b6en exhausted. Numbers f or ■ the composition of other example.; 
can be selected analogously. ^ 

Finally, thfc following assignment on the construction of examples 
of a definite type is possible. 



Construct eight examples of Addition of one-digit 
numbers, carrying over 10; five examples of subtraStion 
of many-digit numbers; or several examples of division 
with a zero in the -quotient , etc. 
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*ln this case too, the pupil ris # required to Apply earlier;-acquir$d 
knowledge under new conditions which* promotes a deeper awarenelw.in 
tme children. of whpfc they are studying. 1 v >' • ; / * * . * 

• * Pupils' ^construction of examples id* varied assignments can be 
x used to create supplementary ;nater.i£l--fc£ fye 4istributed to the class, 

• a procedure which l^ter helps to organize.. the childreri f s independent 
wprk during -the lessCn. For example^ 'the. children may be asl&ed to v 
construct sirf examples of addition, carrying otrer 10, totalling iSss 
than 100. The teacher 'explains tha.t, the work musjt b$ done sepSra'te 

' sheets, th&t all the Examples- must .be written, dne under the other in 
a column and that the^ answers must be^writ^te^ four or flv£e <• squares • 
away, from the equal sign. For example: , ' $ 

. . 4 ' - -\ * - • .* * < • • ■ . . * * > 

24 +.8,- / 32 " t 7 . 

* ' 37 + 9 - ' . 46 ■ . * ' ' • 

58 + 5 =• 63 - " ■ 

In the third arfS fourth grades, in which* the pupils must" practice 
written calculation, the assig'nment may be; given -to construct three 
examples of the addition of many-digit numbers; in each example there 
must be three addends. These examples may look as follows: 



3786 : 5423 ' 796^8 ^ 

542 1496 , " ; 

+ 5618 + 358 . + 85219 * * 



The answers are to be written several spates below the lines. 

After . the teacher has checked the wbrk, he cuts' the answers off ^ 
but keeps the sheets with the examples. Later the examples can be 
used as cards for individual work with several pupils (during a question 
period, or during the class period for independent work).. Exercises 
which require the -children to analyze, compare and notice the, regulari- 
ties in observed arithmetical facts are also very useful. Such assign- 
ments can be both /yery simple and very complex. For example, even in 
the first grade the children can be asked to continue fhe^eries of , 
numbers 1, 3, 5«.«'or 2, 4» 6..... In the second gnade, when the pupils 
study the table of multiplication ami division within ttie bounds of 100, 
they must be able to note the principle of construction of each table 

188 



9 

ERIC 



and to continue independently, writing the tjable w^'ch was begun 
under the teacher's guidance. Here they- can be asked to complete 
series like 2, 4, 8; . . or 3, 6, 9 . . . . v 4 , * #v 

In the third and fourth grades assignments of fo^i^wing sort . 
can best be used, . % * s * 

Continue the given series of examples according to the 
, same principle: ^ : 

, * 124. v 4 • *. '1 x 9 + 2 ' ■ ■' 

224 > 4- 1 & - ' 12-¥* 9:+ 3. ' * ; 

324 * 4 • * pr < , 123 x- a~+ 4 

, The 'assignments considered above* for pupils 1 independent work 

on the solution and construction of. examples do not exhaust all the 

possible variants. But it seems £o us that there are enough^pf them 

✓ ... ' 

to indicate how diverse, interesting and, above all, how beneficial 

for the ^childreji the minutes of independent work at a lesson can be, ¥ 

if this work -is not reduced to the -execution!* of uniform assignments 

and the solution of prepared examples* i • 

Assignments for Independent Work Directed Toward Instructing Children 
In Problem Solving ^ " , 

It has already been noted above that the extent of pupils 1 inde- 
pendence in the solution of problems is, as a rule, in practice very 
small* The course of problem solving is usually analyzed colleqtively.. 
The teacher helps the children realize the conditions of the problem, 
help tfrk children discover the relation between the unknown quknti£y 
and what is 'given and uses 44-verse methodological devices to facill- 
^tate the search for the means of solution through .dramatization of 
the problem or by posipg of leading questions of the type: "Can we 
answer the problem 1 s question at once? What else must we know in order 
to do so?^ Can we find this out from the conditions the probiem? l|to or 
"WHat can be found from these given quantities? Doel^Qfc help us ^ 
answer the problem 1 s question? yhat can we find out then? ff etc. 

Often, under such direct guidance by the teacher and with his 
direct help, the whole solution to the problem, from beginning to end, 
is analyzed. Sometimes it is even writ ten t on the board so that 'the 
^pupils need only rewrite the prepared solution* in their notebooks. 
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Lees which pake greater' demands on the pupil^rre considered to 
be" those where, for example, the problem is 4 solved on tjie board * 
and Chen erased ot covered , after which the children are, asked to, write 
the Solution independently, or those where on^y the results of each * ' 
operation are written, on the. board* However, ^hese variations do not 
ajter the main point — in all these ca^es the pupils can reproduce the 
solution from memory .,, Bfct in none of these iilstanfcds do thevjmpils 
show any independence, in the actual 'solution. It is true that teachers 
also use assignments iq* which the children n^ist 'complete a part of the 
task with* real independence. But these assignments sire, usually given 
only in cases where the children Solve a problem which they have already 
studied, or aiv aspect or problem well known to them, analogous to one 
which haf just been analyzed under the teacher's guidance * Thus , . when 
they complete the solution to a problem or solve it independently, the 
pupils, instead of trying to grasp the conditions of the. problem and , f 
looking. for the w&y to solve it, often try to recollect ' the operations 
as they were used in earlier analogous cases and to ( recall the*means of 
solution to problems of this sort. 

Practice fchows the consequence of the splution of ^problems "by 
analogy" in accordance with a developed formula. After a short period / 
devoted to the study of^ p&rticular new type of problem, the pupils. ' 
appear to hatfe learned how to solve it, but after they have been intro- 
duced to two or three new types of problems, the children begin -to /have , 
difficulty in solving ones which th^y formerly managed, easily . n ^ f ve 
forgotten these problems , n * ! I f ve confused this problem with another . 
.one," the pupils , often say to justify the errors in their solutio^. 
They proceed from the assumption that it is necessary to remember the 
solution of problems of various sorts. 

Experience ^convinces us that a large, number of repetition^ and 
reproductions of the means of solution to a problem of one or another 
type, on the whole, doed not equip Children with the ability to 
independently analyze the conditions of a new problem (even £n easier 
one) or to find the way to solve it. Moreover, the methodology of 
instruction in solving problems^ in ^particular the methods of conduct- 
1 in'g children's independent wojrk on problem^ solving, is built, at 
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\ present + Winly on this principle — listen to the pour se of a problem's 
solution, understand it ? learn -to apply it in analogous cases. Another 
principle must be juxtaposed to A tkis one— first learn to re^l thfe text 
of a problem (any' profclem, rpt ^ust a familiar kind) » learn to single 
out" £he question in the text of the 'problem, learn to pose questions 
and use; devices which help- to uncover the relation between the given 
quantities and th6 unknown; and learn to apply those devices, to the 

? •solution of every problem* whether it is of a familiar or an unfamiliar ( 

• type.* f f * - 1 „ ' ' * * / 4 'i? 

This principle for approaciiing the teaching of 'solving arithmetical 
& problems is formulated/in one, of the latest* Works devoted to the 

* psychology of teaching school children [3: -Chapter 5] • It is also 
reflected in the explanatory notes to the- arithmetic curriculum where 
it is emphasized th$t in order to teach the pupils to independently 
solve all the arithmetical problems which are within their capabili- 
ties, one must remember that v \ ■ * 

0 

*e teaching several general ways to approach the 
solution is essential . - ♦ pupils must leatn to read 
correctly and with comprehension the conditions of 
> the problem, to briefly and clearly write down the i 
conditions of the- problem, to illustrate the 
conditions with the ..help of a drawing' or diagram to 
apply several abstract terms "price," "quantity," 
."value" and others [4:51-52], 

W6 attempted to give some specificity to this principle in 
considering^ various types of assignments for children's independent 
work on problems- Beloy we consider concrete assignments involving 
various stages of work on problems. -\ j 

Independent tasks involving the perception and analysis pf the 
condition of a_ problem . The conscious, perception of the conditions of 
a problem, the ability to clearly visualize what is discussed in ? the 
problem, the ability to single out its most essential conditions and 
. determine the relationship between the various given quantities, and 
also between the given quantities and the question — is the^SEirst and 
a- necessary step-in the solution. 

It well known what great assistance in the search for the 

* . * 

means ofjpolution can be rendered by such devices as briefly writing 
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down. the condition^, representing them diagramatically and, others 
Jja the methodological ftandbooks It is emphasized more than once that 
<to form proper Skills and h^its it is necessary to use, along with 
the teacher's explanation a&d w«k carried on with his indirect parti- 
cipation^ ch:Udr en f s indep^nden The following types of assign-/ 
mentfc are especially directed towards formation of the skills referred 
to above. ■ . 

The first group of ' afesifenmejffcs ^.s related to the development of 
the ability to correc^y /read t and understand the conditions of a £rp~* 
blem. tKb assignment, 'fee^d -by yourse^y<es problem no. (or ^e 

problep written on the board by, the teacher), should be hdiard consider-' 
ably more often in cla^s than It is at present. A propos df ,this, % < 
we note that 'when asking the children to read 'the cdn^rt^ions , it. i£ 
necessary to give thejk enough time <o do so fit? often l>4PP^ns thit 
the teacfier, after giving this assignment , /Immediately asks one of 
the pupils to read pn± pfrobjem aloud or does so himself) A However, the 
assignment "Read the" prot^em yourselves" does not always stimulate the 
'pupils 1 active work. Frequently the children do not start to read 
because they assume that the conditions of bhe problem will be reaid 

aloud anyway. , 

1 It is more expedient to give^assignmer^ts in which the pupil must 
learn something from his reading, as when the teacher says: 

Read carefully to yourselves problem no. ; be pre- 
pared to read its question aloud. n-.. * 

In checking the completion of this task, -the teaser, in this case, 
watches to see that the pupils ' read only the answer ; thus the pupils 
are really obliged to prepare an answer befbrehand. Such an assign- 
ment', moreover-, requires the pupil to conduct a preliminary analysis 
'of the problem 1 s text. In the assignment under consideration such 
variations as the following are possible: t * 

Read the problem and be prepared to tell what 
the number 5 signifies and what is known this 
problem. . «■ <. ^ 

Teaching the independent reading ot pi^blems should begin with the 
first grac^e and continue into the fourth grade. The difficulty of the 
assignment to be worked upon independently in this case will increase 
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, as much with the* additional- complexity of the problems to be sotved 
as with the greater difficulty of* the assignment, in regard to (the 
analyses of the Conditions . Although in the first and second grades 
it is possible to limit the assignment, for ,'the most part, to" tasks of 
the sort described above, in the third and fourth grades the demands ' 
will be useful and more complicated— for example, 

Read the problem and single out pairs .of the given'' 
. quantities widen are related* to each other. ■< 

. • • ' . . * ' " / 

As^ a. further example, consider problem no. 216 from tie fourth grade 
- textbook 116]:* . <" ' 

• . ' . •■ r • . ■*.-:■* 

°\ a S^ lec S ive f arm there areata .calves and 65 iqws * " 
^morethWfchat. Eaeh calf is provided with 12 owners 6 f ' • 
silage for the winter and each cow with' four times as 
, much. How much silage in all is provided&or the winter • 
for the calves and cows? ' ' * » 

- By reading* and rereading 'the problem, the children single out pairs . 
of given quantities, and name them when the teacher /asks . / 
■* < ' 

1. On a collective farm there are'' 108 calvea^and 65 
daws more than tljat... ' • 

2. On, a coliectJ^e farm there are 108 calves. Each < ' 
calf is provided with 12 centners of silage for 0 
the winter. , • * 

* 

2j Each calf is provided for the winter with 12 * 
~" centners of silage and each fcow with <f our 
# .times as much. / '- 

Such preliminary independent work on the conditions 'of a problem can 
often form a useful starting point for Its' solution. * 

The second group of assignments involves the sketching of ' 
cond^ions. The' sketching of the conditions of a. problem often helps 
the children ipderstand it Setter and participate more actively in ' 
further individual- or collective work on the analysis of the solution. 

The assignment ''Sketch the conditions of a problem" can be very 
easy or relatively difficult depending on the characteristics of the 
problem itself. Thus, it is easy for instance, to sketch the conditions 
of a problem like no. 76 from the first grade textbook. 
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* * * 

> ' Vitya cut from, material three black circles and _ , 

' four green ones, and made a penwiper out of them. How 
many circles in ail . were; used fqr. the penwiper? . , ^ ,< 

•To illustrate the problem, the children represent the objects which the 
• problem mentions. Cine fc»t st*p is,when the children, to illustrate 
the conditions of a problln, replace the objects which are mentioned ♦ 
in it with others, *>r example, in illustrating the .conditions of 
^'"problem no. 413: ' " ' ^ * J, 

' On a- Christmas tree there, burned three%green lamps \ 
- and six' red ones more than^that. -How many lamps in all 
" bunted ori the tree? *^ '. % "» ■ ■ J , ' 

The children 'can rep/AV the .lamps wU' copies. In qther cases, 

• Instead pi drawing foil girls, etc 'ftey can draw frhe proper numbe* . ^ 
ofr Sticks, boxes, etc. ' ' / . ' 

' • > Finally, even in the first grade the children can begin to use 
^ome'of the designations for conditions. Thus, in illustrating 

problems on finding a remainder, for example, they can be taught to 

• use the device of crossing out~a device which the. authors of the text- 
book continually use in the Consideration of various* eases of .sub- , 
traction. Let us take as an example the solution of problem, no 159 : 

.Vasya*must cut out'nine stars. He has cu£ out 
eight stars. How many more 'stars must he cut ouU , 

To illustrate the 'conditions of the problem, the 'Children draw nine 

stars and then cross out eight of them. 

However, sketching the conditions of problems in the first grade 

must not be misused-in'many^ cases it is simply unnecessary. Thus, 

♦in the solution 'of the si m plest> problems in finding remainders and 

sums it is useful only the first few times when these exercises are^ 
' solved, completely on-thSSasis of objeccsvas visual aids. But after 
the children go over to. the solution of such problems by ideas, using 
the methods of addition <or subtraction), the sketching of . the cona- 
tions is a superfluous and .even a harmful task, because it returns 

• the children to an earlier stage. Later, in ; introducing new problems, 
first the increasing (or decreasing) of a number by several units, and 
then on multiplication and division, it is again useful^at the first 
stage of tlfe work to use sketching, since it makes it possible to add 



precision to the .children's understanding of the problem's meaning, « 
the meaning -af the operation of #aultiplication, and its relation to 
addition. . 

Assignments which require the independent sketching of the con- " 
ditions of a problem are useful not only in the first^but also in the $ 
second grades Tfcey fre of the greatest ;Lnterest when the solution of 
a problem is based on the exact understanding of expression like *"a£ 
much^as," *"so much more than r tv "so i&any s more (lessl*" because' the 
, correptnetes of the drawing predetermines the success of the solution. 
The teacher, by checking %ow the children sketched the conditions, and 
by being convinced by their drawings \hat* they understood the problem, 
c&n confidenttLy isk the pupils* to complete the * solution . ijitfependent^y . 

^ It^s allso expedient to tesort to tbie* illustration of conditions ■ 
in introducing several 'new types of problem' in th^ third aijd fouirtfc 
grades. However, simple sketching must gradually be replaced by the 
d iagrammatic .representation of a problem's conditions, reflecting 
tke connection between the quantities given in the problem and the. 
unknown. • ■ - 

The assignment "Sketch the conditions of a problem" can be given 
as an independent task' after the problem is read aloud by the teache^ 
or one of the pupils. The same problem can be given, let us say, for 
solution at home. But its solution also,canjbe analyzed in class , 
under; the teafcher's guidance — it all depends on the characteristics of 
the problem itself 1 . However, it soon becomes* possible to combine this 
assignment* with the children's independent reading ofNthe conditions^ 
* • The third group of assignments involves outlining me problem's 

H j^nd^tions. ifts outline, with the use of several designations for 
the conditions-T-diagraimnatic representation, graphs, tables, etc. — 
naturally can be assigned for independent work only if the pupils 
haVQ 'become familiar with the^e devices under the teacher's guidance 
ai^i-have learned t<3 use them. It is not worthwhile, however, to delay 
the use of assignments of this type too long. In an explanatory note 
> to the arithmetic curriculum it says that "in the third grade the pupils, 
must..»be able to illustrate, diagrammatically , the conditions, o£ a 
problem," Consequently, it is sometimes thought that before third 
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gra'de is too early to introduce children to the Illustration of problems . 

However , the stated goal can only be .achieved''!! the children are system- 

« atically and regularly taught the devices fdr the diagrammatic repre r 

sentat^on of the conditions of a prbtftem or the* outlining of them. ^ 

* Experience has convinced us ~ that- this work can be, successfully* carried 

out smarting £rom the first grade. 

Thus, in the first gpade, whferl teaching th& solution of problems 

on increasing (or decreasing) a number by several units, the children 

- were 'familiarized with 1 a diagrammatic outline of the conditions. For 

. * v • 

example | consider problem'no. 269. 

• *j 
> Petya has six books and Mitya has four more than that; , 
. ' How many books does Mitya have? 

The conditions are outlined as follows: 

six books 1 ? 



four more 

< f o 

This diagram facilitates the analysis of the problem, the clari- 
^icatioh of- what is known and what is not* and helps define the type 
of problem. Moreover, the use, of suoh diagrams facilitates the 
organization -of the children *s independent work on the solution and ■ 
independent construction of this type, of problem. Indeed, when the 
children have bSen instructed in ways to represent the conditions of 
a problem, the teacher can, let us say, put two similar diagrams on . 
the board and ask the children to independently imagine* problems for 
the diagram and solve* them. Or, the teafcher can read a pVoblem and 
ask the children to construct ^ diagram for it in class and then 
solve it at hotne. • 

At first, of course these diagrams are drawn by the teacher. But 
the teacher should gradually encourage individual pupils to construct 
their own diagrams after which the appropriate work is carried out by 
all the pupils under his guidance. After £evgral exercises in the 
construction of such diagrams, the children can complete the appro- / 
priate assignments independently.* , 

■ The abilfty to represent the conditions of a problem sign^fi- 
^ cantly facilitates children's understanding and their search for Che 
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method of solution when they deal later with compound problems 
containing simply problems of this So£t. Ind^d, if the children 
have really mastered the work 'described above, they will not have 
gjjeat difficulty even with the diagrammatic writing of the conditions* 
of a problem in two operations. Consider, fjo'r instaxike^ thi problem: 



In one box there are three pens', in another five 
more than that'. *How many pens \re there. in the "two 
boxes? (So. 411) 



is Inre ther< 

The diagrammatic outline of 'the Conditions will, in this case, lookdk 



' T 

follows : 



3 pens 



* • ■; live moce^y 



five mocfe , j %s 

4 



The two question marks in the diagram aler£ the pupil attempting 

to solve the problem. Those pupils who have really learned to read 

such an outline do not stop with tfte solution of the 'first operation 

(a typical mistake) . In the first grade the dimensions of the 

rectangles in such diagrams must^not reflect the quantitative relation- 
• . / . . \ 

ship with which the problem is concerned, since it is already difficult 

for first graders to realize that these rectangles hav^-somehow replaced 

the most diverge objects — boxes, pails, pieces of material, etc. 

We«iiave dwelt in detail in considering a particular concrete^ 
instance q£ the use of a diagrammatic outline of Vhe conditions of a 
problem in order to show that even the material ofjthe first yaar of 
instruction urgently requires the use of this device. In the follow- 
ing grades, when more and more complex problems are studied,^ the use 
of a diagrammatic outline- acquires even more significance ( in-clari- s> \ 
fying conditions. 

It is important that not only the teacher, but also the pupils, 
understand that the outline of the conditions, or one or another 
illustration of them, is not an end in itself— but rather they are 
only a means, making the content of a problem easier to understand* 
The question of what form of outline is better depends on the character- 
istlcs of each concrete problem. Most frequently the teacher indicates 
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the form direcfrly e.a.,: "Read the conditions of this problem and 
represent them with the help of segments," "Make a sketch of this probi- 
lem." or "Write down the conditions of this problem, using stable," 
etc. However, in a number of easels it is useful to^ leave the choice 
of the most suitable form^of .representation to the/pupils^hemselves . 

The tasks considered above,~"in many cases, entail an analyses of 
the conditions of the, problem* since to construct a correct, diagram, A 
for example,", it is netessary not- only^ to recognize the conditions*, .1 
but also to disfcover the relationskip^between the unknown and the given 
data. Tlie construction^ of a, plan of solution and the solution itself \ 
present a whole series of special demands to the pupils, and 'the chil- V 
Aren must gain mastery of the appropriate skills in the course" of infie- 
pendent "work. 

The partially independent solution of a^ problem . The transitional 
stage between the analysis of problems under the teacher's direct, 
guidance and the completely independent solution is the partially inde- 
pendent solution, which entails the teacher's help., at' a definite stage 
in the work. -Thus, the teacher can ask the children to solve a prob- 
lem independently after, under his guidance, the conditions are " * 
repeated, the type of problem is defined,' and certain preliminary re- 
marks are made which f ix Vhe children's attention on the most diffi- 
cult moment in the. solution. .For example, consider the solution of 
problem no. 794 from the third-grade textbook: 

On one plot there are 10,820 trees, on a second there 
are 1,976 trees fewer than on the first, and on a third, 
half as many as on the first two combined^ How many trees 
in all are there on the three plots? 

If the teacher thinks that the class is insufficiently prepared for 
this problem, he can ask one* of the pupils to represent its conditions 
graphically on, the board. When the teacher is convinced that the pupil 
understand the conditions of the problem, he can ask them to solve it 

independently. ^ 

If such problems do not cause the pupils' of a class any particular 
difficulties, yet the teacher £ee3,s that the children may make errors 
in the Solution because they did not pay sufficient attention to the 
instructions in the text,, "half as many as the first two combined," 

l 198. 



he can say, , TSeJlp,you acrtve ^tt, reread Vhat is said about the third 



he can say ,^*BMHp*,you atrtve ^jki," retead Vhat Is qaid about the third 
pXot^ ff *or .he £SP&Bk oAe^oJ the ^pupils* to^read this part aloud"", i ^ 

If, for example, a prjDj^em jp division aceor^Lp^^to content* is 'being t 



solved^in th^ second grfcde, tfcen\affcer the 'cdmdi^ions are read the / 
teacher may $sk the children' the quets,ti»n: ,f What type of problem is # 
this? 11 ,When the type^pf problem is determined ; the children can solve * 
it independently. The assignments outlined below require a really 
independent solutj^gn^of the problem by the pupils, but .with somewhat * 
simplified conditions • %/ - ■ ' ^7 V * *|V ' I ^ 

Forms of 'tasks in which' the children independently complete only 
a part of the solution are widely Aised "in jjfractite. For" example, r * 
an incomplete analyses of the solution\s£' a jjroblfem.may be conducted 
in class ulider the tea«Jier f s. guidance and with his help where the » '* 
children are asked to finish th£ solution i&dependently . From" the 
standpoint of development of the proper* skills^, assignments^ which are 
also possible and useful are ones in which the children jieed only fo^nu-* 
late the questions or short explanations of each Operation of a pre- , * 



pared solution, or, on the otker'.hSnd, Select Hhe appropriate operatic 

to use at each point of a previously formulated plan of solution. in 

order to organize such a task, the teacher shouldvhave a good selection 

f 

of appropriate flash cards. The preparation of such cards may be car- 
ried out in the upper grades during the pupils* independent/wor«k* Fpr 
instanfce, the teach&r may give the pupils cards on which arfe printed 
the text of problems (either from .the printed did&etic materials by 

N. S. Popova,* or frbm some arithmetic book). The children are aslceti 

■ * t, 

to write out*a plan for solution, but not to wrifce the solution itseirf * 

\ 

(the plan i£ written -on a separate sheet), br, on the contrary, to 
write only the operations, etc. Ultimately, these sheets, together 
with the appropriate cards, serve as material for independent tasks 
of the type described above (the teacher need only take care that t tfhe 
pupils do not get the same ^problems) . Several supplementary variations 
are possible in assignments of this type. The solution can be given 
in abstract numbers so that the. pupils must supply the denominations • 
Tliis is useful for problems in whose solutions pupils of.te^make errors 
in supplying denominations (for. example, in problems on division 
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"according to conteftt)." It^is possible to tell whether .the children 
gaine<J an understanding of the conditions and question of the problem, 
and the meaning of the operations leading to its solutipn from the way 1 
they fulfilled the assignment. / 

Th^ last type of assignment involves the cons true t ion of a plan 
and the completely independent solution of the problem* Such an assign- 
ment is possible only if the pupils are sufficiently prepared for*it. 
All the types of* assignments considered above* which demand , at least 
partially, independent completion of one or another par-t of the solution, 
serve to prepare the children for completely independent solutions, 
How^yer, as we noted above, exercises directed only toward the formation 
of particular individual skills are not enough* * , . ■ 

Even if the pupil is well able to read the problem. ±M.ustrate it, 
etc., this does not guarantee £|(^fc # lie will be able to handle its inde^ ' 
pendent solution . as a whole. It is important: to equip the children 
with tlfe ability to select, froft the familiar devices and *method& pf 
approaching the analysis of a problem's gonditions and splut£on, the 
ones which are mQst appropriate to a particular concrete problem— it 
Is important 'to teach them a plan for working on a problem. The 
pupils must also know what the^ must do when/ they receive an assignment 
to solve a problem. It is necessary to teach then this specially [3]. 

The appropriate knowledge, as always, is acquired by the children > 
m under the teacher 's guidance—at first, during the collective solu- 
tion of problems with the teacher's aid, and later in the cout&e of 
independent. exercises. When assigning the children a problem for inde- 
pendent solutiQn_(in class or at home), the teacher must* help them 
project a work pian the first few« times. For example, when assigning 
the children some problem from the texttfbok as homework, the teacher 
may ask them: 

How will you execute the assignment: what must be 
+ done first? ,• (First ,the problem must be read.) 

And then? (Read the whole ^problem* again and repeat 
the problem's question.) 

And if you have not. yet understood the problem very 
well, if you' do not visualize very clearly what the 
problem is dealing with, what will you do? (I shall h 
make a drawing of the problem.) 
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'. the plan, for work on the problem can be recognized and mastered 
by the children as a result of frequent contact with it. The appro- 
priate "rule 11 is far from always formulated (this is true in many of 
the* cases which. are beyond the children's comprehension), but wheri~ 
eve£ he is analyzing the problem with the children or checking the way 
they solve it themselves, the teacher must make sure that this rule is 
followed. The pupils thereby get; used to working from a definite plan* 
In the process of instruction this plan is enriched with new elements 
And the "rule 11 for the solution of problems becomes more comprehensive . 
The pupils 1 independent work will be constructed differently, depending 
on- how Veil they have mastered these "rules" (that is, how well they " 
are able to act in accordance with ,them) , 

At first it is useful to divide the children's independent solu- 
tion of a problem into separate stages, checking the work at each stage. 
For instance! the teacher may ask the children to solve the problem 
independently: 

* ■ / 

First read the whole problem carefully and be prepared 
to repeat it. When you are readj^ sit up straight so tl\at m , 
I can see who has completed the assignment, 

ffaving made sure that all the children have finished reading, the 
teacher then asks the children to make a sketch of the problem 1 s "5w*di- 
tions. After this part of the work has also been completed, the sketch 
is checked* Then the children are asked, for example, to write down 

a plan for solution; the way they handle this is also checked^ Finally, 

» 

the children independently write out the solution^nd answer^ to the 
problem. After this, perhaps, they are asked to ca^ry out a check of 
the problem's solution. Each st^p of the work is choked collectively 
und£r the teacher's guidance. Later, the independent solution of the 
problem can also be carried out by division into separate stages of 
wfcrk, which are outlined by the teacher, but without a check of the ' 
"work, at each stage. Finally, an organization under which the chil- 
dren^solve the problem independently becomes possible too, and the work 
is checked as a whole . 
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Independent tasks Involving the transformation of condition^ , their 
completion and th^ construction^ of problems » Independent tasks of the 
typ^ indicated have especially great significance for the development 
of pupils' thdught processes . The completion of a problem, the trans- 
formation of its conditions, the independent construction of a problem — 
all are exefcises which make the children penetjrate deeply into the 
very essence of the problem being considered, and gain an understanding 
of the peculiarities of its construction and the relationships between 
the quantities which are given in it. For precisely this reason, these 
exercises are among the most valuable means of teaching problem solving. 
^ Let us consider some assignments for independent work dealing with 
the transformation of a problem . Usually, the transformation consists 
in .the following. After the solution of a given ^problem, the former 
unknown becomes one of the given data, and one of the given data of the 

•giVen problem becomes the new unknown. Such a transformation is often 

r • • 

T^de under the teacher ? s guidance, but such a task is almost never 

j 

assigned as an exercise for independent work. Nevertheless, such tasks 
(along with the "ones enumerated above) are especially useful precisely 
as independent work. Indeed, after the teacher has analyzed the condi- ^ 
tions and solution of the i^lrst problem, its transformation and the 
.solution of the new problem make the pupils consider once more the same 
relationships and the same quantities, but from another point of view. 
This facilitates the children's dSeper realization of the relationships 
between the quantities, as well as the methods for solving the prob- 
lems under consideration. . Ij * 

To minimize the 'time pupils spend on writing the text of the new 
.problem resulting from the trdasf ormation, it is useful, in this case, 
to use a short outline of the conditions. For example, if they were 

solving the problem: 

* 

A housewife bought fomr kg. of potatoes at 10 kopecks ' 
per kg. and two l r g. of cabbage at 15 kopecks per kg. How 
ranch money did she pay in all? 

The conditions of the problem may be outlined on the board as follows: 

Four potatoes at 10 kop."\ 
*Two cabbage at 15 kop. ) 
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After the problem is solved, the teacher may underline of 
the given -quantities — for "example, the. first — and in#j>lace of the 
question mark, write the unknown which has just been found — 70 kop. 
The children are asked to ~sblve this new problem, and then to^ transform 
it, so that* it is necessary to compute, for instance, the, price of 
cabbage. 

A task dealing with a change in the conditions of a problem which 
has just been solved is also very interelting ^nd useful- If one of 
the elements of the conditions of a problem which has just been solved 
is changed, the new problem may be formulated in whose solution, 
naturally, this change is reflected. For example, in t the fourth grade, 
children soly£ the following problem: 

An automobile first went 125 km* and £hen 1/5 of this 
distance* The distance covered made up 1/3, of what 
was left. How many hours did it take the automobile 
to go the whole wa^j, if its average speed was 50 km. 
an hour? 

In the outline put on the aboard by the teacher or one of the pupils, 
one of the elements of the conditions may be replaced — instead of 
the words "of what was left 11 the teacher may w^ite "of the whole way ,f 
and ask the children to solve this new problem independently. 

It is evident from the examples cited that the transformation of 
the problem itself can be executed by the pupils as well as the 
teacher and that such a task can have diverse meanings* and purposes - 
The first instance was directed toward the children's better mastery 
of the interdependence between prices, quantity, and cost. In the 
second instance, the change was directed toward focusing the chil- 
dren's attention* on the meaning of individual words and expressions 

r 

in the context of *the whole problem and on demonstrating how a change 
which appears small can lead to a J-arge change in the process of 
solution;* L lt is especially important to make use of this device in the 
solution of problems which often confuse tjie children — for example in 
problems including the expressions "so much bigger 11 or "so many tim^s 
bigger" and also when it is necessary to emphasize one. or another 
. element of a condition which is essential in the process the prob- 
lem's solution. In the second grade ^textbook [14:23-24], a series of 
problems in two operations on the increasing and decreasing of numbers 
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by several units is given* In all these problems' three quantities 
are considered. The first is given in the problem, the second is given 
By how much it is greater (or le§s) than the first, and of the th^rd by 
how much greater (or less) it is than the second. The problems require 
the pilpils to figure out the third quantity, (or both the second and 
the third). In all cases (no, 186 and beyond) the comparison is made 
in exactly the feame sequence (the second with the first, the thircK . 
with the second). Thus the children may stop noticing with which h 
quantity the comparison is made. To emphasize this important point | 
it is useful^ after the solution of a problem of the type referred* to 
above (for example, no. 190 [14]: "Draw three columns, one six squares 
high, the second three squares higher than the fixst, and ^he third- four 
squares higher than the second. What must the height of each column 
equal?") , to change an appropriate part of the conditions ("and the 
third, four-squares higher than the first"). p * « 

Such exercises can be used from the first grade, in which tasks 
in changing of the problem's question also prove to be extremely use- 
ful. Here several variations are also possible. The teacher can ask 
the children to change the question however they like, require for 
instance, ^that the questiQn'be .changed so that the problem is solved 
in two operatiorfs or one operation, or require that the wfcrd "larger" 
appear in the question*, etc. 

Models for such assignments can be found in the first and second 
grade textbooks. The^e exercises may be used for iijdependent work* As 
a rule (in this case) the childrin should write solutions to both prob- 
lems in their notebooks, ^o that the difference in their solutions is 
very obvious. It is necessary to check this work in class paying parti- 
cular attention to the correct f onhula&Um of the question. 

In the third-and fourth-grade, textbooks there are a whole series 
of assignments dealing with the completion of problems, [15, 16]. 
problem may be given in which the numerical data is omitted, and the 
children must fill in these blanks; or the conditions of the problem 
are given* in full, and the children ^nust pose the question and .solve 
the problem. 

Exercises in formulating a question for given conditions are in- 

« 

dispensable as preparation for the solution of compound problems. These 
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exercises develop in the Qhildfcgn appropriate skills which, in many 
ways, determine the; success of their solution of these problems. How- 
ever, it is no less important that the children be able to select the 
data accessary to answer one or another question. This ability is 
important not only for the solution of academic problems, but also as 
preparation for the solutidn of problems in real life* 

Actually an arithmetic problem has bearing on life whenever it 
is necessary to answer some question which can be answered by using 
one's knowledge in arithmetic. First the question arises, and then 
*the data n/cessary for its solution are selected* To facilitate the 
children* s work, one can point out to them the data from which they 
will have to select the necessary data anifc construct a .problem. For 
example, an assignment is formulated .as^ follows: 

Construct a problem in which it is necessary to 
figure out how much more one housewife paid for her 
, purchase than another one did . The numbers can be 
'Selected from the ones written on the board (of on a 
sheet of paper) or the data in the tables (jjrice 
lists, tables of speed, etc.). 

.Much extra time is required to write down the text of the problems 
that have been constructed. But the teacher, nonetheless, must check 
on how each pupi/ hai^|ied the task. For this reason * the construction 

of problems must be combined with their written solution. In such a 

V 

case, it is important that the questions to each operation, or short > 

»» 

explanation of them, be written down. Then, from what is written in 
the notebooks, it will be easy for the teacher to determine the kind 
of problems each pupil constructed. j 

Pupils \ independent construction of problems is nat only ope of 
£he devices for instructing children in problem solving, but ajjio th^ 
most important means of strengthening the connection between arithme- 
tic instruction and life, enriching the pupils 1 life experience, 
broadening their horizons, and preparing them for the solution of 
various practical problems. Of late, this 'sort of task has-been given . 
much attention ^n the methodological literature. The appropriate 
assignments are well known to every teacher and are enumerated in almost 
every methodological handbook. They are the construction of problems 
by analogy, from a given solution, from an outline of the conditions, 
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from given numbers of ^definite kind (for example , on division accord- 
ing to content), on a definite theme, etc* However, not all of these 
exercises are equally suite4 to the organization of independent work by 
children. Let us consider, for example, the construction of a problem 
from an , outline of its conditions. Here; the pupil ftmst, write down in 
fu^. the text of the -problem, and the teacher must th^» check 5t) of these 
texts. For this reason, it is best to conduct this task orally as col- 
lective work under the teacher f s w guidance, t 

Teaching children independent construction of problems from a sketch, 
diagram*or drawing has great educational and instructive significance. 
Moreover, when children acquire this skill, the teacher can make use of a 

lai£e number of additional problems (taken from other collections, con- 

> < 
structed by the pupils themselves or by the teacher). The fact that each 

pupil does not have the full text will cease to be an insutmoun table 
obstacle to conducting the appropriate independent work, * 

Here we have considered, of course, only the basic, typical kinds of 
pupils 1 independent work on problems, which allow th& moSt diverse var- 
iations . 

Independent Tasks of a Practical Nature 

As was mentioned above, this' sort of- work is very rarely conducted 
in the elementary grades. Nevertheless, the curriculum for each grade 
acquaints the children with an ever -broadening circle of the units of * 
measurement and equips them with the^bility to use units of m^suremenK^ 
practically in measuring ^ \ 

Moreover, accbrdinglto the arithmetic curriculum for each grade, the 
children miLt acquire the elementary skills in draftsmanship.. Thus in 
the first g^de, the children must learn not Ojily n to measure a given line 
segment in meters and centimeters applying the expressions "equal," 
greater," or "smaller," ''approximately," but also "to draV by eye a line 
segment 1 m. , 1 cm. , long; to determine wit^h exactitude, by eye, dis- 
tances up to 1 m. in class," and so on. In the upper grades the children 

must learn to use a ruler ^and set square for drawing angles and the sim-v 

t * > 

oler geometric figures (a square, rectangle, and triangle), and to learn to 
compare line segments by subtraction and division, etc. 

The formation of these abilities and skills can be accomplished 
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only through a sufficient amount of independent practice. It is 
impossible to learn to draw and measure simply by observing how others 
do so . These skills 'are developed in t^he process of independent work* 
Observation shows that* practical tasks £td .'usually conducted only in 
lessons devoted to the consideration of n^n^ts of measurement * Thus, 
in the first grade, let us say, the teacher ^py . allot two lessons to 
acquainting the ©Jiildren with the centimeter ^d'fcfco lessons to the 
meter. In the course of the two days, the chil&ren\are occupied with 
independent measuring, (of line ' segments, various *3ls tepees in the 
classroom and at home), but after this they are no t;givan assignments 
of this kind and encounter new unitis of measurement only cturittg .the 
.solution of problems in t^e text. Approximately the same thing 
happens in the second through fourth grades. Here the children use 
the ruler and 9^t square, as a rule, only in lessons especially devoted 
to the study of geometric material of new units of measurement^. As a 
result children going into the fifth grade have a very low level of* 
measuring and drafting skills. Checking the work disclosed suoh ' * 
scandalous facts as several fourth-^rade pupils measuring the tengtH 
of a line segment with a ruler started the reading not f ro l*j|BP>> 
from one I \^ flk m 

The practical trend in the teaching of arithmetic, dictated by 1 
the problems facing our school, requires serious changes in methods 
of teaching children measurement and draftsmanship. Th^ ruler, set 
square^^knd pencil must become the pupils' constant aids in all lessons 
in arithmetic and shop. Thus, beginning with the first grade, it is 
necessary ^onstantly t& organize exercises which demand the ability to 
draw a lin£ segment of^a given length and then squares and rectangles 
of given dimensions or, on the other hand, to measure the length and 
width of a [rectangle, and the like. "All this work must be closely 
donnected W£th the study of the arithmetical material. 

In the, first grade, it is useful to introduce the children ^to 
the centimeter significantly earlier than recommended in the text- 
book. The centimeter is much \iasier to use-in first-grader's inde- 
pendent wdrk than the meter. We would visually acquaint the children 
with the.fcentimeter • in the very beginning of the year — for example, in 
connection with the study o? the number two (two squares in a notebook 
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give approximate representation of a centimeter). It is possible, * 
then, to use this unit literally in every lesson with the introduction 
of a strip of the given dimension, illustrating one or another number or 
component of a number. Thus, if the taacher tells the pupils, for 
example, to "draw a strip four squares long, 11 after having introduced 
the children to the centimeter, he can formulate the same assignment 
by telling the pupils to "draw a strip 2 dm* long, 11 etc. 

In lessons in shop, instead of operating with the square as the 
unit of measurement, he can ask the children to measure the length 
and width of a sheet of paper from which they are to make a bookmark 
with the help of a centimeter ruler. 

Familiarity with the centimeter, opens up considerably greater 

possibilities in this respect than familiarity with the meter, but the 

meter, too, must be used' to introduce as many independent exercises in 

measuring as possible. In the second grade, when explaining the 

concepts of comparison by subtraction and by division by the solution 

of problems in increasing and decreasing a number by several units, 

teachers widely use graphic illustration of the conditions of the prob- 

# 

lem. The children's independent execution of all the sketches during 
the solution of the prdblemfe ,can be handled so that they .also become 
exercises in draftsmanship and measurement. But in the classroom and 
at home, it is useful, for example, to ask the chikd^en to solve several 
problems of this t^pe: ^ 



One ribbon is 15 cm. long, the second 3 cm. longer 
than. the first, and the third 3 cm. longer than the 
second. What is the length of the -third ribbon? 

Instead of writing ddwn the solution, the children can make paper 
ribbons according to the conditions of the problem, and merely write 
the numbers 1, 2, and 3 on them. In this case, when correcting home- 
work in class the children should be asked to measure the length of 
the third ribbon. The same task can be executed in .notebooks (the 
children draw the appropriate line segments) . 

i. 

It is written in the second grade curriculum that the pupils must 
be able to "construct in their notebooks, by the squares, a square and a 
rectangle with given- sides . " Such exercises can also be conducted 
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in connection with the solution of arithmetic problems, ancl not only* 

•v 

as an independent exercise... For example, it i* possible to give the 
children an assignment like: > 

H Construct in your notebooks a rectangle, according 1 

to the squares, with a width of 3* cm, and a length of 
2 cm.. more than the width, and write down the length r 
V of this rectangle • . „ 

In the third grade, both drafting and measurement can be used 
analogously in the solution of problems. They also have a place in 
work on the topic "Familiarity with Fractions, " in which the children 
can illustrate a half , a quarter, and an eighth, not only with line 
segments, but also* by dividing a square or rectangle into parts. On. 

. a practical level, such tasks must certainly be carried out in shop 

'lessons in making various articles, as stipulated in the curriq&ilum 
for each grade. In the third grade, the children must learn to construct 

^a square and a r^ctapgle using & ruler and a set square . For this rea- 
^on, it is important to use unlined paper both in arithmetic and in shop * % * 
lessons, so that the exercises analogous to those described above are 
really executed by means of these instruments. 

Apart fro»- the graphic illustration of the conditions of various 
arithmetic problems, other special exercises are also given. These 
require the calculatTtm of the sum of the measures of the sides of a 
rectangle and a square. The solution of these problems, as a rule, is 
better introduced not on an abstract level, but connected with drafting 

Sand measuring. Rectangular sheets of paper, which the children have 
previously prepared under the teacher's guidance, can be widely used 

' for the children's independent work. These sheets are given to the 
Children with the assignment to measure the sides, determine what the 
figure is (square^ or rectangle), and calculate the sum of the measures. 

one lesson, the children individually draw rectangles and squares of 
given dimensions; in the next, they measure the sides of these figures. ^ 

♦With this approach during the consideration of any arithmetical question 
or the execution of any assignment in a shop lesson (and even in other 
lesspos), the children are compelled to use drafting instruments 
constantly and conditions are created for the formation of the appro- 
priate skills. 
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In- arithmetic instruction in the elementary grades, every occasion 
far broadening the pupils 1 horizons, for familiarizing them with various 
sides of life (industry, agriculture) should be. used* This has great 
educational significance. Above we have already mentioned that, during 
instruction in problem solving, this purpose is met through assignments 
which require the use of diverse reference* material, excursions, etc. 

Assignments whose special purpose is to impart information to 
the children, and to form the abilities and skills which are useful in 
everyday life and in work are also useful. Examples of such assignments 
can be found in the textbook by A. S. Pchelko and G. B. Polyak for each 
grade [13, 14, 15, 16]. Here, the making of simple estimates, 

computations, accounts, the ability to draw a simple diagram, etc ., , 
are of impcfrtance. Analogous assignments can be successfully used for 
the children's independent work., As always, the development of the 
appropriate ability requires the systematic repetition of ^exercises . 
In the textbook there are not many of these assignments- For this 
reaJM^ they must be enriched by the wide use of local factual material. 

Calculations -made in everyday life of each -^aprfly^an become the 
pbjects of consideration in arithmetic lessons. The children must 
arrange, to collect appropriate f^tual material and the teacher must 
arrange to help them to select and\work on this material so that it 
can serve as a basis for the independent solution of problems — for 
independent calculations. Exercises Introduced with this purpose can 
also h# used for developing in the children several skills for work, 
with a book. The 'teacher can present the task so the arithmetic text- 
book becomes for the pupils not only a collection of arithmetic exer- 
cises, but also a source of various pieces of knowledge about life. 
Tliis purpose is met through assignments which require the children's 
independent search in the textbook for the numerical material which 
characterizes the various sides of life. 'The teacher cart, for example, 
ask third-grade pupils to look over page 83 of the textbook, select 
from the text of the problems data concerning the weight of a bag of 
flour and various grains, and to construct their problems using this 
data. 

In other instances, the children can be asked to select from the^ 
text of the problems numerical data which permits them to relate 
the standard quantity for feeding animals, the standard quantity for 
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^sowing various seeds, the freight-carrying capacity of various types 

i 

of transport, the labor productivity of workers various professions., 
ate. ■ . t 

Finally, a place in arithmetic lessons must be found for questions 
which people often come across in everyday life, but which can not be 
solved by purely arithmetic calculations — they may be called condi- 
tionally, problems on understanding. For example: f * 

A housewife, bought 3 liters of milk for herself 
and 1 liter for a neighbor; she brought the milk in 
one, can. How can they take out the neighbor's one 
liter of milk if they do not have a l^ter measuring 
cup? 

Let the children propose various solutions with the help of any small 
dishes — cups, mugs, etc. — divide all -the milk in half and then in half 
again, or measure off one liter with glasses, etc. The teacher can/ 
in the course of the discussion,, introduce new conditions which make 
the task more complex, Suc£ practical questions excite great interest 
in the children", and moreover, are very useful not only in the practical 
sense, but also for developing powers of observation and understanding 
in children • » 

A System for Conducting Children f s Independent Work 
in i^rithmet^Lc Lessons 

General Ques t ions 

In the preceding chapters the forms, the times, the purpose of 
pupils' in4epende^ work lA various stages of arithmetic lessons and 
in all stages of tnte,study of Sew educational material were clarified. 
Many' examples of assignments for children's independent work, directed 
toward the format ion lo£ various skills, habits .and knowledge, were cited 
However, to increase the effectiveness of the instruction, -it is 
extremely important that such tasks be organized according to a definite 
system. To define this system we must consider the^various aspects 
of the work. 

The selection of exercises for pupils 1 independent work, the 
establishment of their sequence, and the method of their execution is 
determined primarily by the goals which ^re being pursued in the study 
of each topic in the arithmetic curriculum and by the problems of each 
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concrete lesson. For Ihis reason, in the development of a system of ^ * 
independent tasks, we first proceeded in general, from the analysis 
of the goals and problems of instruction in elementary arithmetic 
and then, in particular, the problems <or each topic and each lesson 
devoted to the study of these topics. However, not pnly each lesson, 
but also the system of lessons devoted to the study of individual topics 
were considered not in isolation, but as one of the links of a single 
process of arithmetic instruction in the elementary grades. 

The system of independent tasks mast provide the children with 
basic general methods for approaching the solution of any mental 
problem. These methods ar£ directed toward the recognition and analysis 
of the problem conditions, and helps disclose the connection between 
what is known and ^hat is unknown which permits the projection of the 

•course of solution and correctly and exactly brings it to a completion. 
To ensure the employment of these basic general methods in the solution 

.of problems, assignments for independent vork must be given: during ^ 
instruction in a sequence by which the children gradually learn each 
separate method as well as the ability to apply them in combination. 
For this reason, the gradual complication of the assignment may move 
toward mastering Various individual methods, as well as toward increas- 
ing the requirements for tfieir combined application. Here* it is 
important that the selection of problems and the nature of the assign- 
ments for children's independent work provide variety in form and 
content to exclude the possibility of the establishment of a. set 
formula for their solution. 

- Among the most important features in developing a system of tasks for 
children's independent work and methods for their execution are the 
characteristics of the children f s age and the level of their prepara- 
tion. It is perfectly clear that pupils 1 independent work, >ven when 
it is based on the 'same arithmetical material, will be conducted 
completely differently, let us say, in the first grade than it is'Xn 
the fourth grade. As an example, it is sufficient to cite the dis- 
cussion of the commutative property of a sum, which the children first 
encounter in the first grade and to which they must return in the third 
and fourth grades. Independent work directed toward the realization of 
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this law of addition can be successfully conducted in the first grade. 
But independent work is also necessary In the following stages of 
instruction. The content of tlie assignments for the independent work 
and the methods for conducting it in class will, without a doubt, differ, 
greatly depending on the age and previous prepafation of the pupils . 

While thinking through the content and sequence of the exercises 
for children^ independent work, one must constantly r eme m b er the 
principle for the selection of the exercises and the organization and 

^methodology of conducting them, so that a gradual but systematic increase 
in difficulty of the assignments is provided- Only under these condi- 
tions will independent work foster the children's development in the 
process of instruction. Increasing the difficulty of the assignments 
must not, however, lead to the destruction of the requirement that they 
be within the children 1 s capabilities. 

- „ Finally, in determining the content, nature, and methodology for 
conducting children's independent work, it is important ito take into 
account the characteristics of various kinds of independent tasks. 
In the first chapter, the types of independent work were named which •■ 
can be classified according to the pec&gogical goals for vhich thtfy 
are intended, according to the nature of the educational materials, 
and according to the activity which they require from the pupils. In 
a system of independent tasks, all such types must find a plara in the 
process of instruction. 

It seems to us that the considerations enumerated do not require 
additional explanations. Their practical application is given below 
during the examination of the system for pupils 1 independent tasks 
in arithmetic lessons in the first and second grades. However, it x 
would seem useful to illuminate in more detail the various trends 
in the methods for gradually increasing the difficulty of assignments v 
for pup As f independent work. 

Let us consider the most important of these trends. First, in 
order to execute any assignment whatever, it- is necessary that the child 
possess elementary habits of independent work — the ability to organize 
his place fgr work, to select the necessary materials, to use these 
materials, to ■• understand the teacher's assignment, and acU accordingly . 
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These abilities are acquired by children in the process of work carried 
out, first, under the direct guidance of the teacher — wha dictates 
literally every step to the children — and later wit^ an even greater * 
degree of independence. The increase of these demands must appear in 
the added complexity of the assignment itself, as well as i^x the* 
additional complexity in the organization of the children's independent 
work in class. This increase is demonstrated wijh specific examples. 
Let us. begin with the most elementary — : work*with a bofck and the exe- 
cution gL^k in a notebook. At first the children are not able t6 
get their bearings in a book (even on a particular page), or in a note- 
book* The' t,eacher must take care that in each pupil's book the neces- 
sary page is marked with a bookmark, and check whether the children 
have understood precisely which picture on the page must be examined 
at a particular moment. When giving an assignment for work in note- 
books, it is also necessary to specify every trifle — hcpw many squares 

F N 

should be left from the top edge of the page or from the preceding 
writing, how many squares must be skipped between drawings or written, 
examples etc. * 

In lessons, in the first grade, however, a great deal of time is 
spent on just these instructions which deal with the technical side 
of the work and its, external form — this is easy to understand. But 
if such tutelage is not gradually eliminated, the situation will be 
artificially extended for too long a time. <Up to the fourth grade, 
and even the upper grades, pupils often ask questions about how to 
arrange th£ examples, whether they should write the date and how it 
should be written, whether it is necessary to write the answer in the 
problem T s solution, etc. Stich questions .bear witness to the fact that 
the teacher did rip t make systematic and gradually increasing demands 
on the children in these matters. 

Let us see how increasing the complexity of the assignments for * 
children's independent work on various educational materials is'mani- 
fested. Consider the illustration of the conditions of a jwtmple prob- 
lem." In the first steps^in the f A: at grade, the appropriate, work may, 
for example, look as follows. The example problem is: 
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On 6ne plate there were apples and on another 

three apples . How many apples were there on the two 
plates? 

Aft err reviewing m the conditions , the teacfher may ask the "Children to 
open' their arithmetic cases, and remove as many red' circles as there 
are apples on the first plate and to put them intone row. When, this, 
assignment is executed, the teachSr checks to ascertain whether every- 
one has done it correctly. .. He then asks the children the following 
questions: "How many red circles did you put on the desk? Why did 
you put out five circles? 11 and asks the children to count 1 their circles 
again and check to see if each child really putSout five circles. Then, 
reminding the children of how tfiany apples were on the second plate, the 
teacher gives the aaatghm^nt to take as many circles as there are / 
apples on the second plate from the case, put then iii a second row, 
and so on . step by step. This is repeated until the "children thoroughly 
gr^f&p the meaning of an assignment and .become proficient in the. appro- 
priate skills for working with didactic material — until they, learn to 
execute every such assignment? quickly and accurately. t 

After the procedures immediately above are 'grasped, analogous 
work will, proceed differently. It would be enough for the teacher tb • 
say, for example "show with the sticks how many hammers were bought 
first and how many later 1 * duririg the solution of problem rto f 54 — 
"For the school they bought two, hammers and then j30 many more. How 
many hammers were bought in all?" Later the assignment will be 
formulated in still less detail. 

In second grade, after the graphic illustration of 'several prob- 
lems on increasing and decreasing numbers by several units, and also*^*"** 
during the solution of the next problems pf this kincfc, the children 
can be asked to make a sketch of the problem's conditions as an assign- 
ment for ^independent work. This gradual "curtailment" of instructions 
Itrom the teacher represent? an increase in the demands madfe upon the 
children's independent work* This is the case with every other type 
of assignment. / ' * 

It is now demonstrated what is meant by the gradual increase in 
the complexity of work, in terms of its organization in a lesson. For 
the first two or thr£e veeks in the first grade, it does not work well 
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to organize children's independent work on various individual assign-; 
ments. Because children entering school have not formed habits for ' 
such work, it first must be carried out with one and the same assign- 
ment for all the children. This is -the simplest form of organization 
under which it is easy for the. teacher to interrupt the children's 
independent work and give them the necessary assistance, give supple- 
mentary explanations, etc. 

j Gradually, as individual chilcjren acquire the necessary skills 
and habits of work, it is possible to individualize the approach so 
that the majority of children work on One assignment with one set of 
material, and the others on individual assignments. Ultimately, all 
the children learn to work with Individual assigaments . In the upper 
grades, more and more elements of self -guida/ice^, /and even mutual 
guidance, in the course of the work are intpdiluced into the children's 
independent work. 

The second way in which the complexity of assignments for children 1 
independent work can be increased is dictated by tfie natural increase 
of the complexity of the educational material with which the work deals. 
Thus, for example, although at the beginning of the first grade, the 
children solve only the simplest problems on finding sums and remainders 
and then on increasing and decreasing numbers by several units, begin- 
ning the second term* the children are given compound problems for 
independent work containing problems of the fcypie considered earlier. 
'Although in the first grade the children ' solve only problems in which 
a number is increased or decreased by several units only once, in the 
second grade, compound problems in which a number * is increased or de- 
creased twice are introduced. If, in die second grade, the children 
deal chiefly* with simple problems' tfhich can be solved using one „ , 
operation and compound ones in which it is relatively easy to deter- •• 
mine the course of the operations, in the next grades they must become 
familiar with standard problems and also with compound ones which 
contain simple problems of diverse kinds and^t^p.^6. This same thing is 
true, on the whole, with respect to the solution of examples and all 
other kinds of work whose increase in complexity is dictated by. the " 
curriculum itself. t . . 

This gradual increase in the difficulty of the educational material 
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with which the children must deal in the course of independent work 
creates the conditions necessary for strengthening and perfecting the 
knowledge, skills, and habits which were formed in the previous stages 
of instruction* However, it would be wrong to suppose that this trend 
in the organization of children 1 s independent work is predetermined by 
the curriculum and that the teacher need not think about it specifically- 
that it wiy. come about all by itself, i^ith progress through the 
curriculum and the textbook. The fact is that, despite all the Attempts 
of the textbook authors to construct books so that they provide for 
the systematic consolidation and review of what has been covered, % in . 
very many cases of the progression tcr the consideration of new topics, 
the educational material not only does not grow more complex, but, on 
the gontrary, becomes simpler. This^i's^demonstrated with concrete 
examples, ' Working from the first-grade textbook, the children, after 
working for a long time with the solution of compound problems iii 
addition and subtraction, turn to the stu^y of multiplication and 
division. The curriculum does not provide for the .solution, in the 
first grade, of compound problems which* contain these operations. Fdr 
this reason, the appropriate sections contain 'only simple problqps. 
The sections in the textbook which deal with .multiplication and 
division do not provide sufficient material for the consolidation of 
the knowledge and skills which were formed in the children during 
instruction in the solution of compound problems (individual problems 
of this sort are given here only in the small n Review ,r sections) • 
If the teacher loses sight of these consideration^ and doe^not provide 
for the systematic' continuation of work on compound problems, the 
"knowledge, skills, and habits related to their solution and previously 
acquired by the children not only will not be perfected, but may be 
lost to some degree. 

We take our second example from the fourth grade. One of th^ 
most crucial general topics in the fourth year of instruction is "The 
Four Arithmetical Operations on Numbers within the ^punds of a Million" 
(in the curriculum called "Whole Numbers") . The study of this topic 
occupies the whole third quarter of the school year. The subtopics 
numeration, additidn, subti^ction, multiplication (by a one- and twc*- 
digit numbet, and then by a three-digit number), division, and the order 
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of the operations are considered consecutively within the more general 
topic. The problems and exercises in the sections of the textbooks 
devoted to each of these topics are selected in strict accordance with 
the topics. Their selection is determined by the problems of explain- 
ing the meaning of each operation, its applications, its properties, 
and its relations, to other operations. However, if the children are 
limited to the solution of these problems and examples, it is possible 
to hinder the consolidation and, above all, the further development of 
the children's habits of independent work on more complek material, 
with which they dealt previously (specifically, the more complex t 
standard problems). 

Finally, it is essential to provide a gradual increase in -the 
difficulty of the assignments directed toward the formation of various 
skills. Tasks which are diverse in nature and which demand some degree 
of. independence from tue children can be carried out on ^the same arith-^ 
metical material and with* the same lesson organization, depending on 
the way the assignment itself is formulated. It* is one thing, for 
example, if the teacher, having chosen one or another problem for the 
children to solve independently * tells them directly that, before 
solving the problem, theyJ should make a sketch of its conditions; and 
it is another thing if he lets them settle the question of the most 
suitable form for such an illustration independently. It is also quite 
different if, having asked the children* to construct all possible 
examples for a given answer, the teacher reminds them that they sHbuld 
use all four arithmetical Operations instead of not saying so at all. 

Tl^p increase in the complexity of the exercises^nust be linked 
with the fact tha£ in order to develop the individual sk^ills and 
habits from which general ability is formed — to solve a problem inde- 
pendently — it is necessary^ in"*the end, to bring .the children to use 
these particular skills in combination. For this reason, independent 
tasks can at first be composed of small assignments, directed toward 
the development of the ability to read conditions independently to 
illustrate them, to select the data needed to answer the question, etc. 
However » later they „must be gradually replaced by assignments which 
require applieationiof various mgthods and means of analyzing the 
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conditions and searching for the way of solution, \m±ch the children 
""^acquired in the Course of previous exercises. *\ 

Thus, the gradual increase of the demands made on the pupils i$ the 
systems of independent work conducted in arithmetic lessons can be linked 
withjt^e increased complexity of tke^form in which these^ tasks are 
organized, with the content and form of the assignments , with the change 
in the nature of the work in terms of the * activity which the tasks 
demand from the children, and also with the methods of conducting the 
work. 

After these general remarks, we will now consider concrete methods 
of implementing these requirements in the system of pupils 1 independent 
work, in arithmetic instruction, in the first and sScond grades. 
■ f Since the basic factors determining the system of these tasks, as 

we mentioned ^bove, are the goals and problems in the study of each 
topic of the % curriculum, and the pupils 1 level of preparation, we will 
consider the content* organization and methods of conducting children's 
independent work on material from the basic topics of the curriculum. 
Within each topic, we will single out questions dealing with the system 
of instruction in problem solving, with work directed toward the chil- 
dren's mastery of arit;K&etical operations, and with exercises whose 
. goal is the formation of the basic arithmetical concepts. 

Pupils ' Independent Work in the First Grade 

Chi ldren's independent wor k in l essons on the topic "The First 
Ten Numbers, 11 The topic "The First Ten Numbers" is divided into three 
» subtopics, each of which is characterized by its own specific problems 
which determine, to a significant degree, the content and nature of 
the children's independent work in each of these stages of instruction. 
For this reason, we will consider each of them separately. 

The preparatory method pursues the following goals: to ascertain 
the preparation with which each pupil comes to class, to systematize, 
enrich and deepen the knowledge of numbers and computation which he 
acquired in th^ preschool period, to lay a foundation for the , formation 
of the appropriate generalizations at the next stage in the study of 
numher^and operations within the bounds of 10, and to familiarize the 
children with the elementary laws of academic work. in class that is, 
to prepare them for regular, systematic instruction. Literally, from 
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the first lesson, the teacher faces the task of teaching the children ^ 
how to learn • In the introductory lessons It is necessary to teach 
the children at least to consciously apprehend and exactly execute the 
teacher's simple assignments dealing with the use of a book, notebook, 
demons tr a tional visual aids, and didactic material distributed to each 
pupil. The conteiit of the children^ independent work in these lessons 
will primarily consist q£ counting objects and practical exercise with 
didactic material directed toward the formation of basic "arithmetical 
concepts — the concepts of "as much as," "more," "fewer" (in an arith- 
metical sense). 

Since one of the main goals of the introductory lessons is to 
ascertain the knowledge, skills, and habits which the children possess, 
the children's independent work in these lessons may have not only an 
instructive, but also a ver if ica tional nature. As a rule, lessons 
considering each new question should begin precisely with varif ica tional 
independent work, since from the results the teacher will be able to 
correctly estimate the knowledge the children possess about i^his ques- 
tion, and construct the next lessors. 

However, at' the next stage the teacher faces the task of filling 
in the gaps disclosed in 1 the children 1 s knowledge. For this reason he 
■naturally turns to systematic instruction. In explanation, the teacher 
uses the appropriate visual aids, and the children observe his actions* 
Most frequently, pupils' independent work in these lessons consists of 
the most exact reproduction of the teacher's actions of which they ^re 
capable* In the present case, the. main demand made on the children 
consists of following instructions as closely as possible, and of 
obtaining results close to the model the teacher set forth. In both 
their content and theitf character; assignments at this stage of instruc- 
tion are of the most -Elementary nature, they are very short — a task 
with didactic materials lasts, as a rule, for two or three minutes. 
However, in a lesson several such tasks (four or five by our obser- 
vations) may be carried out* Tasks dealing with drawing in notebooks 
may last for a longer period, since they are training exercises and 
consist of the repetition of the same element.. 

The gradual increase in the complexity of the assignments may 
begin in these lessons. As illustration, one of the first assignments 
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Accurately, using a ruler, line pp six circles 
on the desk^x y 

The following,' more complex assignment deals with the formation of the 
concept "as many as": 

• Line up in a row, using a rul^r, five circles and J 
below them in a second row as many squares* 

In executing the latter assignment, the children use the method of 
making up equal groups, with which they have been acquainted by the 
teache^ (the alignment of the elements of the two groups in one to one 
correspondence; each square must be placed b^low a corresponding circle) • 
What is being demanded of them now is not the simple reproduction of 
the teacher f s actions, but the application of a method they" have learned 
under different circumstances (The teacher may demonstrate this method 
with demonstration materials , 'using, for example, various pictures of . 
objects, and the pupils, in -their independent work, use cirq^s and 
squares* The teacher may conduct the demonstration with groups con- 
sisting of six or seven objects, but the children* are asked to do theu 
same thing with groups of five objects, etc*) . The following, still 
more complex assignment is: 

Take several circles and several squares — as many 
as you like. Find out if there aye'as many circles 
as squares • 1 ' ■ 

The difficulty of the exercise is determined by the fact that, In 
carrying it W^S^fee child must "guess" tfliat to* answer trtls question 
he can use the sa&e method of aligning elements of both groups in one- 
to-one correspondence. Experience shows that, under these conditli&rfs , 
children frequently return to the use of more familiar methods -of 
'^comparison based on the estimation of the given grohps "by eye" — * 
by spatial indications (Some children, for example, pile all the squares 
one on top of andtfrer and make another^ column of all the circles and 
judge whether there are as many squares as circles from the heights 
of -these columns. Others lay the figures out 1r parallel rows, without 
observing the principle of aligning them piece by piece, and thus they 
often come to an incorrect conclusion based on whether one row is 
longer). , In this way, we see ^hat such an assignment compels children 
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to choose a way bf solving the problem, thus developing the skill of 
applying acquired knowledge to new conditions.. 

The selection of assignments t for the first arithmetic lessons 
must also fulfill the requirement thatr the children 1 s independent work 
be varied. This requirement is determined, on one hand, by the psycho- 
logical characteristics of children Entering school (extremely unstable 
attention, interest easily excited 1b y one matteir or another and jus£ 
as easily lost), and on the other hand, by th£ task of creating a 
sufficient sensory basis for the formation of appropriate arithmetical 
concepts. It is well known that one of the most important conditions 
for the formation of these- generalizations is the accumulation of a 
experience with practical operations , • using diverse groups of objects. 
From this it follows that independent work in these lessons, must be 
constructed using diverse visual materials. v ;. x 

Since we want the pupils to formulate several generalized 1&&S' V 
of operation (here we have in mind the method for comparing groups 
of objects described earlier), even at this stage of instruction it ^ 
is necessary to vary more than just the objects. All conditions which 
are not essential from the standpoint of the particular law must be 
varied. A simple reciprocal correspondence between the elements of the 
two groups being compared may be established in various waysT^ In one 
case, for example, t£e circles are placed, on top of the squares (each 
circle on one of the squares); in another, the squares and circles are 
laid out in two parallel rows, one below the other; in a. third, in two $ 
vertical rows. Finally the alignment is conducted so that the pupil 
takes from a box containing both circles and squares, a pair (a circle 
and a square) at a time and puts them into another box, un^il it becomes 
clear whether there are any extra circles or squares. 

All these exercises will facilitate the children's realization of 
the principle at the basis, of this method of comparison; while, if 
the appropriate exercises a^re conducted in a monotonous form, the 
essential feature may easier be replaced by a non-essential one (a*a 
when, in the example cited above, the pupils lay out the objects of 
both groups in parallel rows, without observing the principle of a one- 
to-on£ correspondence of the elements) . 

The teacher should guide the children in their familiarization with 
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all the ways of arranging the objects of the groups being compared. 
However, this does not mean that tjie teacher himself must, in all cases, 
initially demonstrate each of them. Depending oa the pupils 1 prepara- 
'-sfcittA? It ^is sometimes possible for the teacher to limit himself to 
instructions: -"Compare and find out wfyich there are more of, squares 
or circles, but do not lay them out in two rows. Put the circles on 
top of the squares." It is even possible, in some cases, to ask the 
children to figure out by themselves how else it would be possible to 
find out whether there are as many circlets as squares. Under thftse 
conditions, from the very beginning, children's independent work in 
arithmetic lessons demands from them not only ^oncentrat^d attention 
but also independent thought, and makes it possible for the children 
to manifest their own initiative. 

We have .described the features of children 1 s independent work in 
the introductory lessons from the point of view of their arithmetical 
content. However, one must also consider their organizational features, 
e of the mairi^goals of the preparatory period, as we noted above, is 
e formation in the children of elementary habits of academic work. 
In these lessons, on the basis of independent , activity, the children 
must learn the fundamental methods for working with the material dis- 
tributed to each pupil and with the sticks (how to keep them, get them 
out, ' put "thetf o^ the' desk, etc.), and learn to use a book (bookmark, 
pointer, turning pages, finding the necessary material on a page, etc.). 
One must familiarize the children with linecf (squared) notebooks, 
teach them to outline the squares and independently execute other 
uncomplicated assignments dealing with the use of lined paper, an^ 
prepare them to write the numerals (the drawing o^ simple "borders," 
the writing of the elements of the numerals, etc.). 

^While they execute the appropriate independent 'work, the children, 
as a rule,\act from the model the teacher has set up and in accordance 
1 with his instructions. The increase in the requirements must be aecom- 
"■• plished here-by a shortening, a Curtailment of £hese instructions 

•T ff * 

^wh:)Lch- were .mentioned earlier. * 

v * 1 • 

In terms of organization, the independent work in the introductory 
f % v- ' 
classes, as a rule, is genera^ — all the children work simultaneously on 

executing" -the same assignment from the teacher. We becanfla convinced in 
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practical situations that % it is not Worthwhile to strive for individual 
assignments at this stage of instruction, although, at first glapce, 
(taking into account the difference in the preparation of children 
entering first grade), this may also seem alluring. We learned that, 
in practice, when children 1 s individual work is started t*fc early, 
the formation of a most important academic ability — the ability to 
listen to the teacher when he addresses the whole class — is hampered. 
As M. N. Volokitina very correctly rioted in her study, one of the 
difficulties of the first lessons lies in the fact that "some newcomers, 
at times, do not realize their roles in class and look on all the pro- 
ceedings as spectators, witjrfout relating the teacher T s words and demands 
to themselves" [22:7-8] . The teacher, in giving individual assignments, 
may often foster a situation ip which many of the children constantly 
demand special attention and become used to working outside the group* 
This' is one of the f eatures of the preparatory ^period of ins%ruction 
relevant to arithmetic lessons. 

The next stage fe instruction deals with. the study of the first 
ten numbers. The fundamental educational goal in this stage of instruc- 
tion is the formation in the Children of a clear idea uf the first ten 
numbers — their formation, composition and relative magnitudes. The 
children must practically master the concept of number and the axiom of 
counting (the results of counting do not depend on the order in which 
the objects in a givfen group are counted), and become acquainted with 
the series of numbers and learn to compare numbers. by the place they * 
occupy in this series. Finally, they must become acquainted •with the 
numerals which designate the numbers, «nd learn to recognize and 
distinguish the numerals and write them. The children must ascertain 
the relation between quantity, number, and numeral in various combina- 
tions. In the study of this topic, it is of great value to familiarize 
the children with arithmetical problems and examples — their construc- 
tion, solution, and the writing of the solution. 

The system and methodology of the study of the first ten numbers 
are clearly reflected in the textbook. Our task is not to consider its 
substance. In building a system of children 1 s independent work at this 
stage of instruction, we took into Account the content and the t hods of 
work which are( determined by the curriculum and textbook. The numbers 

224 

2 -IP ' ■ . 



are considered one after another; in the consideration of each new 
number analogous questions are analyzed . Because of this, conditions 
are created in the instruction process under which similar assignments 
are repeated in ^lessons devoted to the study of various numbers • This 
permits 'the gradual increase in the demands made on the pupils and 
helps them to manifest more and mor t>) e independence in the consideration 
of analogous questions and in the development of their activity • Lessons 
%on the study of the first ten numbers must be used maximally with a 
view toward further perfecting the children's ability to work independ- 
ently with -pictures, books, distributed material ,and notebooks* The 
task of forming habits of independent work is one of the essential 
goals of the period under consideration. 

Let us now consider the possible conclusions, concerning the 
nature fpf the material on which the children's independent work is 
built, which ensue from the goals (formulated above) ,of this stage o£ 
instruction. The fundamental task, as we noted above, is to familiar;- 
ize the children with number. While one should not strive to develop 
in tijte children the concept of number at this stage, one must make them 
conscious of the central arithmetical fact that the result of counting 
does not depend on quality, on the individual features o£ the objects 
counted. It is, of course, -self-evident that we^are not talking about 
ttie deduction of a law — not about the children's formulation in words 
of this proposition — but only about their inner conviction of the 
possibility of Replacing some objects with others in solving the prob- 
lem of their quantity. Thus, if a problem mentions objects which are 
not at hand, it is' possible to use circles or squares in their place 
in solving the problem. IT squares^ are mentioned, it- is not mandatory 
to count squares — they may be replaced by counting sticEk, and/ so on. 
It is perfectly clear that the children can arrive at this conclusion 
gnly if, in their own practical activity, they have the opportunity to 
become convinced repeatedly of its correctness,. Accordingly, the * ■• 
necessity for organizing vthe children's independent work with diverse 



didactic materials so that it will lay a foundation for the appropriate 
generalization becomes clear. 

As an example of tasks o~f this sort, &e may cite the execution of 
i * 
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such assignmet^s as: 

Put 5 squares in a row, below them. put as many 
circles, below them as many triangles, and below 
them as many sticks* 

In checking the work, it becomes clear how many circles, triangles and 
-sticks were put out and why (because it was necessary to put out 'as 
many, f that is five, since there were five squares). As a check of 
whether the proper generalization was made — of whether the children 
can transfer the regularity they have noted to'other instances not 
illustrated by visual aids — the teacher may ask a central question: 
"And if I tell you to take as many notebooks, how many notebooks 
should you take?" (Notebooks are out of sight at the moment). If 
the pupils answer "^Iso five" it serves as sufficient proof that the 
required generalization has been formed in their minds. 

Furthermore, independent work with this aim must contain all pos- 
sible exercises in combining two groups of objects and detaching a 
part of a given group of objects. The recognition that the number of 
objects in a group formed by combining two smaller ones does not depend 
on- fc the objects with which the operations took place, serves as a basis 
for the formation of concepts of number'. ' Experience with such practi- 
cal operations using quantities of objects is also indispensable for 
developing in the children an understanding of arithmetical operations. 
The corresponding independent tasks for the children will resemble the 
one described above. In them, t^e knowledge and^ abilities which the 
children have acquired during the first ikssons receive subsequent 
development. 'During the whole period innEhich the first ten numbers 
were studied, the necessity of the* children's comparing two groups of 
objects by the number of objects in each group does not disappear, 
'since it is the basis for comparing numbers. Such tasks, familiar to 
the children" from the preparatory demonstrations, do not require that 
the teacher give, a preliminary demonstration of the appropriate opera- 
tions. They can serve as a starting point in examining the formation 
of a new number and in comparing it with the preceding one. 

In this stage of instruction the next step forward must be made. 
The children will receive a more complete idea of each of the first 
ten number£*and will recognize several traits of numbers on an abstract 
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level — the possibility of expanding a number into the addends which 
compose it and the traits which follow from the place eadh occupies 
in the series of other natural number s. < Here it is always necessary 
to reckon with the concrete thought processes of younger school- 
children and their insufficient preparation in operating with abstract 
material. Throughout the period during which the first ten numbers 
are studied (and sometimes even later) , in the consideration of * ■ 
every such trait, it is necessary to start from practical operations 
with real objects. The children can be taught the necessary 
generalization only on the basis of accumulated experience of such 
operations under suitably varied conditions. * 

For example, to explain t|ie possibility of expanding a given 
number into its component addends, it is useful to organize practical 
work* in separating suitable groups of objects into components. The 
formation of a number may be illustrated by the formation of suitable N 
groups of objects (by adding still another object to a group corres- 
ponding to t the number previously studied), and so' on. All illustrations 
of this type, with which it is necessary to begin the explanation of 
any^of the questions of the topic under consideration, a^re, at first, 
given by the teacher using demons trational visua^aids^ However, it 
is impossible to restrict oneself only to' demonstration. The children's 
independent execution of analogous operations with other groups of 
objects (using individual didactic materials) is indispensable for the 
formation of the proper generalizations* The children 1 s independent 
work is here carried out at the stage of initial consolidation. However 
in lessons devoted to each subsequent number, it may be carried out as 
preparation for £he introduction of new material*. Sometimes as early 
as the stages of initial consolidation the ^children t s independent exam- 
ination of a new instance proves possible* 

Above we cited an example of how by increasing the ratio of the 
children's independent participation to total participation from lesson 
to lesson, we gradually brought them to realize the principles which 
permit the enumeration of all the possible combinations of ^£wo addends 
composing any number. It yas demonstrated x that, with the . proper pre- 
liminary preparation, the examination of the composition of a 'new 
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number could successfully be carried out on the basis of the children's 
independent work with cut-out didactic material, and, later without' it,^ 
on aa'abstract levei*^ Thus, as early as' the first steps of instruction, 
with the proper methods and with a strictly gradual increase in the . 
assignments 1 difficulty, children can independently gain ail understanding 
of questions nnw to them. 

Analogous independent work by children may also serve as a basis 
for the childpens 1 familiarization with the formation of new numbers, \ 
and for* a comparison of the newly formed -number with the preceding one* 
However, it is necessary that, in the lesson devoted 'to the study of 
^numbers, there be the same gradual* transition for the children from 
^Listening to the teacher 1 s explanation and rep roducingSii^i act ions to 
ever greater active participation in solving analogous problems with 
the material about new 'numbers, * 

In the study of the first ten numbers, along with practical operar 

tions with groups of objects, even greater significance is acquired 

through exercises devoted to^the^use of numerals. The use/of Numerals 

'makes it possible to organize the most diverse independent tasks for 

the children ,'*basetf on the ability, to correlate a quantity &nd a numeral, 

and to distinguish and recognize the numerals, 

> ; i \ t 

At first, the appropriate exercises are conducted by work with the 

class as a whole during which the teacher can immediately check the 
* correctness of. each pupil T s execution of the, assignment * Later, the 
children do the exercises independently . Some examples of * such assign- 
ments follow:^ , * - 

Make a square t>f sticks. Count how many sticks 
were required, and find the corresponding numeral. 

For the execution of independent work on this, sort of assignment special 
cards On which various figures are outlined by sticks may be used. It 
is also useful to niake up individual sheets on which, there are, .for 
example, thyee circles on one line, five squares on the second, two 
Apples on the third, and a mushroom on^ the fourth. Such sheets lean be 
used for exercises *in distinguishing numbers, and for checking chr the 
children's ability to correlate number and quantity. The childr^ Hre 
given^n^assignment to write the proper numeral on each line. Reverse 
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assignments, in which the children- must illustrate with a drawipg 
various numbers represented by numerals, are also possible. 

Aside from these assignments, one must devote a grd^ft deal of 
^ttention and time to work dealing with the formation of the ability 
to write 'the numerals . Frequently in practice £he writing of numerals 
•-crowds out all other kinds of independent work in these lessons* 
Without a doubt, this do%s definite damage to both the development of 
'the children's independence at this stage of instruction and the mastery 
of material in the curriculum. But it is also impossible to rieglect 
the writing of numerals. In the experimental^ class, ^xercises in writing 
numerals were carried out in literally every lesson, but -they occupied 
not more than five minutes. y 

In our expgriment, in the organization of children^ independent 
work, we made wide use of the so-called movable numerals (found in the 
supplement to ? the textbook). They were used in examining the composition 
of a number (after separating a given group, into two parts, the children 
had to designate the number of objects in^jeach of them by means of the 
^ "ifcovable 11 numerals each time), in the relation of number and quantity 
and in all exercises directed toward the mastery of tha numerical series. 

A whole series of assignments for independent work is directed 
toward the study of the mmieracal series : # independently arranging the 
numbers in order (an exercise which must be carried out systematically) ; 
and filling in the blanks in a*series of numerals etc- After the chil- 
dren have become acquainted with the signs of operation and the way to 
write them, they can be given, for' independent -work', the "printing" of 
examples f roitf "itodels given in the textbook or on the board, and 'their 
solut^aa^Al ready , &t this stage of instruction, the work can be 
diversified and not limited to the copying of prepared examples. The 
children may be>asked to Compose numerals independently in an assign- 

ment as -follows i • f 

* ' 

Compose two'examples in which it is necessary to add 
one or in which it is necessary to subtract one* or, to 
a given number add a number so the sum is, let us say, 

three. 1 

■> „ 

After the children have learned to write out the solution of a 
problem (if only by means of cut-out numerals, without designations-), 
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t^iey can be required to compose and solve problems Independently* Of 
course, this task must first be prepared for carefully with appropriate 
exercises executed under the teacher's guidance. These «may look approx- 
imately as follows; * ■ v 

Carefully watch what I am going to do and then 
compose a problem from what you have seen. 

The teacher -then, before the children's eyes, puts two trucks and one 
car on a toy shelf. The children must write the solution of the 'prob- 
lem by means of cut-out numerals. By the way the writing is done the 
teacher can, to some degree, tell whether they have been able to 
handle the assignment. However, in checking it is necessary ntft onl-y 
.to look at how the solution is written, but also to listen to the . 
problems composed Wy two or three of the pupils. 

The next step (a more difficult assignment) is the composition of 
problems from pictures. For this purpose, the pictures in the textbook 
may be used. -Here, however, it is necessary to keep in mind that from 
one and the same picture at least three problems can be composed. 

We will- demonstrate this with the example of the picture depicting 
kittens [1 :16]. Frpm this picture it is possible to compose w the 
following problems J* 

1. Four kittens are sitting on the floor and one on 
the table. How many kittens are there in a£i? 

2. In the picture there are five kittens. Of them, 
three are drinking milk, and the rest' are not. 
How many kittens are there in all? 

3. In the picture there are five kittens. 'Of? these, v 
twc^are reddish, and the rest are gray. 

How many gray kittens are there in the picture? 

4. In the picture" there are three gray kittens and two 
reddish ones* How many kittens are there in the 
picture? * 

The assignment must be definite, so that it is easy to check. After 
asking the' pupils to compose a problem from the picture, the teacher 
can specify: 

Compose a problem "from this picture so that to 
solve it. It is necessary to take away (or add). 
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In solving problems at this level, when children still have not 
mastered arithmetical Operations as such, but determine the answer 
on th'e basis of counting up the stun (or remainder) , it is useful „to 
have them make a drawing of the problem f s conditions in their note- 
books. In the drawing, the children can depict the objects which are , 
being discussed (mushrooms, apples and others)* 

It is useful, however, to gradually introduce a form of illus- 
trating the conditions in which the objects mentioned in the problem 
are replaced by others. For example, after introducing tjie pupils 
to the problem: . 

,. 1 1 

Yura had eight pigeofcta. One pigeon flew aw^y. 
How many pigeons did Yura*have left? [13: 25]. 

The teacher can ask the children to outline in their notebooks as many 
.squares as Yura had pigeons, and cross out as many of them as ther^g 
were pigeons that flew away (the assignment may be given all at once 
or in par ts, w depending on the preparation of the class). After the 
teacher has checked on how <the children have, handled this assignment 
and reviewed with them the conditions and questions, he may ask? 

What sign do you use to write the problem's solution — 
*to add 1 or r to subtract'? * 

The pupils indicate the proper sign from \:he selection of numerals and 
signs which they have. After making sure that the children have chosen " 
the correct operation, the teacher may ask them to write the problem f s 

y 

solution independently by fusing the movable numerals. * 

If the teacher" has the appropriate materials at his disposal in 
the study of the first ten numbers it is disc possible to successfully 
organize gam^elike independent work for, the .children. Examples of such 
gfunes and the materials for them are given in. the printed handbook for 
the two-group school [18]. 

When the teacher and children 1 are examining addition and sub traction 
within the bound s of 10, the following must be /kept in mind . When the 
^children study the first ten number^, they become familiar with the 
division of each of them into addends and can, in many cases, determine 
the sum of two numbers or their difference based on a visual idea of 
the composition of numbers. However, they have still not mastered this * 
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-material to such a degree that they can confidently solve any exampla 
on addition or subtraction within the bounds of 100 on an abstract 
level.. In case of difficulty, they can find the Solution only by" 
counting the objects (sticks, abacus beads, etc.)* 

To form in the children the h&bit of consciously executing abstract 
arithmetical operations without giving up visual concepts of numbers 
and without ceasing to use visual aids, it is necessary to put at , the 
children's disposal a metjiod for determining the result of addition or 
attraction which permits them to solve any example without recourse 
to visualization, based or^Ly on knowledge of the numerical series and 
the principles of the operations. At this stage of instruction the . 
goal is to teach the children a Method "of addation and subtraction by 
adding on and taking away units and groups* ' 

The sequence of introducing the various cases of addition and sub- 
traction* within the bounds of 10 is no^d in the textbook. Beginning . 
with adding and taking away 1, 2, and 3, the children gradually come 
to consider . more and more complex cases based on the preceding ones. 
As a result they should master this method of adding and subtracting * 
and leacp the composition of the first ten numbers. 

When the children study, one after another, the tables for adding 
1, 2, 3^ 'etc., it is important not only to ensure that the children 
have a firm knowledge of these tables, but also to bring them to an ■ 
understanding of the general principle on which these means of addition 
and subtraction 'are based, gamely, each number may be added or sub- 

* tracked either by a un^t or by groups into which it may be separated. 
The material of this chapter affords wide possibilities for the forma- 
tion of this generalization, for the excitation* of the children's 4 
interest in .the composition of numbers, and for the development of 
the pupils f powers of observation, initiative and quickness of wit. 
When introducing each new case, the teacher mufet, above all, remind 
the children o£ the composition of the number whose addition or sub- 
traction will be considered in the lesson. He must also review the 
cases of addition and subtraction of smaller numbers which^ may be 
used in adding the given number by its parts. In the lesson various 
ways of adding and . subtracting the-given number must be analyzed, 
but in the end the children, with the tether's guidance, must explain 
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which of them is the most rational. 

We will show how work on the study of a new case of addition may , 
be conducted, using as an example a lesson devoted to .adding the number 
four. While checking homework or mental arithmetic, cases of addition 
and subtraction which were studied previously must be reviewed. The 
most attention must be concentrated on adding two and three (in consider- 
ing examples in which three is added, varidus ways of doing so should 
be reviewed: +(1+1+1); +(1 + 2); + (? + 1); + 3). In preparing # 
for the new topic it is also necessary to review the composition of the 
number four" and give the children practice in solving examples in addi- 
tion like those given in the textbook under no. 73: 3 + 2 + 2; 5 + 2 
+2; 4+2+2; 6+1+3; 3+3+1; etc., and to Review the series 
1, 3, 5, 7' and 2, 4, 6, 8, 10. 

The appropriate work may be organized in different ways In the s~ 

i 

lesson. Thus,, the lesson may fiegin with the children's independent 
work with an assignment like this: ^ ' 

Write the numerals for the numbers which compose the 
number four and then solve, ih writing, the examples from 
the textbook. 

In executing the assignment, the children must write: 

3^1 

4 . 
1 * 2 3 

This representation is familiar to them from the time they studied the 
first ten numbers. The solution of examples from the textbook may be 
conducted orally, with only the answers written down, so that too 

fauch class time is not spent on an assignment which prepares the chil-* . 

drenfor the consideration of new material. Th&s, preparation for the 
new material is based on^ the children's independent work. 

After the preparation, the teacher may formulate the lesson's , 
goal: "Today you will learn to add the number ffcur." 

Two groups of two and four objects are illustrated with demonstrational 
visual aids. The teacher asks th& children, "How can we add four blocks 
to two blocks?" With the pupils' aid the teacher analyzes various cases 
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in which blocks are added by ones or twos, first one and then three, 
etc. The same easels are illustrated with other individual and class- 
room materials. With the teacher *s guidance, the children should 
conclude that it is easiest to add 4 by twos (if you know the table 
for adding two) 

Then the teacher and the children consider the drawings and 
detailed writing of the solution to the .examples 2 4-4 and 4 + 4, given 
in the textbook on page 40, after which the teacher writes the appro- 
priate representation - on the board and asks the children to solve the 
rest of the examples independently, ^ing various w&ys of computation. 
After the children do this assignment and, the teacher checks it, prob- 
lem 75 is solved' orally . The children may make a drawing dn class for 
problem 76, which may be assigned for homework. Example 78 may also 
be given as homework. ^ t 

In the consideration of adding 5, 6, 7, etc., the device of re- 
arranging the addends may be used. Here too the relationship between 
the corresponding cases of addition and subtraction must be established 
practically. .This is accomplished by* specially ^Le^ted examples from 
the textbook. The teacher must take care that t^Ws pupils are made con- 
scious of the meaning of the juxtaposition of examples of the type: < 
4 + 1 and 1 + 4, 4 + 2 and 2 -f 4 (from exercise 78) , 2 + 4, 6 - 4, 
4+4,8-4 (from exercise no. 92) and others. 

In connection with using the methods of rearranging addends taking 
Into account that the children hatfe already, amassed a rath^ large 
experience in adding and subtracting—the lesson- devoted to adding and * 
subtracting the second five numbers should be constructed so children f s 
independent participation in work on new material increases. 

In the lesson whose goal is to introduce the adding of seven, the 
work may be conducted in this fashion. Preparation for the new^material 
must cover the same questions as "before — the composition of the number 
seven, the review of adding smaller numbers (3, 4 and 5), the solutioti 
of examples of the type 5 + 3 + 4', etc — . But it is also important tf* 
give several examples in whose solution the rearrangement, of addends 
is used. After this t^e children may be asked, in the cours§ of their 
independent work to examine the illustration on page 49 of the textbook, 
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and to solve the corresponding example. They must attempt to draw the 
conclusion independently but under the teacher's control, who helps to 
formulate it if necessary. In exactly the same way, the detailed writing 
of the solution of the examples 2 + 7 and 3 + 7 given in -the textbook 
may be considered ftrst by the pupils themselves, so -that they may try 
to figure out, independently, the method of computation prompted by the 
written representation. Here, as in the firs^case, after the children 
•think about this assignment, the teacher" listens to them and heljns give 
a clear explanation, which is later consolidated in the solut^en of 
other examples. Thus, the gradual increase of the demands made on the 
children is ensured. - . 

. During the study of addition and subtraction within the bounds of 
10 the most frequent use is made, in practice, of the written solution 
of' examples as an assignment for children 1 s independent work. However, 
other assignments, which require a greater strain on their thought pro- , 
cesses may also be used with success—assignments involving original 
composition of examples and the application of acquired knowledge under 

new conditions. % 

Thus, in the study of the first ten numbers, the pupils' Independent 
composition of examples from assignments like "Compose four examples 
where three is added/' 1 and "Compose examples in addition to which the 
answer is eight," are already withip : ,the capacities of the children. 
The composition of examples from a given answer are especially useful 
in the study of addition and subtraction within the bounds of 10, since 
they require a knowledge of the composition of the first ten numbers. 
This kind of assignment is made simpler if the teacher indicates how . 
many examples should be composed, and made more difficult if the number 
of examples is not indicated. Such work becomes still more difficult, 
but also more interesting, if the operation is not indicated and w only , 
the answer is given. In this case, for each number within the bounds 
of 10, nine examples can be composed, if only examples in one operation 
are considered. If the children have already, solved examples in two 



1 See [13: problems 34,. 46, 67, and others]. 
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pperations, the number of examples which may be composed from- a given 
answer increases considerably. In this case, the assignment must be 
given a definite time limit, so that the children are judged according 
to who makes up the mo&t examples in the given time. 

The comp6sition of examples from three given numbers is an easy and 
very useful exercise. For example, the numb'ers 2, 8 are given. From 
them the following examples may b£ constructed: 2 + 6 « 8, 6+2 - 8, 
8-6-2, 8-2 - 6. Such exercises are the children 1 s first prepara- 
tion^ or the discovery of the relation between addition and subtraction* 
Moreover, they facilitate the mastery of addition and subtraction by 
tables . 

^ Another good exercise is the solution of j^xamples with ine of . 
the addends, the minuend, subtrahend, or operation sign left lout (with 
the answer given)* The children are asked to copy examples, Silling 
in the blank , 

Aside from those enumerated above, 'assignments specially dir^jted 

toward mastering the way to add and subtract by ones' ami groups 'are 
« f 

useful* The textbook constantly gives models for the detailed writing 
of the solution of examples, models which reveal these ways. ^Conse-r 
quently, it is eventually possible to include assignments like the 
following: ' * r 

Solve the following example from the model given 
in the textbook; In the textbook you' are asked.' to solve 
the example 8 - '4 thus; 8-2-2* Solve this problem' 
another way; or Can this example be solved l^y taking 
away one at a tinte? Write this' solution. 

If the class is sufficiently prepared, and ff the pupils easily 
switch from one type of work to another and.. quickly master the technical 
execution of new assignments, it is possible, using the material on 
the first ten numbers, to acquaint them with circular examples, magic 
squares, lotto games, and others. 

Work which is organized around the solution of examples must also 
be diverse. Children can work on the selution %f the same examples 
written on the board, solve the same exampleffe but from a book, execute 
assignments in variants (it is useful to train the children tp do this 
kind of work from the very beginning), or from cards with individual 
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assignments. During instruction in problem solving at lessons devoted 
to the topic under consideration, work. begun earlier undergoes further 
development. Thus, along xfLth colored cards from which problems^were 
cemposed, drawings, including elements of diagrams (brackets, arrows) 
are introduced* The unknown i^ represented in such a drawing by a 
question mark. First the 'children learn to make and 'hread" such draw- 
ings under conditions of group work, and then the composition ajid 
solution of problems from such drawing-^diagrams is carried out completely 
independently. The drawings may be of various kinds, a variation upon 
which depends the difficulty of the assignment. Thus, the drawing may 
be constructed with the full « use of visual' aids with objects represent- 
ing both the ^iven and the unknown data; the children must only count 
the objects depicted. For example, ,two dishes are depicted with four 
apples on one and five on the other. Below the dishes is a bracket, 
and under it a question mark. 1 * There also may be a drawing with less 

than full use of visual aids, in which the unknown cannot be found 
t ft 

by coun£iag--(f or example, a closed box of colored pencils is depicted 
and below the box is written "four pencils," and alongside the box 
three pencils are drawn. Both of these pictures are joined with a 
bracket, below which is a question mark). Finally, the third type is 
when in th& drawing only single objects of the kind discussed in the 
problem are arawn, and the numerical data is written (for example, a 
roll is drawn and under it is written 6 kop., alongside is a tart, 
and under it is written 3 kop < ? /a 'bracket ^and a question mark). 0 The 
teacher puts such diagrammatic/ illustrations/on the board. 

It is still better if the teacher has the appropriate posters. 
(The children themselves may successfully assist in making tjiem.) Using 
* the posters, more complex work may Ife carried using the assignment: 

„ Compose as many problems as possible from the given 
poster, or Compose tyo or three problems, and so on. 

The question of which precise type of illustration is better must be 
decided according to each separate case, with regard for the children*^ 
preparation and the features of the problem. 

After the children have mastered the composition and solution of 
problems from an illustration of the type described, it is possible to 
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replace, them gradually with a diagrammatic representation of the condi- 
tions (without illustrations). For 'example, the children may be asked 
to construct and solve a problem from the diagram:* 

For Addition For Subtraction 



five apples 



three apples 
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Work on individual assignments in composing and solving problems ds the 
next step forward wi£h respect to organization as well. 

Pupils 1 independent work in lessons on the topic "The Second Ten 
Numbers T M In studying oral and written numeration within the bounds 
of 20^ the children must acquire a whole series of new facts important^ 
from an arithmetical point of view concerning the principle of the 

construction of the decimal system, the spatial significance of numerals 

f " * 
in the notation of numbers, and the decimal composition .of ttie second 

te& numbers. One of the main goals of the lesson devoted to these 

considerations is the formation in the children of Concepts of ten ^' 

not only as an aggregate of ten units, but also as a new compound 

computational unit. 

In acquainting the children with £he concept !f te^ and juxtaposing 
it with the concept "unit," the teacher should make wide use of the 
special visual aids constructed so that, by using thet*> it is easy to 
emphasize the matter. The special demonstration board divided into 
pockets — two rows of ten pockets — may be" used in demonstrating "ten" as 
a "unit," Bjocks or beads arranged vertically, which may b£ threaded ■ 
on two wires (10 on each), and other devices may also be used. 

It is important that, aside from this type- of demonstrational 
material, each pupil have analogous materials (best of all are the 
demonstration boards which permit the use of the diverse ci£t~out visual 
material, which is found in the supplement to the textbook). With the 
help of these materials it is easy to illustrate" not only the formation 
And composition of each of the secontf ten numbers, but also all the 
cases of addition and subtraction within the bounds of 20* 
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/ In lessons devoted to oral and written numeration, after aaa 
explanation of the new material with demons trational visual aids, the 
children can. independently do a series of exercises directed toward . 
the consplidation of what has gone before. For example: 

Write in your notebooks (or use the movable numerals) 
how many blocks are on the shelf, how many beads are marked 
off on the abacus, how many circles are oijit on the demon- 
stration board etc>— or tl^e reverse assignmentnrOutline in 
your notebook columns of squares corresponding to the 
« numbers 13, 17 and others, like the model. given on page 

60 of the textbook — or — from the series of numbers written 
. on the i>oard, select and write with movable numerals only 
/ the ones which contain 1 ten and 7/xnits; write the / 
f' biggest of the numbers, the smaJJ^est of them, 

' , Finally, besides solving examples like 3 + 10, 16 - 10, 17 - 4 7, 
> exercises in the expansion of numbers into two addends, one of which 
is 10, may also be included in the assignments for the children' s c 
independent work* The assignment may be given in the following form: 
Write as in the model: 

' f-^j ' 17 - 10 + 7 14-10+4 ' 

13 - ' 15 

\ 

These exercises will be t&e best preparation for considering the 
* * 

fundamental methods of addition and subtraction within the boun4s of 
*20. * * " . * 

For each lessop. devoted to addition and subtraction within the 
bounds of 20— in the simplest cases when one of the addends equals 10 — 
the work begins with exercises in the division of numbers into tens 
and units, and the formation of these' numbers from ten and units (14 
is 1 ten and 4 units or 14 units, 10 plus 4 makes 14, 1 ten and 6 

units' are 16, etc,)* 

In exactly, ^he same way,, for instruction^ in subtraction one should 
proceed from the partition of numbers into the tens and units which - ,# 
compose them. This device is also used in lessons devoted to' addition 
and subtraction without carrying over tens. As preparation for the 
consideration of new material, addit^Ldn within the bounds of 10 and 
• th£ composition of the second ten numbers are reviewed in these lessons. 
The Appropriate assignment may be given as the pupils 1 independent work, 
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since <hey "have fc^cuted analogous exercises earlier. The teacher* 
should, howevet, cneck the correctness and awareness of the children f s 
execution of this assignment, and bnly' then turn to an explanation of 
the method of addition without carijy^ng over ten within the bounds 
' of 20. * ■ M \ 

In the, explanations not only class, but also individual, visual 
aids are used* On the board a detailed notation of the coujr&6 of the 
calculation is made* Further, problems^ are analyzed under the teacher s 
guidance, and it is useftil for consolidation to ask the children to 
do the examples in th& 'textbook independently and write the solution 
of one of the problems analyzed* 

It is important to note that, in lessons devoted to the considera- 
tion of general methods of addition within the bounds of 20 without • 
carrying (and then with carrying) over ten, it is absolutely necessary 
to have the pupils work wICh Individual didactic material- Here the, 
children are able not only to reproduce all- the actions of the teacher, 
which they have just seen, but also to perform the propar actions by 
analogy Vith the way In which they were done before* For example, after 
/ the cases of addition to nine and eight carrying over tefL have been 
analyzed, the pupils may independently consider" the cases of addition 
to seven, using for this purpose the same visual aids, and reasoning 
and acting by analogy. ■* 

For independent work i* Is useful to ask the children to examine 
the drawing and detailed outline of the solution of an example in the 
, textbook, _and to ihake in their notebooks the same kind of drawing and 
notation, but not, for example, for the case 7-1-5, analyzed in the 
textbdok, but for the case 7 4-4 or 7 +6 etc. (the- assignment may be 
^ given in several variants) * 

To develop the children's powers of observation and their capacity 
for analysis and comparison, it Is very Important, Beginning with the 
* fi^st grade, to require them frequentl'S^o Establish the similarities 
and differences among various examples and problems. This purpose -is 
met - through exercises in composing examples by analogy with a given 
* model. Examples of such an assignment are cited: Compose pairs o/ 
examples from the paradigm: ^ 
* 
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15 - 3, v ' 

or compose 3 examples from the paradigm: ' * 

13.+ 6-19 14+2-16 
- ' 19-6-13 " 

19 13* 6 . " 

.or compose examples like: 10 + 2% 10 + 3, 10 4- 4 (usually the compo- 
sition of examples is combined with ti>eir solution). Instruction in the 
solution of examples in addition and subtraction also continues to t^e 
used. c \ . 

When fnstructin^^pupils to solve problems^ on increasing and de- 
creasing n^unbers by several units, primary, importance is * attached to 
the children's correct understanding of the expression, "greater (small^ 
- by so many/ 1 For this reason, the first few times it is useful to' 

return to independent* sketching of the problem *s conditions. T^ie 
j» 

correctness of execution in such an Assignment may serve as an indi- 
cation that the pupils have understood the conditions and can go on* 
^to the independent solution of the problem. 

If the teacher gives special consideration to instructing the 
children in the diagrammatic representation of the , conditions and their 
"renting, 11 this representation may very soon be used for* independent 
-work. The assignment will consist of composing a problem from a dia- 
gram aftd solving it. This work serves as the natural -deyelopment of 
what was done before, in the consideration of problems on finding a sum. 
or remainder. * It is also good preparation for analogous work on com- 
pound problems containing simple problem^of this type. 

In the solution of comppund problems, diagrams like ' the following 
are used for independent composition and solution. £ 



10 kop. 



? i 



Two kops . cheaper 

? 



It is useful to give such diagrams in pairs, so that they "represent 
problems of bodi types: i.e s , on increasing and, on decreasing nunibers 
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by several units. Besides the composition and solution of problems, 
children may be asked to explain how and why their solutions differ. 

Since, by the end of the second quarter, the children have more 
or less. learned to read, it is imperative at this time to systemati- 
cally conduct independent work dealing with the reading. of the problem* 

*■ > 
After the children have read through the problem bjr themselves, the 

teacher Checks their work with questions like "What [or who] is the 
problem talking about?" Then it is necessary to have the text read 
aloud or reproduced by the teacher. m Later, the corresponding assign- 
ments become more complex.'" For example, the children may be >a&ked to 
read its question aloud. To fulfill this requirement the child must 
at' least read through the whole text twice and mentally separa^4 the 
question from the conditions. This is already the beginning of 
analysis, the most important fattor in the solution of a problem. f 
^Another assignment may be giv£n: < y ' J 

Read" through the problem and be ready ^to tell y 
the significance of a certain datum, etc. 

All these types of work are very impprtant since the children are 

now really brought to a fully independent solution of simple problems. 

• During instruction in the solution of compound problems, maity of 
them are solved under the teacher's guidance, but simple problems 
should usually be solved independently. Here it is -advantageous that 
the teacher, read the problem aloud. In all these cases the solution 
itself ^may be executed in diverse forms —it may be "printed" by means 
of movable numerals, it may be written in full in the notebooks, or not 
written at all (only the answer being Indicated^. ^Finally, only the^ 
sign may be wtitten,^ indicating what operatipn must be used tcf» solve 
the problem/ The use of.'these various forms of representation^ermits 
,the children to solve more problems in the., same time. 

In the introduction to multiplication and division, primary signif 
icanee is attached to disclosing the meaning of these operations and 
their relation to the operations of the first stage. Here, ^besides all 
the types qf assignments * for independent work on .examples and problems 
which were used before and cpntinue^ta be used in the study of this 
topic, it is useful to introduce assignments specially directed toward 
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demonstrating these relations. From this poxkt of view, exercises 
like replacing examples in addition with examples in multiplication, 
and vice versa, are useful. £ 

<Jn studying- multiplication and division, exercises in composing 
all possible examples- from three given numbers are especially useful 
(analogous to those in addition and subtraction). For example, 
12 v 3 - 4, i2 t 4 - 3, 3 x 4 » 12, 4 x 3 <■ 12. . 

Assignments which require the pupil to fill in blanks in a series 
of numbers or to continue a series of numbers are also useful. For 
example, the children are asked to continue the series 2, 4, 6,... or 
3, 6, 9... or fill in the blank in the series 1,3,;.. 7, 9, and othsr 
assignments. , . * ' 

It is often' possible to organize reciprocal checking of the 
•examples ' being solved so that the children sitting next 'to each other 
can exchange notebooks and check each other's solutions. 

In' solving problems. in multiplication and division, it is again 
use,ful to return to the illustration of conditions. A drawing (usually 
diagrammatic) helps to reveal the relationship between the quantities' 
given in the problem and the unknown. Along with simple problems on 
multiplication and division, problems in two operations of the type 
considered earlier must continually be used as material for the chil- 
dren^ independent work at ^is time, so that toward the end of the 
year the children can independently, consciously, and (juickl^ solve 
any problem stipulated in the curriculum, t / 

The topic "A Hundred 11 is - only begun in the first-grade. Only 
six hours of class time are set aside for, it. In this time it £s • 
'recommehded that the -A&ildren be introduced only to oral and written 
numeration within thjer^Qvpfls of 100. Assignments analogous to those » 
described abtye, in work* on or^l and written numeration within the §^ 
bounds of 20 j can serve as material for independent work in these 
lessons . , 

The year comes to an end with a review of what ha§ gone bef ore , 
In the last* two weeks of classes, the teacher lias the opportunity % to ' 
check ,pnce again the children's mastery of the material which was 
studied during the* year, and fill in the gaps in the "knowledge of ' 
h pupIlMlaj t'he class. The pupils' independent work in this 
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concluding stage of instruction in the first grade must serve as a 
check, as^well as helping to fill in the gaps* The first purpose is 
served best by written independent work, 4j|ised on the material of one 
topic and representing, as fully as possible, its most important point. 
The second purpose is served by tiards with individual assignments, - 
containing the material which a given pupil has least mastered. 
Exercises reviewing what has gone before must have considerable^ diver- 
sity of content, as well as of form. The review of educational material 
must also be combined with perfecting the prganizational side of inde- 
pendent work. . 

Pupils * Independent . Work in the Second Grade 

The arithnietic'course in the ^second year of instruction is rich 
in diverse and' crucial content- Here the children must acquire the 
fundamental methods of mental calculation with numbers within the hounds 
of 100^ become acquainted with various uses for all four arithmetical' 
operations, gain an understanding of the meaning of these operations in 
solving various practical problems, and finish studying the tables fcf 
multiplication and division. 

The continuation of work directed toward 'developing , in' the chil- - 
dren, strong habits of conscious ' and quick' computation with numbers less 
than 100 is the basis for the formation of computational skills in. the 
next grades- How successfully this task is completed in the first and 
second grades determines, to a significant degree, the success of all 
further mathematical instruction. 

In arithmetic instruction in the^cond grade, besides the develop- 
ment of computational skills, it is very important to form in the * 
children a whdfte series of important m arithmetical concepts. A feature 
of the concepts formed in the second grade is that, in many cases, the 
knowledge which the children^ust acquire in the arithmetic" lessons 



comes into an apparent conflict with the knowledge which they acquired 
in previous experience. In second grade arithmetic lessons, the 

«-dif ierention ol like phenomena easily confused by the children is a 
particularly* obvious problem. There is a need for special work directed 
toward the differentiation of two types of division (division into equal 

'..parts an4 division according to content), fche two types of problems on 
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fraction (expressed indirect and indirect forms), the 
faring numbers (by subtraction and by division) , the two 
ling or increasing a number (by several units and several 
;hers. 

Taking this into consideratiJIi, the second grade curriculum stipu- 
lates that the children solve a large number of* appropriate simple 
arithmetical problems which reveal the essence of the distinctions on 
which the differentiation of these concepts is based, using material * 
which is concrete and close to the children r s ideas and interests. Work 
on problems which are very diyerse, not only in content but also in 
arithmetical essence, affords wide possibilities for further perfecting 
and deepening the knowledge, skills, and habits the children acquired 
in the first" grade. ^ 

Along with the development of separate, individual skills neces- 
sary for independent problem solving (the ability to read the problem, 
illustrate its conditions, to pick out the data necessary in order to 
answer the question, to outline a plan for solution, etc.) in the 
second grade, the next step forward, in the simultaneous use of these 
individual skills in solving not only simple, but also compound prob- 
lems, must be made. The curriculum stipulates the instruction of 
children in the second grade in the solution of problems in two or 
three operations, including all the types of simple problems with which 
they deklt in the first, and then in the second grades. 

In determining the goals of instruction in the secoi^l &rade, it is 
necessary not only to consider the curriculum for this grade, but also 
to think about the goal for which the teacher must prepare the chil- 
dren£ln the first two years of arithmetic instruction* With this 
approach it becomes clear that the most important task in the second 
grade (aside from those enumerated above) is to create conditions 
under which the children amass knowledge of a number of arithmetical 
facts^ necessary for the generalizations stipulated by the third- and 
fourth-grade curricula* This requirement must be reflected both in 
work on problems and in work on examples. 

Indeed, aside from the significance of the solution o£ exampl^p 
in the development of computational skills, which was shown above (see 
the section devoted to the various types of exercises dealing with the 
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solution of examples) , work on examples affords broad possibilities 
for preparing the children to understand the relationships between 
separate arithmetical operations and among component operations, for 
acquainting the children with the composition of numbers from addends 
and factors, and with the laws of arithmetical operations. Account 
must be taken of all these conditions in the development of a system 
of children's independent work in arithmetic lessons in the second 
grade. * 

It follows from the goals formulated above, above all, th^t the 
basic content of children r s independent work in. the second grade must 
be the solution of arithmetical examples and ^problems (not only simple, 
but also compound) ± n order to develop the appropriate skills and 
habits. A place, moreov|r, must be set aside for exercises directed 
toward- a deeper study of the features of the arithmetical material 
with which the ; children must deal. Below, we consider the concrete 
forms in which these requirements are realized in the study of the 
primary topics of the second-grade curriculum. 

Pupils * independent work in lessons on Che topic "The Four 
^Operations within the Bounds of 20. 11 The present topic is devoted to 
the ^rey.iew of what was studied in the first grade. Much attention 
must be given to reviewing the tables of addition and multiplication 
within the bounds of 20. It is also very important to freshen the 
children's memory of the devices and methods of computation with which 
they were acquainted earlier and the devices and methods dealing with 
problem solving. As always, the review must be organized so that 
it facilitates, to some degree, the enrichment of knowledge acquired 
earlier, and the perfection of the skills and habits just formed. 

Pupils f independent work must occupy a relatively large place in 
the review lessons • Along with exerdises of types well known to the 
children from the first year of instruction, ft is useful to introduce 
several varieties so that, in executing the teacher f s assignments, the 
children must look at the same material- from another point of view. 
For this reason, aside from the usual training exercises dealing with 
the solution of prepared examples and problems, it is especially 
important to dkke use of assignments requiring a great deal of 
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independent thought and initiative from the children- Thus, in review- 
ing addition and subtraction with an^Msri.thout carrying over ten, the 
assignments requiring the children to compose examples from a given 
model prove to be very useful* Models for these assignments are 
made so that the children, while executing the assifijMpnts f receive 
material for the composition of various instances qmAhe operation. In 
our experiment, for example, the children were askedf to ^compose two 
more pairs of examples from the model: 

6 + 3 * 7-2* 
. 16 + 3 - J.7 - 2 - 

• 

After solving the given examples and independently composing analogous 
ones, the children were asked to be prepared to explain the solutions 
they had reached. As a check, the teacher asked how the examples in 
each pair were alike and how they were different. 

The children^ independent construction of examples from a given 
answer is also frequently used as a review. For example, they were 
asked to compose any six examples with 18 for an answer. In this case, 
it depended on the pupils 1 own initiative whether they made up only 
examples which did not require carrying over ten, or whether they 
used numbers for which the ability to add and subtract carrying over 
ten was required. It also depended on the students' own initiative 
whether they used, let us say, only addition, or included subtraction 
as well, and finally, whether they composed examples on multiplication! 
This assignment can be given during the review of addition and sub- 
traction without carrying over ten. However, by the way the children 
approach it, the teacher can tell approximately how well each of them 
remembers other instances of the operations from the first grade. 

Further, because in future work in the study of addition and sub- 
traction within the bounds of 100 the children's reasoning must often 
proceed analogously their reasoning in the Htudy of adcfttion and sub- 
traction within the bounds of 20, we included, as early as the first 
weeks of the classes devoted to reviewing what had been covered, assign- 
ments which served as a certain preparation for such reasoning. The 
children were asked to compose examples analogous to the ones in the 
model, which used the first ten numbers, but using numbers beyond 10. 
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For example, as a model the teacher gave the children examples like: 

3+5-8, 5+3-8, 8*- 5=3, 8-3=5. From this model they 

had to compose analogous examples with the numbers 18, 12, 6 and 20, 6, 

14. Then the children were asked to independently compose any example 

in addition and then construct the corresponding subtraction example. 

^^\Such exercises represent a development of the work conducted in 

the firat grade * They lay a wider foundation for the formation of 

the proper generalizations (about the link between addition and 

subtraction, and about the interdependence of the components of these 

p 

operations); and they are good material for practice in drawing analo- 
gies. In drawing an analogy, in this case, the children must apply 
a regularity which was observed in smaller numbers to work with larger 
numbers. This kind of analogy is precisely what is necessary In pre- 
paring for the kind of reasoning which later must be relied upon when 
considering operations within the bounds of lOCh 

In the first lessons in the second grade, it is already quite ' 
possible — and very useful — to give the children practice in independently 
making comparisons by juxtaposing a pair of examples which differ by 
only one feature. In selecting examples for exercises, it is necessary, 
of course, to strive for the condition so that the conclusion which 
the children can reach through comparison acquir&e some cognitive 
meaning, -i.e. deepens the knowledge which they have acquired earlier 
and serves as preparation for the following work. The following is a 
model that can be used to create the foregoing condition. Two examples 
are written on the b oard * 18 — 2 and 18 + 2. The teacher asks the 
children to solve them, to think about how they differ, and to explain 
why, in the solution of one example, the answer is greater than 18 
and in the solution of the other it is less. In the check, the pupils 
explained that in these examples, the numbers are the same — 18 and 2, 
but in the first it is necessary to take away 2 from 18 and in the 
second to add 2 to 18; that if 2 is taken away from 18, the number is 
smaller, and that if 2 is added, k the number is larger than i£ was. 

Not only do such exercises develop the 'children 1 s powers of 
observation ancl capacity for the analysis and understanding of causal 
relations;* they also help to deepen the knowledge t5f arithmetical 
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operations which the children acquire^ in the first grade, where this 
deduction was not made in a generalized form. 

Independent work on problems in the review of what waspovered 
in the first grade must also be directed not only toward freshening 
the children's memory of what they learned in first grad^but also 
toward deepeningfchis knowledge / Thus , in the first grade Efficient 



attention was given to the diagrammatic notation of the conditions of 
* - 

a problem on'f inding the sum of two >fumbers -and on finding one of 

* ■ * 
the addends from the sum and the other addend. The children, 'for 

# 

example, knewfhow to make diagrams for problems of the following 



type: 

w 



In one box there were eight pieces of candy, and 
in a second, four pieces. How" many pieces of candy 
were there in all in the two boxes? Thete were 10 ^ 
carrots in two bunches. In one bunch there were six. * 
Hoft many carrots are in the^ second bunch? 



Eight candies 



Four candies 



Six carrots 



ID cafrots 



After reviewing with the children the notation for problems of 
this type and also* the composition of a problem from a diagrammatic • 
outline, the teacher may give the children a pair of these problems 
for independent work wi^th the assignment to write both problems accord- 
ing to the following diagram: 



v. 



^pejyirflve the difference between 1 
variation which requires the^difi 



The children raust not only independently apply the familiar method of 
.the diagrammatic representation of conditions, but n^tst also Unwittingly 

the problems^tm4er consideration — a 
quires the* different ial use of the same diagram and 9 
leads to different solutions. f 
In reviewing problems on increasing and decreasing a, given number 
by several units, it is also very useful to construct assignments for 
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the children's inctopendent work so that, from the very beginning, 
the children compose and compare, in the course of doing them, 
-^corresponding pairs of concepts. 

Exetcises analogous in nature can also be carried out in a review 
of multiplication and division within the bounds of 20, Most of the 
pupils/ attention must be directed toward reviewing the meaning of 
£hese operations. For this reason, both in solving problems and in 
reviewing the tables, it is useful to organize the children's independ- 
ent work so as to deal with the illustration of a problem's conditions, 
and to reveal the meaning of an operation (replacement of multiplication 
by addition, and vice versa). It is best to organize the check of 
the mastery of the tables in the form of an "arithmetical ' dictation.' 1 

After the review of what was studied in the first grade, the 
children turn\o the study of numeration and tli^f our operations within 
the bounds of 100. We will consider the primary units of this topic. 

Numeration and the four operations with whole numbers of tens * 
The children were acquainted with numeration within the bounds of 1QT] 
at the end of the first year of instruction, so this question must, 
on the whole, be considered as a review. What is new to the children 
in this topic are the ^orations with whole numbers of tens, and prob- 
lems in two operationspijicluding multiplication and division* 

The use of visual aids is very important/ in understanding opera- 
tions with whole numbers of tens. Using counting sticks tied in 
"bundles" of 10 each, the teacher must make the children conscious of 
the fact that 10 sticks constitute 1 ten, and 1 ten is nothing other 
than 10 sticks (units). After the children gain an understanding of 
this principle through visual demonstration and through* work under 
the teacher's direct guidance, all the operations with whole ^numbers of 
tens can be examined on the basis of the children's independent work. 
The children's independent work is the starting point in the lessons 
devoted to the study of each new instance. The independent work is 
built on the material of the first ten numbers in preparing for the 
study of the Corresponding instances of operations with whole numbers of 
tens* It is also useful to make use, in assignments, of material 
which affords possibilities for the composition and comparison of 
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corresponding instances of operations/ For example: 3 + 5, 30 + 50, 
8-6, 8Q >- 60. 

After tha pupils consider, under the teacher *s guidance, the 
illustrations &id detailed notations given^in the textbook to clarify 
new ins tancSfflbf operations with even tens, it is possible to ask them v 



to. try ihdepenflBntly to gain an understanding of a notation relating to 

r ■ * ■. . j 

a new instance (for example, after they have already understood the 
addition illustrate^, ot* page 11 and the multiplication on pa^e 15, 
.division from a book cap. be used in conducting the children'^ independ- 
ent work) . The assigmfient may be given in this form: 

Carefully examine the solution to example 40 on page 
17 of the textbook, show with the sticks^, all that is 
written thei^ and be prepared to explain The solution 
of this example, 

> 

In exercises directed toward consolidating the acquired knowledge, it 
is important to include numerical material, not isolating operations 
with eve^tens, frut combining work on them with other operations within 
the bounds of 20. y 

Tfye possibilifey of using children f s independent work when .introducing 
problems of a new type, and of using their independent work on compound 
problems including multiplication or division was mentioned above. As 
preparation for Solving^ such problems, one should review with the 
children all the methfcds and devices for work which they used in 
first grade for sowing corresponding simple problems. Just before 
solving the new kind of problem, the children are asked to solve," in 
independent work, two prbblems analogous to those of which the new one 
is composed. After checking this work, the teacher can present the 
new problem, analyze its conditions with the children, explain that 
it is not possible to get the answer to the question at once, and £hen 
ask the children to solve it independently. ^ 

In some cases the diagrammatic notation, to which the children grew 
accustomed in the first grade, pjroves very useful, /or example, in 
order to clarify to the children the method of solving problem 127 
from the textbook, a diagrammatic representation (apart fi^pm the 
drawing in the book) is useful: 

♦ 
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II 

30 kilograms 



J 



V 



Two baskets , 10 kilograms each 



The diagram is made in the following way* The teacher reads the 
problem's tfext: * \ 

Some schoolchildren gathered two baskets of apples 

with 10 kilograms in each basket from one apple tree, 

and, from another tree, 30 kilograms of apples. How 

many kilograms did the children gather from the two \ 

trees? • . * ^ 

Then one of the children repeats the question and it is explained that 
they must find the kilograms of apples which were gathered from the 
two apple trees. Tims the diagram must have two boxes (as is done in. 
the first grade in the solution of compound problems including the 
increasing or decreasing of a number by several units). The children 
are asked further, whether the number of kilograms of apples vjhich 
were gathe¥fcd from the first apple tree, and whether the number of 
vkilograms of apples which were gathered frdm^the second tree are 
stated in the problem, the appropriate data are written in the 
\diagram (a question mark is put in box I, and "30 kilograms M is 
written in box II) . ^ 

What is stated i n the problem about the first apple , 
tree? 

'Again, the appropriate figure is written, but £his time below the 

first box (as was done in the first grade, in the construction of ,dia- 

grams for problems which require the increase or decrease of a number 

by several .units) , Finally, with the help of a bracket *and question 

mark, it Is indicated what^ust be found out i-» £he problem. 

After the conditions are analyzed and noted in the diagram, the 

children independently solve th£ problem. "Later , ( in the solution of 

* * 
problems of the given type, one may .begin to include in the children's 

independent work the diagrammatic representation of their conditions 

and the composition of. problems from such representations. This work 
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provides further development of the knowledge . and skills acquired 
"earlier, since the children learn to apply them under new conditions; 
this has great significance for instruction in problem solving. 

Pupils 1 ' independent work in l essons on'the topic " Additions and 
Subtractions within the Bounds of 100, M This major topic requires 
•approximately six weeks of class time. It is divided into two sub-< 
topics— addition and subtraction with, and without, carrying over ten. 
The study of new instances of the arithmetical operations is here 
interwoven with the introduction of new types of problems (problems in 
which it is necessary to increase or decrease a number by several units 
indirect problems on finding an unknown minuend or unknown addexu; from 
the sum and the other addend,- problems on finding the third addend, 
on comparin^nutnbers by subtraction) , 

Th^re is no\ major difference in the organization of children's 
independent work in the study of addition and Subtraction both without 
carrying, and with carrying over ten, since -bot^ are equally familiar 
to the children from the first grade where they were studied using, 
numbers VLthin the bounds of 20. H^pc.e, we will consider- questions 
reflating to the study of new instance of addition and subtraction as 
a group, and separately analyze questions competed with instruction 
in solving new types, of problems. 

The system f<jr the study of various cases of addition and subtrac- 
tion is very clearly defined in the textbook, which provides for a 
gradual shift from easier cases to more complex ones* The selection of 
numerical material for children's independent work should follow this 
system. Pupil's independent work in the study of each new instance of 
addition or subtraction should appear during preparation for the per^ 
ception of kew material, during this material's introduction, and 
during consolidation* Preparation fo'r considering eacjj new instance 
yill most frequently consist of solving appropriate examples, using » 
what was learned before. 

- For example, in the lesson on the introduction of addition, with- 
ou£ carrying over ten, within the bounds of 100 (e.g., 45+3), the 
children may be given, as preparatory work, examples on addition within 
the bounds of. 10, and also corresponding examples on addition within 
the bounds of 20, such as 15 4- 3, 17 '+ 2, etc. It is^also very useful 
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at this stage of instruction to continue using practical exercises 
with visual aids. Here the same materials with which the corresponding 
instances of operations^ were explained In the first grade (counting 
sticks and bundles of sticks) are used. This makes it possible to 
demonstrate- visually the similarity of the new cases to those which the 
cTiild ren encountered working with numbers within the bounds of 20. 

By gradually increasing the proportion of the children's independ- 
ent participation in the study of new cases by analogy with familiar 
ones, it is possible, finally, to bring the children to the independent" • 
examination of new material as described above. This is relevant to 
addition and subtraction carrying over ten. Here it is useful to use. 
visual aids analogous to those used in the first grade. Therp the'' 
device n The Second Ten," a demonstration board consisting of two 
rows of boxes with| ten in eacl^ used; here we propose the device 
described by G. B. Polyak called "Calculation Table. The First 
Hundred" [17:146-47]. * / 

In examining problems of the type 30 4- 26 or 87 - 30,' it is 
necessary, as preparation, to solve not only examples on addition 
'and subtraction within the bounds of 10, but also examples on addition 
and subtraction with even tens. Since all the material which must be 
used in preparing for the study of the new top^rc is well known to the 
children, the teacher must try to construct assignments so that the 
independent work is not monotonous, using for this purpose various 
types of assignments dealing not only with the solution, but also with 
tlje children's independent composition of examples, which we described 
above. This is also true of exercises for independent work directed . 
toward the consolidation of new knowledge. Especially significant is 
the use of assignments which require the children to make comparisons, 
establish points of similarity and difference between observed examples, 
and reason by analogy. The appropriate work is a development of what 
was outlined for the first lessons ' devoted to reviewing material 
already covered. Thus, so that the children may establish more precisely 
the. similarity between cases of a single type of addition, using numbers 
of different magnitudes, it is possible to give the following assignment 
fdr independent work. Columns of examples are written on the board 
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(it is even better if the corresponding cards are prepared for the 
individual work of each pupil) : 

6 + 3 8 + 2 7 + 5 
16 + 3 18 + 2 17 + 5 
26+3 28 + 2 27+5 
/ 36 + 3 38 + 2 37 + 5 

v 

• • . * . . . • * 0 

The children are asked to continue „th£se columns, constructing' examples 
of the same type. '/ 

*— ~ In checking the\students f work, we established - how the examples in 
each column differ fmn eacjh other, and how the differences in examples* 
lead to differences in solution. Thus, a general rule for the solution of 
problems of the given type is formulated. In completing the assignment* 
the children must not only perform the appropriate calculations, but also 
make cdhparisons 'between the examples they have solved; note the general 
principle^ by which they aTe arranged; independently /compose, on th^s 
basis, the next examples; consider all the examples La each column a£ 
a whole; and draw a^genefal conclusion about the method of solving them. 

t i 

It is also useful to give, for comparison, examples in which the 
differences concern the method of computation. Thus, one column of 
examples may represent addition without carrying over ten, and the 
second, with carrying* In comparing these columns, the children must 
notice this feature, and themselves compose examples relating to each 
aspect * F 

All the example^ carried out with material on the first twenty 
numbers in o'rder to provide a deeper familiarity with^the composition 
.of puabets and properties of arithmetical operations, must be repeated 
with material on large numbers which the children first encounter in 
the §econd grade. The corresponding assignments will also be built 
around the transfer of earlier -acquired knowledge to a broader ranp;e 
of numbers (with the help of analogy) . Some examples of such assign- 
^ments follow. * 

Earlier the children did exercises in which they were required to 
indicate the composition of a given number according to a model: 

17 - 10 ■+ 7 12 = 10 + \ 

* 7 14 = 10 + 4 ' 16 = , , ' 



/ 
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Now the analogous exercise must be performed with the first hundred * 

V 

n timbers : 

36 * 30 -f 6 '58 - , 

27 - 20 + 7 . A3 - 



In the first gi^de the children* solved the so-called examples 

with blanks of the tyrpe 6 4- - 8 ^nd others* Sere, .they can be % 

given analogous examples with larger numbet*6: 26 + ■ 29, 

28 * 3Q,e£c. Until this time the children used the commutative 

property of sums only with numbers, less than 20. Now they can be 
•given the opportunity, to check it for larger numbers.- .With this 
purpose, they can be asked to compose examples from the model i 23 4- 7 ■ 

» 7 + 23 ~ • , " ^ 

— ^ * 

Solution of examples in Two operations, as well as in one" operation, 

should be* included in the children's independent work. It is also use- 
ful to assign examples with one of the components left rout. For 

example: 14 - 2 4- « 15. Variou^ examples of this type can be 

it^trod^eed through exercises . in the completion of ft magic squares, 11 
whi^ch are perceived by tiie children as a kind of game and excite great 
int^re^c., They are very useful for developing the skill of mental 
computation. t 

This gradual increase in the complexity of assighments dealing r 
with the solution and composition of examples facilitates not^only 
thk f omiation of the proper computational skills, but also -the chil- 
dren's deeper mastery of the methods of operation, properties of 
numbers, and relationships among the components of operation. t 

In instruction in solving nevi types of problems, the? j^ature and 
place of the cfk.ldren f s independent work depends on the character iH^tcs 
of each type of problem* 1 Several of the problems introduced do not 
cause^the children any particular difficulty, since their solution 



is ^ased entirely on what the children already know and requires 
only the application of knowledge and skills acquirec^earlier under 
somewhat altered conditions. In these cases, Independent work 'can be 
given to the children from the very beginning at the stage of intro- 
duction. This was shown above, for example, in problems in whick, the 
increase or decrease of ^ number by several units was encountered twice. 
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In other cases, the examigj|^>n ol a new,* type of problem can be 
conducted. through Recourse to the children's acquired experience with H 
practical operations with objeets. This is true of problems on 
comparing numbers £y subtraction* Here independent work can also ; 
serve as a starting point in the introduction of new material* but it 
will differ in nature from the preceding c.as£, . *There the goal^of . 
independent work yas. to freshen the ^children's awarenes^ of a series y 
of arithn^tic&l' facts whi'ch^they learned in the first grade, i.e., the 
irealizatiig^a^thh knowledge -and skills of problem solving, knowledge 
£nd iHH must bemsed in solving a new- type of problem. 

Tn eL lesson 'devoted to the comparison of numbers by subtraction, 1 
we are* not .dealing with earlier-acquired knowledge applxed under new 
conditions * - The children do not yet have 'the % 'knowledge which would * 
allow .thein to independently solve a problem of this type- Here ,we 

"only suggest that, in their practical experience, the children more 
than once have had to solve -the problem of the somparison of two , 
objects., that the very statement .of the question may bfe^f ami liar tf to 
them' and that thus, if we use their practical knowl^fige^ it will be 

.easier to bring, them to an understanding of the krithmetic'al,. essence 
of the problem. p 4 * 

Independent work preparing the pupils to examine a new kind of 
problem*mu&t thus be of a practical nature* The children can be asked, 
for example, t6 compare practically the length of two strips of paper, 

. two tapes, -etc*- /By performing the approximate practical operations, 
the children soor; can understand what* precisely must be determined in 
.this typd of problem, and what -arithmetical operation corresponds to 
tht* practical pperatiorfs which they used in solving the problem; 

Finally, the pupils encqunter problems, which the knowledge they 
acquired earlier do^s.' not help to salye; the\nowledge may evSn hinder, 
thj} mastery new mat ferial 4. .We .have in mind the so-called "problems 

^ expressed ^n indirect form"— problems on finding the unl^ riQWih m inuend 
from the subtrahend and difference, or on finding aa "unknown addend 
from ther sum and other addend. v P*oblem& of this type hav.e more than^ 

tonce- aft tracked the attention of methodologists and psychologists* Their 
interest is determined by .precisely- this feature— that the children's 
study of new mater ia?^is , irt this case,(1n direct contt^dict ttn to what 

." ' 257 ' ,; * ' ^ , 



they learned bef or Sethis time. Thus, although during the whole first 
year the childrLeru-a^Lways dealt with problems in # which the expressions' 
"made in £*Ll, fl "br caught more," "bought more, 11 etc., invariably implied A 
the operation of addition, and in which the expressions "gave away," 
"ate up,"^ f was left," etc, implied subtraction, it will now be neces- 
sary, whtn solving problems on/finding an unknown minuend or addend 
containing these same expressions, to apply vfcjhe operations in a way 
opposite to that which seems to suggest itself to the child under^ the 
influence of previous experience in solviixg direct problems. 

Keeping in mind, the difficulties such a reversal causes the 
children, the teacher must, in fhis case, very darefully compose and 
prepare an explanation accompanied ^by visual material. (The most 
expedient r form of visual aids for explaining to the children the 
process- of ^solving indirect' problems is dramatization, which permits 
the illustration not. only of v the components, of operation, byt also 
lof the operations themselves; such illustration is especially important 
for problems of this type.) ,< . , \ 4 

Pupils * independent work can be used here o;nly at the stage of 

consolidation, after the children, under*the teacher's guidance, Jiave 

gained an understanding of the special features of the new problems. 

Practical experience and special studies indicate that even after the 

childf/£n have understood the characteristics of these problems they 

continue, for a very long time, to make errors, confusing indirect prob 

lems with the corresponding dinect oja.es. 

For this ^reason , when teaching -children to solve indirect problems 

*, "'««« 
it is very important to provide a selection of e*»rcises for independ- 

dent work which would afford sufficient material <fof discrimination and 

differentiation* For" this purpose*, it is useful, at this stage of 

instruction,* to solve not only indirect problems* but' the corresponding 

'direct problems studied earlier as well. r ffcis**excludes the possibility 

of solving problems .mechanically, without sufficiently analyzing their 

conditions , 'or considering the specific characteristics of each typp 

of problem*. ■ ' 

" f However, o ne must do more than give direct and indirect problems 

'alternately to the children for independent solution. It is also 
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necessary to make sure that they have learned, when solvingN^ew * 
indirect problems, to apply to the analysis of their conditions the 
devices and methods which they should have learned bjxthis time, and 

also to see that they have mastered several new devices which prove 

• ** 

especially useful in the solution of indirect problems'. 

In connection with this aspect of the solution ©f Indirect 
problems, as work for the whole class and then as independent work, 
we successfully assigned diagrams and outlines of the conditions. An 
example is cited to illustrate how this work was conducted • The^hil- 
*dr?n were asked to independently solve the following problem, on find- 
ing one addend £,rdm the sum and other addend* 

v To prepare for a ^holiday, the children made 58 

flags in one day. The\ next day the^ made some more 
flags: there were 96 fla&s in. all, Hqtf many flags 
did they make on the second day? . (No. 336 "from the 



second-grade textbook.) 



i 



The independent work was divided ^wo stages: (a> represent the 

problem 1 s conditions by a diagram, and (b) solve the problem. The j 

children were allowed to'go on to the second stage of work only after 

the -.teacher had checked the diagrams of the conditions. The teacher 

/ 

conducted the check in the course of the work — walking up and down « 
the aisles and looking over the pupils* notebooks. However, after 
making sure thjat all the children had beeij able to jiandle this part 
of the^ task, he submitted the task of checking the first stage of . 
the work to general discussion. For' this, one of the pupils was 
called on to write the problem 1 s conditions ' on the board^e*claining t 
each step in his wo^k. Other children on whom t^ teacher calljed 
participated in the explanation. The following dl5g?am was wSfttten 
c(n the board: ' * 



58 flaRS 



96 flags 

The 'construction of the diagram was accompanied by an explanation. 
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In one day the pupils made 58 flag& — we will write that 
in box I. On the next day they made some more flags — since 
it is not stated how many, we must put a question m^rk in 
box II-. Further, the problem says that there were 96 flags 
in all — that is how many they made in two days; we will draw . 
a bracket and write down that in two days they made 96 flags. 
The problem asks how many flags did they make on the second 
day? We have a question mark" in box II — we must answer this 
question. 

After this analysis of conditions, the children solved the problem 
independently. It did not cause them any difficulty, since they recog- 
nized in the first dia'gram a problem of a type known to them since the 
first grade. 

In the above case the diagram helped to indicate the general 
principle which unites problems on finding one addend from^the sum 
an<$ the other addend when they are expressed indirectly, and when the 

i .; * 

problem's formulation does not contain expressions which suggest the 
choice of one or another operation l*ike ("In two bunches tjiere are J 
20 radishes* In one there are 10. How many radishes are there in the 
other bunch?")v F6r this purpose the device of outlining the conditions 
was also used. In many cases, it facilitated the solution of indirect 
problems, since such a notation includes a who^e series of separate 
expressions ."used in the complete text of the probl^ta, and emphasizes ., 
the indirect nature of its f ormula'tiftn. An example is given as illus- 
tration. , * 

Asters were growing in a # flower bed. The children picked 
six asters for a bouquet. After this, eight asters remained 
In the bed. How many asters wete there in the bed at the^ 
f * beginning? (No. 266 from the textbook). 

The outline*of the conditions of this problem looks like this: 

For the bouquet - 6 asters 

Left in the bed - 8 asters -/\ 

How m&ny hi all? C~ * 

In writing the conditions of this prdblem one is half-way to solving* \ 
it,. since in this form it does not differ from problems- well known to 
the children since first grade. ' 

It is not very complicated to prepare the pupils for the' independent 
execution of diagrams and outlines. of the conditions of indirect prob- 
lems if they havg mastered these methods of representing various types 
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of problems in preceding' lessons . For consolidation and drill, it is 
continually necessary to include this type of assignment in independent 
work on new types of problems. Here again the knowledge, skills and 
habits which the children acquired in previous stages. of instruction 
undergo development. s 

However, as waTs noted above, the solution of indirect problems 
is related to the use of still another way to approach the analysis of 
conditions, and the search for the method of solving a problem. We 
will deal with this £n more detail. 

The indirectness of formulation which hampers the^ understanding 
and solution of problems of this type is, in fact, still a formal 
indication; the problem*s formulation may be changed so- that the indirect- 
ness of formulation disappears, completly revealing the mathematical 
essence of the problen^ in the new formulation. An example illustrating 
tliis poj-nt follows. 

In a state farm, there were 16 tractors. When they 
sent some more tractors, there were 22' tractors in all 
on the farm. How many tractors did they send to^fhe state % 
farm? (No. 334 from the textbook). 

» 

In this formulation everything suggests addition to the pupil. Indeed — 
"There wer.e, then they sent more... were in all.." — here not only are 
the separate expressions strongly associated in the children 1 ^ minds, 
with the choice of this operation, but the courselof the practical 
operation described in the conditions logically requires the performing 
of addition. As a result, eve«-if the children correctly answer the 
question^ ^hey often write the problem's solution thus: 

16 tr. + 6 tr. » 22 tr. ' 

We wiil now formulate the same problem in another way, 

In a state farm, there are 22 tractors* Of these, 16 • 
tractors were there' earlier , and the rest were sent later. 
How many tractors were sent to the state farm? 

We see that, from this rephrasing of the conditions, the essence of the 
probJLem does not. suffer a*t all. Moreover the problem formulated in 
this way leaves no cause for doubt that it must be solved'by , subtraction 
(the- children have encountered problems formulated in this way more than 
once even in th^?. first grade). 
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Accordingly, one of the devices facilitating the understanding 
and solution of indirect problems is this rephrasing of thfe conditions. 
An alteration in the formulation is .one of the general devices which 
prove useful in the solution of other problems as well. In the work 
on the psychology of instruction which we have already quoted [3], 
this device is recqptmended as one of the distinctive deans for facili- ' 
tating problem solving. Thus, it is advisable, when the children are 
studying indirect problems, to acquaint them with this device, and to 
teach them to use it yith awareness. J 

* After carrying out the* appropriate wapk with the teacher's guidance 
and Kelp, the children may be assigned to change the formulation of a 
problem in their independent work on the conditions of this problem. 
A model of an appropriate assigment is cited: "Carefully read the 
problem and try to express so that it is immediately clear how it 
is solved/' Thfe children must be given sufficient time to execute this 
assignment. Afterwards one should call on at least three or four pupils. 
The rest of the children should listen carefully to how they formulated 
th^roblem's- text, and make suggestions for the correction and in- 
^creased precision of the formulation. This task is the next step for- 
ward in instructing the children in the conscious reading of the condi- 
tions and their precise representation. The ability to express the same 
idea/ the same relationships in a different form is one of the important 
indications of the pupils' development; hence such exercises have great 
educational significance. * - 

In later exercises directed toward the Consolidation of knowledge, 
skills, and habits acquire** earlier, as we have said above, it is use- 
ful to include not only indirect problems, bat also those directly- 
expressed with which the children confuse them.\Here it is wise to 
formulate an assignment for the children's independent work which spe- 
cially directs the pupils' thoughts toward the juxtaposition and com- 
parison of these problems. So that this comparison may thoroughly reveal 
•the peculiarities of these problems, one should vary the assignment, 
asking some of th« children to diagram the conditions of both problems 
of the pair, allowing the children to establish the difference between 
them. In others, on the contrary, one should direct the work toward 
' bringing out the similarities between indirect problems and the . 
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corresponding direct ones (as we showed above, with the example of the 
assignment of diagrams and outlines of the conditions)* Finally, 
one should assign work in which the children must mark the points of 
similarity in comparing the formulation of indirect and direct problems, 
and underline the differences in the course of solution. 

Along with these assignments it is constantly necessary to continue 
the work begun in th^first grade, whose purpose is to develop in the 
children the ability to supply the question for data, to select the 
data necessary for answering a question, to compose a problem by analogy 
etc. Here too in the exercises one may successfully follow the same 
principle on which the work on indirect problems was based. Fo^ example 
it is. possible to " ask^tlfe^ children to compose two problems, one indirect 
the otfter direct, from one diagram. 

They are given the diagram: 



ight rubles 



? 



Two rubles 



i 



problem in who£^condltions the 
words were left" are used and another in whose conditio nk is tfhe word 
"more." While checking the problems the children have composed, the 
teacher may ask them to sol^e both problems in the same way. 

All during the work 01/ the topic "Addition and Subtractipn within 
the Bounds of 100," the children f s independent A work must consist of 
both the completely independent solution of simple problems of a type 
studied earlier, and the solution of compound 'problems which they 
solved in the f,irst grade (using* all the diverse forms of assignment 
used in the first grade). ' • 

Pupi ls/ indep endent wo rk in lessons cji the topic "Tables of 
Multiplication and D ivision . "^ This topic includes the* study of all 
instances of multiplication and division by tables within the bounds 
of 100, and the 'introduction of various applications of these operations 
Along with the construction of tables 4 their study, and practice 
exercises having as a goal the firm mastery of the tables of multipli- 
cation and division, much attentions-is "devoted in this topic, as in the 
preceding one, to. problem solving. Here the children first encounter 
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problems on ^.division according to content, on finding the parts of a 
number, and on increasing (and decreasing) a number by several *tiraes . '- 
They also encounter multiple comparison of numbers and problems solved 
by the method of n r eduction into units* 

It is possible to regard the work carried out in the first grade 9 
as preparation for ■ the )study of multiplication and division within 
the bounds of 100. For Vfcis reason, here, as in the study of addition 
and subtracti^^ it often proves possible to prepare for and sometimes 
even to carry out the consideration of new material on the basis of the _ 
children T s independent work. 

Thus, as preparation for drawing up each new table, the children 
may be given diverse exercises on familiar material directed toward the 
Review of the meaning of multiplication. For example.* Problems requiring 
t\ie replacement^ of addition with subtraction and vice versa, the contin- 
an appropriate series of numbers (3, 6, 9, 12..,,; 4, 8, 12, 16 
and others. 

During preparation for the construction of multiplication tables 

within the bounds of 100 , the children can be asked to draw up ind&r 

■ 

pendently the portion of the table which they .learned Ix* the first * 

r 

grade. For; example, they can be asked to continue this table: 

3 + 3 = 6 . *3 x # 2 = 6 

3 + 3 + 3 - 9 3x3-9 
y+- 3 + 3 + 3-12 3x4 - 12 



the replacem* 
t&tion of an 
v — ^...) td 100, 



It is not worth^fe^le to set any limits in the assignment — experi- 

ence shows .&ha£~ ;aany-~pupi l s. con st ru c t . th a. wh ola ta&lg- of mul4tiplication - 

by three themselves, and not just within the bounds of 20. If there 

turn out to be many such children in the class, the teacher ipay let 'one^ 

of them put the new portion of the -table on the board, including the 

other pupils in .fhis work as well. In any case, after the construction 

of the first two or three tables, the rest may be made' on the basis of 

the children's independent work* The teacher need only ctieck on whether 

all the children have really understood how these tables are constructed, 

* - * 

and organize further exercises directed tcjjrard their mastery* 

When new tables a^e introduced, the- children become acquainted with 
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several aew devices for selecting various addends. ' To makja sure that 
they master these devices based on the properties of multiplication, 
it is ^necessary to include appropriate assignments iti the pupils 1 inde- 
pendent work. f 
For example, the teacher may ask the children to write one of the 
examples ^in'afcha multiplication tables directly. La£ us say the example 
4x8 was. given. \ This example can be written in another way, ah , 
follows: 4+4 + 4 + 4 + 4+ 4 + 4. + 4, 4x4x2, 4x2x2x2, etc. 
A detailed notation of the' calculation can be used for this same purpose: 



4x8 



4 x 4 « 16 



4 x 4 ■» ^16 * ^ 



16 + 16 « 32 



It is possible to give this representati<jn as ^a model aod agk the chil-^ 
dren tcf writa^^ther examples from this model (7x6, 2x8 etc.)* 

To consolidate knowledge of a table, it is possible to use $11 the 
exercises of the same type that were used ,in the study^of addition and 
subtraction — the construction of Samples from a given operation and . 
one of the components (construct four examples on multiplication of six), 
the construction of examples ^from a given number, the solution of ex- 
amples with a blank, and others. To establish the connection between 
multiplication and division, and also to introduce the commutative 
property of Multiplication, assignments requiring the construction of 
examples from three given numbers (for example, 6, 4, 24), and all other 
types of tasks mentioned above, are useful, * " < 

It is usefiU to conduct the check on the children's mastery of the 
tables in the form of an arithmetical dictation. HerQ, however, it 
is already possible to include the children themselves in the check, 
organising *classwork in pairs so pupils sitting next tb each other 
check each other's work, and in case of doubt, check with the table or 
ask the teacher. ' • 

In studying multiplication and division by tables, it is very 
important to conduct numerous practice' exercises requiring the solution 
of prepared examples . , The children must in the end learn the tables 
by heart. For this reason, it is, useful to drill them more than once* 
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in the ren*£&uction of the tables 1 results. : 

To increase the number of examples solved, it is useful to make 
frequent! use of the so-ca4^Led half -written tasks, in which the children 
write doim only the answers to the examples they solve, without rewriting 
the, conditions in their notebooks. This form of work may be used 
when solving problems from the textbook, a*s well a& iwork from individual 
cards and from variants written on the board. , # **• 

Now let us gOy^on to consider questions relating to instruction in 
solving problems when studying^a given topic, The content and nature 
of the pupils 1 independent work on problems, in tljis case, are determined/ 
to a sigtoif i£ant degree, by the features of the problems 'under consider- 
ation. Jwre,\ as during the study of addition and subtraction, the pri- 
mary gc^al \f problem solving is the formation of important arithmetical 
concepts; ^1 the process of forming these -concepts , tfie differentiation^ 
of similar-concepts and operations: must be ensured. 

' ' This is also relevant to problems on division according to content, 
which acquaint the children with the application of familiar p^erations 
under new conditions — i.e., solving a practical problem which is differ- 
ent in principle from earlier ones. The solution of these' problems 
causes a series of difficulties connected with precisely % the necessity 
of distinguishing this- application of division from division into differ- 
ent parts, which the children have been studying until this time. The 
distinction here^is pi^e of principle,, but it also involves the form in 
which' they are written, 

; The difficulties connected ^ith the necessity of distinguishing ^ 

similar concepts arise also in the consideration of problems on increas- 
• ing and decreasing^ numbers by several tiraeg, and in the comparison of 
numbers through division. ^ * 

The children often confuse increasing (decreasing) a number by 
several times with the familiar\ instance of increasing (decreasing) 
a number by several units; decre^rr^ig gets confused, yith increasing. 
The childLre^ sometimes -multiply when they try lo solve problems on 
. comparison through division, just because in the question there is 

4 

the word "bigger" ("How many times bigget?"); comparison by division 
also gets xonf used . with- comparison by subtraction. 
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All this requires the wide use of juxtaposition and Opposition 
c^f similar concepts during independent exercises on the material of 
these problems; The juxtaposition and comparison of various types of 
problems can here be carried out in the most diverse concrete forms* /. 

* Here,- as in the cases described above (relative to problems on 
addition and sub tractio^i) , the work sometimes aims at the clarification 
of the similarities, and sometimes especially at the clarification of 

« 

the differences between the problems. 

We will not cite here supplementary examples of this work — they 
. may easily be-composed by the teacher, analogous to tliose describee! 

above* We. note only that they must lead to fche further development of 

the «knowl edge, skills and habits which were formed *by the tnaterial of 

earlier problems • * • 
For example, while the conditions of problems requiring increasing 

(or decreasing) a number by several units were formerly written dia- 
^H^mmatically and the illustration was given through full use of visual 

aids with objects (the children had to draw the number of objects 
^indicated by the conditions), now these forms are gradually replaced „ 

by a diagrammatic illustratiorf in' the form of strips or line segments, 

drawn at least approximately to scale • 

* * * 

Thus, illustration takes on a conditioned nature.- dfcile earlier 
> ye <t 

it was directed toward helping the children develop a concrete, graphic 
ideaiof the conditions, this new type of graphic illustration reflects 
in a visual form the relationships among the quantities given in the 

< problem. This is the next serious advance in the develo N pnJ*^at of school 
children's visual concrete thought processes/ , ; * 

At first vthe ^eacher himself makes such drai^tgs of the conditions 

■of a problem analyzed in class, directs the childre& f s atte^tion^ to then 
method of their execution and requires them to reproduc^ the problem^ 

"conditions ffom this drawing. Later he .increasingly includes in the 

children's independent work the formulation of problems from a drawing, 

75i 

aiiuj the construction of a drawing to represent the conditions of a-given 

* <> . 

problem. " 

The *for;rfulatipn of a question for data, and the ^selection of data 
necessary to answer this question, are included in the assignments for 
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independent work, as they were before . This work must also. become 
gradually more complex. We cite a poncrete exaniple. .Xhe children are 
given the conditions and numerical datai 

^ On one day a#store sold eigm: boxete of apples; on the 
second day it sold four. \ 

\ V % "' ■. 

The assignment is formulated thus: t 

Formulate a question such tha>t the problem is solved 
by addition; then change the question so that it is solved^ 
by division. 

At this stage of ins true fc*on, it is necessary to assign tt:he chil- 
dren increasingly more often, the task of independently constructing 
problems of a definite type. These assignments will be formulated as 
follows: 

Compose a problem on increasing a given number by 
several times; or compose a problem for whose solution it 
is ntecessary to use divis^g^Pkccording to content, etc. 

In the opposite assignment,, when it is necessary to select the < 
proper numerical data for a given question^ it is very important to 
use material from the children's own observations — everyday numeri- 
cal data which they have encountered in solving the preceding problems 
from the textbook, numerical data drawn from class excursions, etc. 
If this material from lifef^ which may be used as a basis for the 
construction* of problems, is systematically accumulated, if these * 
numbers are fixed, written in special notebooks, used for making posters 
etc., all this 'material will help in organizing the children 1 s ^inde- 
pendent work in clajs and will allow the* teacher to vary this work, 
making the assignment^ simpler -or more complex at his discretion. 

Thus, the teacher can, for example J introduce a poster on which 
* various postal rates are written; t|e* children are asked to compose 
prQblems in which it is necessary to calculate how much more expensive 
a stamped envelope i^ than an unstamped .pjje , or how much more expensive 
various types of telegrams are,*tc.< This assignment will be relatively 
easy for the children, since they can draw the ri^cessary Bat a directly 
'from a consideration of the poster. Somewhat ijior^A:oiiipHcated is this 
assignment: • V \ 
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Using this poster, compose a problem -on the comparison 
of numbers by division In which the precise numerical data 
to be used are ribt indicated* 

This type of assignment becomes more complicated „ if the teacher gives 
the children freedom to choose any subject, or any data from those in 
thtfir notebooks. 

The work described above involving the children f s independent con- 
struction of problems will strengthen the link between arithmetic 
instruction and life. As^de from simple problems directed toward the 
formation of the concepts repeatedly mentioned above, the , children's 
-independent work must also include the solution of compound problems. 
These must be both problems of new types, and those' which were solved 
before. 4 



Since we limited our consideration to the fundamental topics of 
the curricula for the first and second years of instruction, we 
naturally could not completely d^cribe^all the aspects' of assignments 
for independent work, or all the methodological devices and forms 
'of organization used in carrying out these tasks ^during arithmetic 
lessons. * ft 

We set ourselves thp goal of merely giving examples to illustrate 
those topics which, during the course of the work, . answer the' require- 
ments and goals, advanced in preceding chapters, for organizing chil- 
dren's independent work. 



v 
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